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ABSTRACT

In [4] the author introduces the notion of pseudosubmeasure as generalization of the submeasure
concept [2], and studies some proprieties of the pseudosubmeasure functions with values in a
pseudometric space.

The purpose of this paper is to develop an integration theory for these functions, with respect to a
semigroup valued measure, using families of pseudosubmeasure and the associated topological rings.
AMS Subiject Classification Code (2000):28A20, 28B15

1. PRELIMINARIES

The notions and the notations used here follow the paper [4].
Let D be an ordered set with the smallest element do .On this set we define a mapping:

(d,,d,) — d, + d,with the following properties:

(P1) d,+d=d+d,;vdeD
(P2) d,+d,=d,+d;;vd,;,d, eD
(P3) d,<d,=>d+d, <d+d,;vd eD
There exists a subset D, < D left directed such that
(P4) vd e D,,3d, e D sothat d, +d, <d .
Definition 1.1. A pseudometric on a set X is a D-valued function p: X x X — D so that:
0) p(x,y)=d, & x=y
(ii) p(X,y) = p(y. X),X,y,z€ X
(iii) p(X,y) < p(x,2)+ p(z,y); x,y,z e X.
A set X together with a pseudometric p is called a pseudometric space and is denoted by
(X,p,D).

Remark 1.2. Every uniform space (X, %) is pseudosemimetrizable, [4].
Let S be aring (or algebra) of subsets of fixed set S.
Definition 1.3. A pseudosubmeasure on a ring Sc P(S) is a mapping y: S — D such that:

(S1) y(2)=d,
(S2) EcF=y(E)<y(F),E,FeS
(S3) Y(EUF)<y(E)+y(F),E,FeS

If » has the propert that y(A)=d, = A= @, then mapping p:SxS—>D;
p(A,B) = p(AAB) is a pseudometric on S invariant to translation A (symmetric difference).

Let I'={y; : S —> D};_, be a family of pseudosubmeasure on S < P(S) and consider the
family Q. ={v, , :K = finitec I,d € D,}, where v, 4 =(Ae S:y;(A)<d,aeK}.

Then there exist a FN-topology 7(I") on S so that S(I") =(S,A,n, t(I")) is a topical ring. Let
(X, p, D) be a pseudometric space.
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By generalizing the model established in [3], we introduce an uniform structure on XS in the
following way: To every K = finite I, d € D ,we associate the set:

W, (D) ={(f,g) e X°xX%;y{s€S;p(f(s),9(s)) =d}<d,iecK}
Then, the family {W, (d);d € D,, K = finite — 1} forms a base for an uniform structure U on

X5, We denote X°(I)=(X®,U.). The map f e X® is a S-step function if there exists
n

XiEX,EiES,i:].,Z,...,n X|¢XJ,E|0E1=Q,|¢j,S=UEI so that VSEEi Imply
i=1

f(s)=x,,1=12,..,n.

The space of S-step functions will be denoted by &(S, X).

Definition 1.4. The function f € X® is I"- pseudosubmeasurable if f belongs to the closure of &(S,

X) in X *(I).

We denote by M [S, T, X] the set of these functions.

Definition 1.5. Let {f }be a generalized sequence in M [S, T, X] and f e M [S, T, X]. If
f. — finX>(I"), then {f,}converges to fin I - pseudomeasures and we denote f, — > f.

2. BASIC ASSUMPTIONS

Let S be a nonempty set, S < P(S) be an algebra of subsets of S and consider a family of
pseudosubmeasures I' ={y; : S — D}, .

Let (X;,p;, D' ),1 =1,2,3 be three pseudometric abelian semigroups for which the addition is
uniformly continous with respect to the pseudometric p; ).

In the sequel we consider an additive set function p: S — X,, (@) =0 , and we will choose a
family of pseudosubmeasures as it will be specified. The maps which are to be integrated with respect

to  will belong to Xls and the integral with take values in X, or its completion )23.

Suppose that a separate continuous bilinear map exists X, x X, = X,;(X,Y) — Xy so that:
i) Xx0=0y=0,(xeX,,yeX,)
i) (Xl + Xz)'(yl + yz) =XYYL XY, £ XY A+ Xz'yZl(Xll Y1 € lele Y, € Xz)-

Finally we suppose that Fy,y and the above bilinear map are chosen so that the following

continuity axioms are satisfied:
Cl) For avery F € Sand every d'e D there exists d'e D, with the following property: for any

neN, if p(X,y,)<d,i=12,..,nand {E;} is sequence of pairwise disjoint set from S then:

p{ixiu(a AF)L Yy E, F)j< d.

i=1 i=1
C2) Forany x € Xy, lim xu(E) =0.
E—>S®

3. INTEGRABLE FUNCTIONS
Let f e &(S, X) be a S-step function.
n
Definition 3.1. For E € &, the integral of fon E is by definition I fdu = Z X;1(E, "E).
E

i=1

We denote by &(S, Ly, Xy, X3) the set of [, -integrable step functions.
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Theorem 3.2. (i)  Relatively to the operation (f +g)(s)= f(s)+g(s), the space
&(S, I, Xy, X3) is asubsemigroup of X

