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Abstract:

The paper presents the properties of exponential stability for stochastic evolution semiflow and
stochastic evolution cocycles. Some characterizations which generalize classics results are also
provided.
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1. INTRODUCTION

The problem of existence of stochastic semiflows for semilinear stochastic evolution equation is
a non-trivial one, mainly due to the well-established fact that finite-dimensional methods for
constructing (even continuous) stochastic flow break down in the infinite dimensional setting of
semilinear stochastic evolution equations (cf. [3], [7], [8]). For linear stochastic evolution equation
with finite-dimensional noise, a stochastic semiflow (i.e. random evolution operator) was obtained in

[1].

In [5], is prove the existence of perfect differentiable cocycles generated by mild solutions of a
large class of semilinear stochastic evolution equations (sees) and stochastic partial differential
equations (spdes).

In this article we consider the stochastic evolution cocycle over a stochastic evolution semiflow,
and present the proprieties of exponential stability.

We considered (X, d) metric space and denote V and U real Hilbert spaces. Let B(V ) be a

Banach space of all linear and bounded maps A:V —>V. We denote the sets
T={(t,t,)eR*,t>t, >0} andY = Xx V. The mapping P: Y — Y given by P(x,v)=(x, P(x)v),
V(x,v) € Y isan projector on Y, where P(x) is a projection on Yx = {x}xV, x € X. Let B(X) denote its
Borel o© -algebra.

Assume (€2 ,F,P) is a complete probability space with a normal filter {F, },.,, i.e. Fo contains the

null sets in F and F, = NE,, for allt >0, and let us consider a real valued {Fi} - Wiener process

s>t
{W(},t=0.
Definition 1. A stochastic process W(t):(Q,F,P) — U is a Wiener process if and only if

W(‘[)=Z:Bi(t)ei where [3.(t)are real Wiener process, independents, which are the mean
i=1

E(B,(t)*) = A,t, where ZM <oo, {e.},1=1L2,--- isan orthonormal system of vectors from U.
i=l
Definition 2. Let be X a Banach space. A stochastic evolution semiflow on X is a random field
¢:TxXxQ — X satisfying the following proprieties:
@) o(t,t,x,®) = x, forall (t, x) from TxX and ®w € Q ;

(2) o(t,s,9(s,t,,X,0),0) = 9(t,t,,Xx,0), VY(t,s),(s,t,)eT,VxeX,and me Q.
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Definition 3. A stochastic evolution cocycles on V, over an stochastic evolution semiflow
@: TxXxQ — X, isarandom field @ : T x X x Q — B(V), with the following proprieties:

1) O(t,t,x,0) =1L V(t,x) e R, xX,andw € Q,
(2) O(t,s,9(s,ty,X,®),0)D(s, t,,x,0) = D(t,t,,X,0), V(t,5),(s,t,) €T, VxeX,and o€ Q.

Definition 4. An stochastic evolution cocycles @ has uniformly exponential growth if exist the
constants M >1, A > 0 such that

E || ®(t,s,x,0)[|’< Me""™, V(t,s) e T, Vx e Xando € Q. 6}

Definition 5. The stochastic evolution cocycles @ is called strongly measurable if for every
(s,x,0,v) € Tx X xQxV the mapping t —|| O(t,s,X,®)Vv || is measurable on [s, ).

Definition 6. The mapping, C: Tx X x VxQ — X x V, definite by

C(t,s,x,v,m) = ((p(t,s, x,o;)),q)(t,s,x,m)v), 2
where @ is a stochastic evolution cocycles over an stochastic evolution semiflow ¢, is called
stochastic skew-evolution semiflow on Y.

2. UNIFORMLY EXPONENTIALLY STABILITY

Let be F:[0,T]x€Q — H an stochastic process, then E(F) = IQ F(Q2)dP(w) represent the
mean of stochastic process F, where P is the probability measure. If F € C([O,T],L2 (Q, H)) then

T T

[EIF@IF dt=E[||F(o) | dt. ©

For an process Wiener W(t) in rapport with the filter {F} we have
2

E j F(t)dw(t)

T
=E[|| F(t)|I” dt. 4)
0

Definition 7. The stochastic evolution cocycles @ is said to be uniformly exponentially stable
if for some positive constants N >1,v > 0 one has

E || D(t,t,,X,0)V[*’< Ne""VE || D(s,t,, X, m)V ||, (5)
forall (t,s),(s,t,) €T, (x,v)e XxV, and o€ Q2.

