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ABSTRACT: Nonlinear phenomena play a crucial role in applied mathematics and engineering. In this
g_aper, the Reconstruction of Variational Iteration Method (RVIM) is used to solve the Cauchy problem.
he new applied algorithm is a powerful and efficient technique in finding solutions for the linear and
nonlinear equations using only few terms. The method used gives rapidly convergent successive
approximations. As stated before, we aim to obtain analytical solutions to problems. We also aim to
confirm that the reconstruction of variational iteration method is power&u , efficient, and promising
in handling scientific and engineering problems. The Reconstruction of Variational Iteration Method
(RVIM) technique is independent of any small parameters at all. Besides, it provides us with a simple
way to ensure the convergence of solution series, so that we can always get accurate enough
approximations. Some examples are given to elucidate the solution procedure and reliability of the
obtained results.
KEYWORDS: Reconstruction of Variational Iteration Method, Cauchy problem, Inviscid Burgers' equation,
Transport equation

INTRODUCTION

Nonlinear phenomena play a crucial role in applied mathematics and engineering. The theory of
nonlinear problems has recently undergone many studies. Various approximation methods have been
used for complex equations. In recent years, several such techniques have drawn special attention,
such as Hirota's bilinear method [1], the homogeneous balance method [2-3], inverse scattering
method [4], Adomian's decomposition method ADM [5,6], the variational iteration method [7,8] the [1-
expansion method [9], as well as homotopy analysis method (HAM). After that, many types of
nonlinear problems were solved by the HAM by others [10].

One of the newest approximation methods is Reconstruction of variational iteration method
[11-15]. This new applied algorithm is a powerful and efficient technique in finding the approximate
solutions for the linear and nonlinear equations. RVIM as a method that based on Laplace transform
has high rapid convergence and reduces the size of calculations using only few terms, so many linear
and nonlinear equations can be solved by this method. The method used gives rapidly convergent
successive approximations. As stated before, we aim to obtain analytical solutions to problems. We
also aim to confirm that the reconstruction of variational iteration method is powerful, efficient, and
promising in handling scientific and engineering problems.

The RVIM technique is independent of any small parameters at all. Besides, it provides us with a
simple way to ensure the convergence of solution series, so that we can always get accurate enough
approximations. The RVIM technique has been successfully applied to many nonlinear problems in
science and engineering. All of these verify the great potential and validity of the RVIM technique for
strongly nonlinear problems in science and engineering.

In this paper, we use the method to discuss the first-order partial differential equation in the
form [16]:

u,(x,t)+a(x,t)hu.(xt)=y(x), xeR,t>0 (1)
u(x0)=¢(x), xeR (2)

When a(x,t)=a is a constant and yw(x)=0 Eq. (1) is a linear equation called the transport
equation which can describe many interesting phenomena such as the spread of AIDS, the moving of
wind.

When a(x,t)=u(x,t) the equation is called the inviscid Burgers' equation arising in one-
dimensional stream of particles or fluid having zero viscosity.
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DESCRIPTION OF THE NEW METHOD
To clarify the basic ideas of our proposed method in [19], we consider the following differential
equation same as VIM based on Lagrange multiplier [20]:

Lu(xy, - xp )+ Nu(xp, -, x; )= f(xp,0, %) 3)
By suppose that
k
Lu(x,, -+, x,) = i=0 L u(x;) “)
where L is a linear operator, N a nonlinear operator and f an inhomogeneous term.
We can rewrite equation (3) down a correction functional as follows:

Lyu(x;)=f(xp,x )= Nu(x;,---,x, )= z%(}in”(xi) (3)

h((xp..xp Ju(xp. Xk )
therefore
Lgu(x;)=h((xp, -, x; Ju(x;,,x; ) (6)
With artificial initial conditions being zero regarding the independent variable Xx; .

