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DEVELOPMENT OF MATHEMATICAL MODEL OF OFFSET
TYPE SOLAR PARABOLIC CONCENTRATING COLLECTOR
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ABSTACT: In this paper will be presented the process of design, construction and optical ray tracing analysis
of a low cost solar concentrator for medium temperature applications. To avoid complexity of design of a
specific shaped surface a common offset parabolic antenna is used to make the reflector. This study develops
and applies a new mathematical model for estimating the intercept factor of a new solar concentrator based
on the geometric and optical behavior of the concentrator in cartesian coordinates. The goal of this paper is
to present mathematical model and optical design of a low-tech solar concentrator that can be used as a
potentially low-cost tool for laboratory-scale research on the medium-temperature thermal processes, hot
water systems, heating systems, cooling systems, polygeneration systems etc. The paper also describes the
ray tracing study with a solar concentrating system consist of three offset parabolic dish reflector. The total
flux on receiver and the distribution of irradiance for absorbed flux on center and periphery receiver are
given. The total flux at the focal region is 2188 W.

Keywords: solar energy conversion, solar radiation, ray tracing simulations, optical modelling, solar offset
parabolic concentrator

1. INTRODUCTION REMARKS

Solar energy is one of the alternative sources of energy for meeting the energy demands. The device
which is used to transform solar energy to heat is referred to a solar collector. Among several types
of solar concentrators, the multi-dish concentrator that consists of several discrete small dishes
evokes extensive interest. It is convenient for manufacturing, installation and mending the discrete
dishes. Moreover, the wind load imposed on the multi-dish concentrator is relatively low in
comparison with other continuous surface solar concentrators. For solar concentrators, the
concentrated solar flux distribution is one of the most practical performances, which plays an
important role in conversion efficiency, material selection and structural design for the solar
receivers/absorbers. Mid and high-temperature systems are applicable for refrigeration systems,
industrial processes and polygeneration systems. Our solar concentrating system is similar to some
extend to Scheffler type of solar parabolic concentrating system. Anjum Munir [1] work concerns
an experimental study of transformation solar energy into thermal energy by using a parabolic
solar concentrator directed by using a system of continual tracking of the sun. This model parabolic
solar concentrator led to levels of temperatures ranging between 200°C and 350°C. Nadir Bellel
[2] studied performance difference of two types of solar cylindrical receivers of a spherical
concentrator. Delaney [3,4] developed concentrators that are capable of delivering temperatures in
the range of 300°C and are technically suitable for medium temperature applications. Scheffler [5]
showed that about half of the power of sunlight which is collected by the reflector becomes finally
available in the cooking vessel. The use of solar energy for the generation of steam is now an
economically attractive possibility since the payback period of such a system lies between 1.5 and
2 years. José Ruelas et al [6] developed and applied a new mathematical model for estimating the
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intercept factor of a Scheffler-type solar concentrator (STSC) based on the geometric and optical
behavior of the concentrator in Cartesian coordinates. The incorporation of a thermal model of the
receptor is performed using numerical simulations to determine the technical feasibility of
attaching the STSC to a 3 kWe Stirling engine. A. Munir et al. [7] shows design principle and
calculation of a Scheffler fixed focus concentrator of 8 m? surface area for medium temperature
applications. The authors have mathematically proved that it is possible to construct a concentrator
that can provide fixed focus for all the days of the year.
2. MATHEMATICAL MODEL OF NEW TYPE OFFSET PARABOLIC SOLAR THERMAL
CONCENTRATOR
Unlike a conventional paraboloid concentrator, the offset parabolic concentrator system fixed focus
concentrator is a lateral part of a paraboloid as shown in Figure 1. In this geometrical model, it is
necessary to specify the height of the virtual parabola. In this section, the mathematical model for
attaching an offset type solar concentrator to a thermal absorber is developed using the
mathematical estimation of the intercept factor, which considers the optical and geometric models.
Qrec = ldAapretp@ (1)
In Eq. (1), all of the terms are known, except for the intercept factor of the STSC, which is necessary
to consider the geometric model of the offset parabolic concentrator. Eq. (2) corresponds to the
estimation of the intercept factor, and the total energy incident on the offset reflector (denominator)
is easily established by substituting the value of the direct radiation and the aperture opening area.
However, to determine the amount of energy intercepted (numerator), it is necessary to develop the
terms of the numerator, which involve the geometric and optical models of the offset parabolic
concentrating collector.