Lemma 8. The stochastic skew-evolution semiflow C=(¢,®), is uniformly exponentially
stable if and only if a no decreasing function f :[0,00) — [1,00), with property 1i_13.3f(t) = o0, such
that we have the relation:

f(t—s)E || D(t,t,,X,0)V [’ E [ D(s,t,,x,0)V |, (6)
forall (t,8),(s,t,) €T, (x,v)eXxV , andforall e Q.

Proof. Necessity. If C=(¢ , @), is uniformly exponentially stable, result from Definition 7 that
for f(t)=N"e"".

Sufficiency. Letbe t >s > t, 2 0 and we denote t-s =[n]. Let N=f(1) >1and v =InN. That
result:

E | ®(s,ty,x, @)V [*> f(DE || D(s + 1L, t,, X, @)V [|>> - > N"E || D(s+n,t,,X,0)v|*>

> N"E || D(t,t,,X,0)Vv[|*> Ne" E || D(t,t,,x,0)v ||*> Ne""VE || O(t,t,,x,0)Vv |’
and so

E || (s, t,, X, 0)Vv[*> Ne""VE || d(t,t,,x,0)V |,
forall (t,8),(s,t,) €T, (x,v)eXxV, andforall e Q.
Thus the stochastic skew-evolution semiflow C=(¢ , @), is uniformly exponentially stable. !
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Theorem 9. Let be C=(¢,®), an skew-product semiflow with uniformly exponential growth,
and is strong measurable. Then C is uniformly exponentially stable if and only if 3 M > 0 a constant,
such that:

[Ell@(s,t,,x,0)v | ds <ME|| ®(t,ty, x,0)v |, )
t

forall (t,t,) T, (x,v)eXxV , andforall Q.

Proof. Necessity. Let be an stochastic skew-evolution semiflow C=(¢,®d), uniformly
exponentially stable. Then, for N >1,v > 0 we have from Definition 7, that

E || (s, t,, X, 0)V|*< Ne " VE || D(t,t,,x,0)V], (8)
for all (s,t),(t,t,) €T, (x,v) e XxV, and for all @< Q. Then from integration of this inequality
result:

J-E H q)(S,tO,X,(D)V H2 dS S NE || q)(t,tO,X,OJ)V ”2 J'eV(t_S)dS S ME H (D(tat05XaO))V ||25

t
forall (t,t,)eT, (x,v)eXxV,and @€ Q,where M=Nv',

Sufficiency. For t > t, +1, and ® from Definition 4 we have

|

t
2
E H q)(tatO:'Xa (D)V HZS Ie_m(t_s)EKV*,CD(t,S,([)(S,to,X,(})))CD(S,tO,X,(D)V>‘ dS <
t

t
<SM'||v* ] IE DG, ty, X, @)V [* ds <M'M || v [[[| v* I,
to

forall (t,t,)eT, (x,v)eXxV, and o< Q. Sowe have the relation
E| ®(t,t,,x,0)v[<K]| V], V(t,t,X,v,0) e TxYxQ,
where K=M'(e"’ +M/c), c=(1-¢")/o.
Thus result that

t
(t=t)E [ D(L,t,,x,0)v [*= [E[| Dt ty, x, @)V ds =

to

t
= '[E | D(t,s,9(s, t,, X, 0),0)D(s, t,, X, 0)v|* ds <

to

t
SKJE | D(s,ty, x,0)v|* ds <KM || v].

to

In conclusion we obtain the relation
(t—t, + DE [ (6t x,0)v [PS KM+ D) [ v,
forall (t,t,)eT, (x,v)eXxV,and o Q.
Thus for function f :[0,00) — [1,00), with property limf(t) = oo, definite by
t—o0
t+1

ft)y=——,
KM+1)
Result from Lemma 8, that C is uniformly exponentially stable.
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