(i) For E€ S ,themap f —)J. fdy from S(S,Fu, X1, X3)to X, is additive.
E
(iiiy For f € 8(S,T,, X1, X;3) themap E— V(E),V(E) = I fdu, E € S is an additive function.
E

() For f e &(S,T,, X3, X3); lim vE)= lim [fdu=0
E—£>0 E4”>0E

The proof follows from definition 3.1 and axioms C; and C,. The extension of the integral from
step functions to the arbitrary functions in Xls is based on the following result:

Lemma 3.3. Let {f,}be a generalized sequence from f € &(S,T,, X, X3), which is Cauchy in

Xls (Fﬂ), For {I fad,u} to be a Cauchy sequence in X3 uniform with respect to E € S it is necessary
E

and sufficient that:
a) For any neightbourhood V of 0 in Xs there exists an index «,, K = finite c I and d € D, so that

a2 a, and y,(E) <d,i e Kimply I f,dueV
E
b) For sny neighbourhood V of O in X3 there exists and index &, and F € S so that I fady eV if
E

a>a,and E€e S;EcS-F.
Proof. Necessity. For any neighbourhood V of 0 in X ; there exists a symmetric entourage W of the

uniform structure from X, so that W *(0) c V.
Let &, be so that U fady,J' f d,uJ eW foranyE e Sif a > .
E E

From Theorem 3.2., IV, it results that exists d € D,,K = finite c | so that we have:
I f, dueW(0) if ,(E) <d,i e K. Therefore I f,dueV if a >, and y,(E) <d,i € K, that
E E

is the condition a). The condition b) is obtained by taking E = {S eS:f, (s)= 0} .We have F € S,
and I f,du=0 forallEe Swith ECcS-F.
E

Sufficiency. Let W be a symmetric entourage for X, and let «,,K = finitec |, d € D, and F be
chosen depending on the neightbourhood W(0) according to the conditions a) and b) simultaneously.
For F and W, let entourage U from X, be chosen according to axiom C,.

Wewrite: F . =1{seS;(f,(s), f (s) eU},F . eS.
since {f, is Cauchy in X} (I',) there exists a; > a,so that y,(F .)<d,ieK for

a,a > a,.ForE e Sin the semigroup X, x X, we can write:

[J fad,u,j fa,d,ujz Jfady, J‘fa‘d,u + Jfady, Ifa.dy +
E E

EAF . EAF . E(F .UF) E\(F .UF)
aa aa aa aa

[f.du, [ £ du|eW(0)xW(0)+W(0)xW(O0)+W cW?+ W’ +W’ o, > e,

E\(F_.nF)  E\(F,_.NF)
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Corollary 3.4. Let {f,} and {gﬁ} be two generalized sequences from &(S,I,, Xy, X3),

convergentin X (I, ) to the same function.
If {J. fad,u,} and {I gﬂdy} are generalized Cauchy sequences in X, uniformly in E € S,
E E
then for any entourage W from X there exists o, and f, so thatif a > «,, = f3, it results that
U fadﬂ,‘[gﬁdﬂj eW ,uniformlyin E€ §.
E E

Proof. Given a symmetric entourage W, from X, so that W,” +W,* +W,> cW we choose an

entourage U from X, corresponding to W, according to axiom C, .
We write F_; = {S € S;(f,(5),9,(9) ¢ U}}‘ From the previous Lemma it results that there

exits &, f3,,d € D,K = finitec | sothatif FeS and a > a,, > F,,7;(E)<d,ieK, EcS
—F, EeS wehave J. f,du eW,(0) and I f,dueW,(0)
E E

By hypothesis there exist if a;, 2a, and S, = S, so that for o > a,, > f,, we have
7i(F,;) <d,i e K. Expressing the pair (J fad,u,J-gﬁd,uj in the same way as in the proof of the
E E
sufficiency from Lemma 3.3, the result is obtained.

Definition 3.5. The function f e XlS is called Fy - integrable of there exists a generalized sequence
{f, from &(S,T,, X(,X3)} so that f, — 5 f and {J fadﬂ} is a generalized Cauchy
E

A

sequence in X, uniformly in E € §. Then the [, -integral is the element from X the completion

of X, defined by: I f,du= Iimj f du.
E E

From the Corollary 3.4 it results that above Fﬂ-integral is properly defined. We denote by
L(S,Fy, X4, X3) the set of [, -integrable functions fromM[S,F/,, le.

It is obvious that S(S,F#, X, X3) < L(S,Fﬂ,Xl, X3)and the [, -integral restricted to
8(S,Fﬂ, X4, X3) coincides with the [, -integral from Definition 3.1.
Theorem 3.6. Relatively to the operation of addition the set £(S, /7, X{, X3) is a subsemigroup
of X}
0] For E € S, the mapping f —)Ifd,u of L(S,1,, X1, X3) in )23 is additive:

E
[(f+g)du=]fdu+[gdu, g€ L(S,T,,X;,X3)
E E E

(i)  For f e £(S,I,,X,,X;) themapping E — V(E) = [ fd, E € S is additive:
E

V(LHJ Eij:iv(Ei),Eim E, =0,i# jv(@)=0

_ limv(E)=0
(i) For f e L(S,Fy,xl,X3) we have: 7x

E EeS

The proof follows from Corollary 3.4. and the definition 3.5.
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