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ABSTRACT:

New double integral inequalities of Newton's quadrature rule are given. We give a numerical
example.
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1. INTRODUCTION

Let f[ab]—>0,feC*([a,b]) and Xx,X,<[a,b] so that x1:2a+b X :a+2b

1 1 3
then as it is well known the relation [6] is obtained
8 b-a
J'f(x)dx :—[f(a)+3f(xl)+3f(x2)+f(b)]+ R Q)
where
b
R = [(0)f® (x)dx @)
The relation gives the function:
_ 4 _ 3
(x—a)” _3n(x-2) x €[a, x,]
41 8 3!
_Jx=a)* _3h(x=a)’ 9h (x=x)’
R T N TR ] xelxux,] @3)
4 3 v )3 v )3
(x=a)' 30 (x-a) 9h(x-x)' (X=X} .
41 8 3! 8 3! 8 3!

2. MAIN RESULTS

Under the assumptions of the quadrature formula (1) we have the next
theorem:

Theorem 1
Let feC[a,b] . Then:
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23;418:;5 (b—a)° < %[f(a) 13 (x,) +3F (x )+f(b)]—§f(><)dx <
23r, 158, ,
<Saian 0

f"’(a) f"’(b)
b-a
If y, = ngirg]f(“) (x), T, = m[aéf(“) (x) then inequalities are sharp.
xela, xela,

where v,,T,el,y,<f@(x)<T, ,forany xe[a,b] and S, =

Proof. From (2) integrating by parts we get :
b b b —a
j o(X)F@ (x)dx = j f(x)dx —T[f(a) +3F (x,) + 3 (x,) +f(D)]

It is easy to see [2] that we get the equality:

(b-a)°
6480

b
Jo(xdx =~
From (5) and (6) we get the equalities:

[£900) v, Jo(x)dx = jf(x)dx—bT[f(a)+3f(x1)+3f(x2)+f(b)] Ya LG

D ey T

and

_a)5

D ey T

[T, =F9(x) Jpx)dx = —Ef (x)dx +%[f(3) +3006) 3106 + ()]~ 5

On the other hand:

D ey T

b
[f @ (x) - y4](p(X)dX < )[12[2’%(]|(p(x)| !‘f @ (x) - y4‘ dx

From (3) we get:

(b-a)*

2|00 =356

XE[a b]

On the other hand the equality follows:

Hfm(x) y|dx = jfu)(x) v, Jax =f"(b)—f"(a)—v,(b—a) = (S, —v,) (b—a)

a

From the relations (7), (9),(10) and (11) it follows :
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" b-a 158, — 23y
f(x)dx ———[f(a)+3f(x,) +3F(x,) +f(b)] < ——2_="'4 (p 12
!() 5 [F@+300)+3f(x;) +F(B)] < =2 = (b-a)° (12)
the first inequality of (4).
We also have:
b b
j [T, —F9(x) |p(x)dx < max (X)) j [T, =4 (x)|dx (13)

and
_T‘n —f® (x)‘dx = j(l‘4 —f® (X))dx =I',(b-a)-f"(a)-f"(b) = (F4 —S3)(b—a) (14)

By analogy from (8), (10),(13) and (14) we get

15§, - 23

:[f(x)dx—%[f(a)+3f(x1)+3f(x2)+f(b)]> =1840 == " 4(b-a)’ (15)

The last relation and (12) lead us to the inequality (4).

To show that inequality (4) is sharp we consider the function f given by the
relation f(x)=(x—a)".

It is easy to see that the equalites f®(x)=24 and y,=T,=24,S,=24 are
obtained.

Calculating the three members of the inequality (4) under the given
circumstances, we notice that this have the common value given by the expression
——(b-a
270( )y

Hence, we deduce that the inequality (4) is sharp.

Another relation is given by the next theorem:

Theorem 2. Under the assumptions of Theorem 1 we have:

L(b a)® <If(x)dx—b—[f(a)+3f(xl)+3f(x2)+f(b)]
51840 8
(16)
7F —-15S, =155 ) oy
51840
If y, = nglrg]f(“) (x), T, = = max f@(x) then the inequalities (16) are sharp.
Proof. From (7), (9),(10) and (11) we have:
’ b-a 158, -7y,
—!f(x)dx+T[f(a)+3f(xl)+3f (x,)+f(b)] < T&MO( a)’ 7)

By analogy from (8), (13),(14) and (15) we have:
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" b—a 7T, —15S, ;
!f(x)dx—T[f(a)+3f (%,) +3f(x,) +f(b)] < W(b—a) (18)

From (17) and (18) we will have immediately the inequalities (16).
To show that the inequalities are sharp we choose f(x)=(x-a)*and we follow
the steps of the proof for Theorem 1.

3. A numerical example:

1
Here we consider the integral jex dx . We now compare the result obtained in
0

Theorem 2 with the usual Peano error bound [4]:

o00f @ (e

j.f(x)dx —%[f(a) +3f (x,) +3f (x,) +f(b)] <
: (19)

b
<Jr]_ o oofax= ©= ooy

We have f(x) = e, S5=20e, v, =12, I', =76e (on the interval [0,1]). From (16) we
have:

5 o1 1 2 2%

! e dx—g{f(0)+3f(§j 3f(§j+f(l)}s648o (20)
From (19) we get:

e 1 1 2 76e

!e dx—g{f(O)JrSf(§j+3f(§j+f(1)}£% (21)

It is obvious (20) is better than (26).
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