By taking Laplace transform of both sides of the equation (6) in the usual way and using the
artificial initial conditions, we obtain the result as follows

P(s)U(xp, -+ Xi g8, X0, X )= H((X X108, X5, X ) u) (7)
where P(s) is a polynomial with the degree of the highest derivative in equation (7), (the same as the
highest order of the linear operator L x;). The following relations are possible;

0[h] =H (8-a)

1
B(S)_P_(s) (8-b)
L[b(x;)] = B(s) (8-c)

Which that in equation (8-a) the function H((x;,---,x;_;,8,X;.;,x; )Ju) and h((x;,--,x,_;,X;,X; 1, X; ), u)
have been abbreviated as respectively.
Hence, rewrite the equation (7) as;

Ul X8, XX ) =H((x X, 8, X0, X)) B(s) %)
Now, by applying the inverse Laplace Transform on both sides of equation (9) and by using the
(8-a) - (8-c), we have;

UG, X X, X 1, ) ZJ.OI Ay, %, T %, % ) ) (% —T)dT (10)

Now, we must impose the actual initial conditions to obtain the solution of the equation (3).
Thus, we have the following iteration formulation:

Uy (X g, X X, Xy X ) = U (X g, X5, X, X0, X )

[T Ry X T X X ) b(x, = )de

where uy is initial solution with or without unknown parameters.

Assuming ug is the solution of | Lu with initial/boundary conditions of the main problem, In case
of no unknown parameters, should satisfy initial/ boundary conditions. When some unknown
parameters are involved in uy, the unknown parameters can be identified by initial/boundary
conditions after few iterations, this technology is very effective in dealing with boundary problems. It
is worth mentioning that, in fact, the Lagrange multiplier in the He's variational iteration method is
Mt)=b(x; —7) as shown in [19].

The initial values are usually used for selecting the zeroth approximation. With uy determined,
then several approximations u, n>0, follow immediately. Consequently, the exact solution may be
obtained by using

(11)

UOCp, e Xy Xy Xy X g ) = T,y (X Xy, X5, X X g ) (12)

In what follows, we will apply the RVIM method to homogeneous/non-homogeneous parabolic
partial differential equations to illustrate the strength of the method and to establish exact solutions
for these problems.
APPLICATION

Since our focus is on the ideas and basic principles, we shall consider only the simplest possible
equations to clearly illustrate the solution procedure. In particular, we will focus on pure Cauchy
problems. These problems are initial value problems.
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Example1. Consider the transport equation [16-18]:
u,(x,t)+au, (xt)=0 xR, t>0 (13)
Subject to the initial conditions:

u(x0)=x°, xeR (14)
By selection of auxiliary linear operator, so the Eq. (13) is rewritten as
h(x,eu)
E{u(x,t)}zut =—(au, ) (15)

Now Laplace transform is implemented with respect to independent variable x on both sides of
eq. (15) and by using the new artificial initial condition (which all of them are zero) we have

sU(x,t)=0{h(x,t,u)} (16)

h(x,t,u)
S

U(x,t)= f (17)

and whereas Laplace inverse transform of 1/s is as follows
1
=] =1 (18)
S

Therefore by using the Laplace inverse transform and convolution theorem it is concluded that
t
u(x,t) =jh(x, &u)de (19)
0

Therefore, by using the Eq. (10), (11) one can obtain the following RVIM's iteration formula in
the t-direction

t
Ui (x,8) =ug(x,t) - [au, de (20)
0
Now we start with an arbitrary initial approximationu,(x,t)=x’, that satisfies the initial

condition and by using the RVIM iteration formula (20), we have the following successive
approximation

u](x,t):x2—Zatx—i-azt2 (21)
uz(x,t)zxz—20mc+azt2 (22)
u3(x,t):x2—2atx+a212 (23)

Whereas, the RVIM method admits the use of
ux,t) =lim,_ u,(x1),
which gives the exact solution

u(x,t)=x> = 2atx +a’t’ (24)
Example 2. Consider the nonlinear Cauchy problem [17]
u,(x,t)+xu, (xt)=0 xeR,t>0 (25)
Subject to the initial conditions:
u(x0)=x>, xeR (26)