[T 1(a)da
fj:‘ I(a) da

(2)

i |

Available
aperture
area

PARABOLOID

Lateral section of a
paraboloid (Offset
parabolic concentrator)

x  Figure 1. a) Section of the offset parabolic solar
MERTE dish concentrator from baseline paraboloid,;

b)process of determining a offset parabolic solar
a) dish concentrator

DIRECTRIX

3. GEOMETRICAL AND PHYSICAL MODEL
In the 3D model on Figure 2 are shown the main elements of offset parabolic dish concentrator
system in working position. The offset parabolic dish concentrator (2.85 m?), that follows the sun
reflecting and concentrating its rays in the solar receiver. To develop the mathematical model, we
propose the integration of the geometric model, which corresponds to the intercept of a circular
area with a virtual parabola, as shown in Figure 2. This model moves the intercept point along the
y-axis, which can be applied to parabolic concentrators, shifting the intercept point to the origin.
The limits of the reflector are given on the y-axis and are delimited by (yint £ r).
A parabolic dish solar concentrator is a surface that can be mathematically defined as:

Z= (x*+y?)/4f (3)
The geometric model of offset parabolic solar concentrator is obtained by applying the surface
integral for the interception of the two solids, as observed in Eq. (4). The surface of the surface of
revolution generated by rotation curve y= f(x) on the interval [a, b] around the x — axis.
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Spiral coil absorver

SAFETY POSITION
(Elevation =20 deg)

Slew drive tracking
system
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a) b)
Figure 2.a) Working position of offset parabolic dish solar concentrator (axonometric view); b) Safety
position (elevation angle of 90°)

a) b)
Figure 3. a) Construction of new type of solar offset parabolic concentrator; b) Geometrical model of new
type of solar offset parabolic concentrator

b
P= 2T[J f(x) v1+ (f'(x))%dx (4)

[ o= [ o 5 +(5) o
- n R

It is also necessary to define the equation of a circular cylinder in Cartesian space; Eq. (5) is used
to delimit the area intercepted.

_ x=0)2+ ¥ = Yin)? =1r*(Y = Yint) - ©
We can write from the basic parabola equations with its axis passing through the y-axis in the
following form

P(x) = myx* +C, (7)
P'(x) = 2myx €]
where my is the slope of parabola and Cy is the y-intercept of the parabola.
By substituting Eq. (3) and Eq. (6) into Eq. (5), we obtain the differential area that can be assessed
within the limits of the intercept of the parabola, and using the definition summation to replace the
integral, we obtain the geometric model integration of the offset parabolic concentrator, Eq. (9),
which can be solved using an iterative method.

Taking first derivative of Eq. (9) for the slope of the parabola:
yint+r

+n
J I(a)da = Z I(a)\/k_ﬂ’ + Kk, X Jrzy + 2Yinty — Yiie = Iint — 2 ©)
-n

yint-r
2y. 2_y2 _.2

where k,_ % and k, = 4hi’+tryint

Mathematics for whole geometrical model is done in Wolfram Mathematica v.8.0. Numerical
solution of mathematical model is used for obtaining geometrical parameters such as radius of
smaller and larger semi axis of ellipse, focal length, tangent slope for three offset reflectors. First
step is designing rotational paraboloid with diameter D = 5000 mm and focal length f = 1600 mm.
In the Fig 4 presented mathematical representation of offset parabolic reflector. Mathematical
modeling of offset parabolic concentrating collectors is done by using mathematical equations of
certain geometric objects which define a parabolic solar concentrator.
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4. RAY TRACING ANALYSIS OF OFFSET PARABOLIC SOLAR CONCENTRATOR
The ray tracing technique is implemented in a software tool that allows the modeling of the
propagation of light in objects of different media. In the ray-tracing software, it is necessary to
specify the properties of the reflector and the grid of the rays after the reflector and absorber are
placed in the space X, Y, Z corresponding to the virtual parabola with the supporting objects

.
N

\ i
P
[ b Y
Figure 4. a) Mathematical interpretation of offset parabolic solar reflectors and their focus point; b) 3D
Graphical representation of modeling a offset parabolic solar reflectors

Tablel. Geometrical parameters of the offset parabolic concentrating collector
Design Parameter Numerical value

Major diameter of reflector Dyes 1.20 [m]

Minor diameter of reflector Dyes 1.10 [m]

The cross section of the opening offset parabolic concentrator Aproj 5.31 [m?]
A sheltered area of the concentrator Ashadow 0 [m2]

The effective area of the offset concentrator A 2.85 [m?]

