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Abstract: 
The paper presents the properties of exponential stability for stochastic evolution semiflow and 
stochastic evolution cocycles. Some characterizations which generalize classics results are also 
provided. 
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1. INTRODUCTION 
 

The problem of existence of stochastic semiflows for semilinear stochastic evolution equation is 
a non-trivial one, mainly due to the well-established fact that finite-dimensional methods for 
constructing (even continuous) stochastic flow break down in the infinite dimensional setting of 
semilinear stochastic evolution equations (cf. [3], [7], [8]). For linear stochastic evolution equation 
with finite-dimensional noise, a stochastic semiflow (i.e. random evolution operator) was obtained in 
[1]. 

In [5], is prove the existence of perfect differentiable cocycles generated by mild solutions of a 
large class of semilinear stochastic evolution equations (sees) and stochastic partial differential 
equations (spdes). 

In this article we consider the stochastic evolution cocycle over a stochastic evolution semiflow, 
and present the proprieties of exponential stability. 

We considered (X, d) metric space and denote V and U real Hilbert spaces. Let B(V ) be a 
Banach space of all linear and bounded maps . We denote the sets 

 and

VV:A →
}0tt,R)t,t{(T 0

2
0 ≥≥∈= VXY ×= . The mapping  given by P(x,v)=(x, P(x)v), 

 is an projector on Y, where P(x) is a projection on Yx = {x}×V, x 

YY:P →
Y)v,x( ∈∀ ∈X. Let B(X) denote its 

Borel  -algebra. σ
Assume (Ω ,F,P) is a complete probability space with a normal filter , i.e. F0 contains the 

null sets in F and 

0tt }F{ ≥

stst FF
>
∩= , for all , and let us consider a real valued {Ft} - Wiener process 

{W(t)} , . 

0t ≥

0t ≥
Definition 1. A stochastic process U)P,F,(:)t(W →Ω  is a Wiener process if and only if 

 where are real Wiener process, independents, which are the mean 

, where  is an orthonormal system of vectors from U. 
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Definition 2. Let be X a Banach space. A stochastic evolution semiflow on X is a random field 
 satisfying the following proprieties: XXT: →Ω××ϕ

(1) x),x,t,t( =ωϕ , for all (t, x) from T×X and Ω∈ω ; 

(2) Xx,T)t,s(),s,t(),,x,t,t()),,x,t,s(,s,t( 000 ∈∀∈∀ωϕ=ωωϕϕ , and . Ω∈ω
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Definition 3. A stochastic evolution cocycles on V, over an stochastic evolution semiflow 
, is a random field XXT: →Ω××ϕ )V(BXT: →Ω××Φ , with the following proprieties: 

(1) , andXR)x,t(,I),x,t,t( ×∈∀=ωΦ + Ω∈ω , 

(2) ,T)t,s(),s,t(),,x,t,t(),x,t,s()),,x,t,s(,s,t( 0000 ∈∀ωΦ=ωΦωωϕΦ Xx∈∀ , and Ω∈ω . 

Definition 4. An stochastic evolution cocycles Φ  has uniformly exponential growth if exist the 
constants  such that 0,1M >λ≥

T)s,t(,Me||),x,s,t(||E )st(2 ∈∀≤ωΦ −λ , Xx∈∀ and Ω∈ω .            (1) 

Definition 5. The stochastic evolution cocycles Φ  is called strongly measurable if for every 
VXT)v,,x,s( ×Ω××∈ω  the mapping ||v,s,t(||t ),x ωΦ→  is measurable on [s, ). ∞

Definition 6. The mapping, VXVXT:C ×→Ω××× , definite by  

( )v),x,s,t(),,x,s,t(),v,x,s,t(C ωΦωϕ=ω ,             (2) 

where  is a stochastic evolution cocycles over an stochastic evolution semiflow , is called 
stochastic skew-evolution semiflow on Y. 

Φ ϕ

 
2. UNIFORMLY EXPONENTIALLY STABILITY 
 

Let be H]T,0[:F →Ω×  an stochastic process, then  represent the 

mean of stochastic process F, where P is the probability measure. If 

∫Ω ωΩ= )(dP)(F)F(E

( ))H,(L],T,0[CF 2 Ω∈  then 

∫∫ =
T

0

2
T

0

2 dt||)t(F||Edt||)t(F||E .               (3) 

For an process Wiener W(t) in rapport with the filter {Ft} we have 

 ∫∫ =
T

0

2

2T

0

dt||)t(F||E)t(dw)t(FE .              (4) 

 Definition 7. The stochastic evolution cocycles Φ  is said to be uniformly exponentially stable 
if for some positive constants  one has 0,1N >ν≥

,||v),x,t,s(||ENe||v),x,t,t(||E 2
0

)st(2
0 ωΦ≤ωΦ −ν−                   (5) 

for all and ,VX)v,x(,T)t,s(),s,t( 0 ×∈∈ Ω∈ω . 