Such as previous examples, for implementation of the RVIM technique, first of all we need to
choose the auxiliary linear operator as
h(x,eu)

—
f{u(x,t)}zu, =—(xu, ) (27)
Accordingly, after taking Laplace Transform by using the artificial initial condition as in [19], on
both side of Eq. (25), the following RVIM iteration formula in the t-direction can be obtained

t
un+1(x’t):u0(x’t)_jxuf1xd8 (28)
0

By the RVIM'S recurrent formula in Eq. (28), the terms of the sequence {u,} are constructed as follows,
so that we choose its initial approximate solution as u,(x,t)= x?.

ul(x,t):xz - 20’ (29)
uz(x,t)zxz -2 + 267 X7 (30)
uz(x,t):xz -2 + 2t %7 +§t3x2 (31)
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The next terms of {u,} can be determined in a similar way and we can construct the n‘'
approximation as

u(x,t)=x’e (32)
The approximation obtained by RVIM procedure converges to the exact solution.
Example3. Now we solve the following non-homogeneous Cauchy problem [17]

u,(xt)+u,(xt)=x, xeR,t>0 (33)
u(x0)=e*, xeR
To apply RVIM to this equation with initial and boundary conditions, according to (5) and (6), we

have
h(x,eu)

—
ﬁ{u(x,t)}zut =(-u, +x) (34)
Therefore, as previous Examples the RVIM iterative formula can be expressed as:

t
s (x0)=t15(x,) = [ xu,de (35)
0

With the aid of the initial approximation u,(x,t)=e" and using the RVIM iteration, we can
obtain directly the rest of the other components as follows

u,(xt)=e —te’ +tx (36)
2
uz(x,t)zex—tex+tx—%+ext2 (37)
‘? 5 19

u3(x,t)=ex—tex+tx—7+ext —ex? (38)

The RVIM admits the use of u(x,t)=Ilim,_, u,(xt), which gives the exact solution
w(x,t)=i(x —% s (39)

Example4. Consider the inviscid Burgers' equation [17, 18]

u,(x,t)+u(x,t)u.(xt)=x, xeR,t>0 (40)

u(x0)=x, xeR
To implementation of the RVIM method to this differential equation with initial and boundary
conditions, according to (5) and (6), the auxiliary linear operator is selected as
h(x,eu)
f_JH
f{u(x,t)}zu, =—(uu,) (41)
Therefore, as previous Examples the RVIM iterative formula can be expressed as:

t
un+](x1t):u()(x’t)_J.uunxdg (42)
0

We start with an initial approximationu,(x,t)=x ; by the iteration formula (42), we can obtain
the first few components as follows
u;(x,t)=x—tx (43)

3x

uz(x,t)zx—tx+t2x—7 (44)
2 Sx o 2t'x 20x 2% x
uz(x,t)=x—tx+t"x——+ - + -—
3 3 3 9 63
and the rest of the components are obtained using the iteration formula (41) and the solution in
closed form is given by. Recall that u(x,t) =lim,_, u,(x,t),
Consequently, the exact solutions

(43)

u(x,t) =IL_Z. (46)

CONCLUSIONS

There are two main goals that we aimed for this work. The first is employing the powerful
Reconstruction of the variational iteration to investigate Cauchy problems and the second one is
showing the power of this method and its significant features. The two goals are achieved.
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It is obvious that the method gives rapidly convergent successive approximations without any
restrictive assumptions or transformation that may change the physical behavior of the problem.
Reconstruction of the variational iteration gives several successive approximations through using the
RVIM's iteration relation. Moreover, the RVIM reduces the size of calculations by not requiring the
tedious Adomian polynomials, and hence the iteration is direct and straightforward. The RVIM uses
the initial values for selecting the zeroth approximation, and boundary conditions, when given for
bounded domains, can be used for justification only.

A clear conclusion can be drawn from the results that Reconstruction of the variational
iteration method provides us an efficient tool to obtaining exact solutions of partial differential
equations
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