Receiver diameter 0.20 [m]

Shape of receiver Flat circular disc [-]

Diameter of baseline parapoloid 5 [m]

Depth of the baseline paraboloid 0.98 [m]

Depth of the offset parabolic concentrator 0.33 [m]

Focal lenght 1.6 [m]

g - rim angle 43.15 [°]
Absorber area 0.0314 [m?]

Geometric concentration ratio CRg = Aup/ Asec 96.01 [-]

Optical (flux) concentration ratio CRo = Iyec/ Isp= Irec / DNI- 87,07 (-]

The relationship between the relative aperture and the rim angle is given by:
f _ 1
/b 4-tan(lp/2)’ (10)
f/p =0.48

The geometric concentration ratio can be defined as the area of the collector aperture Aapp divided
by the surface area of the receiver Arec and can be calculated by Eq.11.

-1
CRy =(sin*0,) = AcA, ™" = Ay | Ay, (11)

Flux concentrating ratio can be defined as ratio of flux concentrated in a point to incident solar

flux Ipn:
I 1

CRaux = I_— & A_f Irec dArec (12)
bn rec

Y = tan~? (i—z) is the rim angle of the solar parabolic concentrator.
Figure 5a shows experimental model of our offset parabolic dish concentrator system installed in the
Laboratory for Thermal Engineering at Faculty of Mechanical Engineering in Nis. The concentration of solar
radiation in an absorber — receiver (focus surface area) was as shown on Figure Bb.

For optical analysis of solar parabolic concentrator software TracePro version 7.4.2, Lambda
Research Corporation, USA is used. Reflectance coefficient was 60%. Receiver was flat plate circular
absorber with diameter 200 mm. r. After several calculations in TracePro it is found that optimal

position is 1155 mm from vertex of parabolic dish. Spatial profile of generated rays was uniform
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and angular profile was solar radiation. Input parameter for optical analysis is solar irradiance 800
W/m?2. Experimental value for solar irradiation for town of Nis in Serbia is between 750 W/mZ2and
900 W/mZ. Since the offset parabolic concentrator is always tracks the sun, incidence angle of solar

rays is always 8=0°. For this type of solar concentrator cosine losses does not exist.
e

Figure 5. a) Experimental model of a parabolic offset solar concentrator system; b) The concentration of
solar radiation in a spiral absorber

¥ [milimeters)

q a) b)

Figure 6. a) Optical system of offset parabolic solar concentrator with traced rays; b)Irradiance map for
absorbed flux on circular absorber surface

Optical analysis is done by generating and calculating Monte Carlo ray trace for 119401 ray. From
all emitted rays only 76058 rays reached absorber surface which is 64% rays of emitted rays are
absorbed on receiver. Calculated irradiance for absorbed rays on receiver is from 3.88-109 W/m?
to 3.25-105 W/m?. Total calculated flux on receiver was 2188 W. On Figure 6 is shown total
irradiance map for absorbed flux on receiver.
5. CONCLUSION
This paper presents geometrical modelling, design, and optical modelling of the offset parabolic
dish solar concentrating collector. Developed a completely new physical, mathematical and
numerical optical model of the offset parabolic dish concentrating collector. When performing a
ray tracing simulation and analyses of the geometry of solar image in the receiver, we found that
the more suitable geometry for the receiver has an elliptical form; however, the geometry of the
receiver must be modified to improve the efficiency of the parabolic offset solar concentrator. Total
flux in focal area is good. Irradiance distribution for absorbed flux is relatively uniform for small
area for absorber. As a next step various analysis and simulations of the model are planned. Among
others are variation of tilt angle of each offset reflector in solar concentrating system, high reflective
material of reflectors, size of absorber surface, shape of absorber surface, shape of solar cavity -
receiver. In future development of thermal receiver model of solar thermal absorber as well as
experimental verification of simulated results.
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