Lemma 8. The stochastic skew-evolution semiflow C=(ϕ ,Φ ), is uniformly exponentially 

stable if and only if  a no decreasing function ),1[),0[:f ∞→∞ , with property , such 

that we have the relation: 

∞=
∞→

)t(flim
t

,||v),x,t,s(||E||v),x,t,t(||E)st(f 2
0

2
0 ωΦ≤ωΦ−             (6) 

for all , and for all ,T)t,s(),s,t( 0 ∈ ( VX)v,x ×∈ Ω∈ω . 

Proof. Necessity. If C=( ,Φ ), is uniformly exponentially stable, result from Definition 7 that 

for . 

ϕ
t1eN)t(f ν−=

Sufficiency. Let be  and we denote t - s = [n]. Let N= f(1) > 1 and . That 

result: 

0tst 0 ≥≥≥ Nln=ν

2
0

)st(2
0

n2
0

1n

2
0

n2
0

2
0

||v),x,t,t(||ENe||v),x,t,t(||ENe||v),x,t,t(||EN

||v),x,t,ns(||EN||v),x,t,1s(||E)1(f||v),x,t,s(||E

ωΦ≥ωΦ≥ωΦ≥

≥ω+Φ≥≥ω+Φ≥ωΦ
−νν+

L
 

and so 

  ,||v),x,t,t(||ENe||v),x,t,s(||E 2
0

)st(2
0 ωΦ≥ωΦ −ν

for all , and for all ,T)t,s(),s,t( 0 ∈ ( VX)v,x ×∈ Ω∈ω . 

Thus the stochastic skew-evolution semiflow C=(ϕ ,Φ ), is uniformly exponentially stable. 
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Theorem 9. Let be C=( ,Φ ), an skew-product semiflow with uniformly exponential growth, 

and is strong measurable. Then C is uniformly exponentially stable if and only if   a constant, 
such that: 

ϕ
0M ≥∃

2
0

t

2
0 ||v),x,t,t(||EMds||v),x,t,s(||E ωΦ≤ωΦ∫

∞

,             (7) 

for all , and for all ,T)t,t( 0 ∈ VX)v,x( ×∈ Ω∈ω .  

Proof. Necessity. Let be an stochastic skew-evolution semiflow C=( ,Φ ), uniformly 

exponentially stable. Then, for  we have from Definition 7, that 

ϕ
0,1N >ν≥

,||v),x,t,t(||ENe||v),x,t,s(||E 2
0

)ts(2
0 ωΦ≤ωΦ −ν−                   (8) 

for all , and for all ,T)t,t(),t,s( 0 ∈ VX)v,x( ×∈ Ω∈ω . Then from integration of this inequality 

result:  

,||v),x,t,t(||MEdse||v),x,t,t(||NEds||v),x,t,s(||E 2
0

t

)st(2
0

t

2
0 ωΦ≤ωΦ≤ωΦ ∫∫

∞
−ν

∞

 

for all , and ,T)t,t( 0 ∈ VX)v,x( ×∈ Ω∈ω , where  . 1NM −ν=
 Sufficiency. For , and ω  from Definition 4 we have 1tt 0 +≥

  

||,v||||v||M'Mds||v),x,t,s(||E||v||'M

dsv),x,t,s()),x,t,s(,s,t(,vEe||v),x,t,t(||Ee1

2
0

t

t

2

00

t

t

)st(2
0

0

0

••

∗−ω−
ω−

≤ωΦ≤

≤ωΦωϕΦ≤ωΦ
ω
−

∫

∫
 

for all , and ,T)t,t( 0 ∈ VX)v,x( ×∈ Ω∈ω . So we have the relation 

 Ω××∈ω∀≤ωΦ YT),v,x,t,t(||,v||K||v),x,t,t(||E 0 , 

where ( ) ω−=+= ω−ω /)e1(c,c/Me'MK  . 
 Thus result that 

   

.||v||KMds||v),x,t,s(||EK

ds||v),x,t,s()),,x,t,s(,s,t(||E

ds||v),x,t,t(||E||v),x,t,t(||E)tt(

t

t

2
0

t

t

2
00

t

t

2
0

2
00

0

0

0

≤ωΦ≤

≤ωΦωωϕΦ=

=ωΦ=ωΦ−

∫

∫

∫

In conclusion we obtain the relation 

||v||)1M(K||v),x,t,t(||E)1tt( 2
00 +≤ωΦ+− , 

for all , and ,T)t,t( 0 ∈ VX)v,x( ×∈ Ω∈ω . 

Thus for function ),1[),0[:f ∞→∞ , with property ∞=
∞→

)t(flim
t

, definite by 

)1M(K
1t)t(f
+

+
= ,  

Result from Lemma 8, that C is uniformly exponentially stable. 
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