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ABSTRACT: The finite element is introduced to describe the behavior of circular columns: confined, partially confined or
reinforced with fiber reinforced polymers (FRP). Geometric and material nonlinearities are taken into consideration.
The column is analyzed under axial force together with a biaxial moment applied at its ends. This paper presents the
initial results of a study aimed at quantifying the increase in strength of columns due to introducing FRP in different
methods. Results show that using FRP as external wrapping gives higher increase in strength than using it as embedded
reinforcement.
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«* INTRODUCTION

Reinforcing or confining concrete columns with FRP have received significant attention for use in
civil infrastructures due to their unique properties, such as the high strength to weight ratio and
stiffness-to-weight ratio, corrosion and fatigue resistance and tailorability. Most of research works in
field focus on axially loaded columns. Rousakis, Karabinis, Kiousis, and Tepfers (2008) used a strain-
hardening Drucker-Prager model for the assessment and calibration of the elasto-plastic behavior of
FRP confined concrete. Issa and Alrousan (2009) presented an experimental and nonlinear finite
element analysis to determine the strength and ductility of circular short concrete columns confined
externally with carbon fiber-reinforced polymer subjected to pure axial loading. Harajli (2006)
developed a general mathematical model to describe the stress-strain relationship for FRP confined
concrete. Lam and Teng (2009) modeled the stress strain behavior of FRP-confined concrete under
cyclic compression. Other researchers focused on retrofitting short columns. Binici (2008) conducted a
parametric study on a typical bridge column for different axial loads, reinforcement ratios and FRP
amounts. Harajli (2009) conducted an experimental program and deduced design expression evaluating
the minimum thickness of FRP jacket required for seismic steel-concrete bond strengthening. Tastani
and Pantazopoulou (2008) used a database of published experiments on R.C. beam columns tested
under cyclic loading after being jacketed by FRPs to assess rules for the problem. Cheng, Solelino and
Chen (2004) studied the effects of design parameters on the ultimate strength of a circular column
confined by FRP. Tavarez, Bank and Plesha (2003) used a finite element analysis to predict the
behavior of concrete beams with FRP embedded in the concrete as reinforcement.

The ultimate strength that defines the combinations of axial load and biaxial end moment of
concrete short and slender columns with FRP is of great interest in the present analysis. Interaction
diagrams are proposed to provide a practical method for engineers to evaluate the ultimate strength of
the column under consideration.

%+ STRESS-STRAIN RELATIONSHIPS OF MATERIALS — STRESS STRAIN RELATIONSHIP FOR CONCRETE

The stress-strain models of confined and
unconfined concrete proposed by Saadatmansh and
Ehsani (1974) and based on the work of several other
researchers, Popovics (1973) and Scott, Park and Priestly ¢
(1982) will be summarized herein and adopted for the
analysis of concrete columns externally reinforced with B
fiber composite straps. However, some relations were LBk
simplified by the writers. The stress-strain model shown R
in Figure1 is based on an equation proposed by Popovics
(1973). The longitudinal compressive concrete stress f. is
defined as:
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Figure 1. Stress-strain curve for concrete

fo= e (1)

where X = e (2)

© copyright FACULTY of ENGINEERING - HUNEDOARA, ROMANIA 469



ANNALS OF FACULTY ENGINEERING HUNEDOARA - International Journal Of Engineering

e {u[féc 1“ 3)
P

__E (4)
Ec 7Esec
E e =55 ©)

f ’
fro=f { /fL *fg{]—%ﬂ (6)

where: s= the strap width, s’= the uncovered width repeated along the
column, s’ = the distance between the midpoints of the widths of two
successive straps. s, s’, s are shown in Figure 2, f'.. = compressive
strength of confined concrete, f', = unconfined concrete strength,
€.=longitudinal compressive strain of concrete, €.= strain at maximum
concrete stress, €.,= 0.002, is the strain at maximum concrete stress 2
f'w of unconfined concrete, E. =tangent modulus of elasticity of
concrete, E,..= secant modulus of confined concrete at peak stress and
f/= effective lateral confining pressure from transverse reinforcement
assumed to be uniformly distributed over the surface of the concrete

core.

FRP straps

N

Concrete| Column

Mander, Priestly and Park (1988) proposed an effective lateral
confining pressure by transverse reinforcements on the concrete
section. This effective pressure is defined as:

Figure 2. Longitudinal
Section of the Column

f=fke (7)
where ko = Ae 8)
A

where: f'= lateral pressure from transverse reinforcement; K.= confinement effectiveness coefficient;
A.= area of effectively confined concrete core; and A.= effective area of concrete enclosed by
composite strap given by
Acc = Ac(]_pcc) (9)

where: pc. ratio of area of longitudinal reinforcement to gross area
of concrete and A.= area of concrete enhanced by composite strap. oY T i

The confining pressure induced on the concrete core by the b ’
composite strap is calculated by considering the free body of the S -
column cross section confined by the strap as shown in Figure 3.

The outward expansion of the concrete core is prevented by I
the action of the strap placed in horizontal tension. From equilibrium

|’l¥.\‘

of forces the confining stress can be calculated as: — 9 —
f= 26 Ay (10) Figure 3. Confining Action of the
bs Composite strap

where: fy,= ultimate strength of composite strap; Ay= cross-sectional
area of strap and b= diameter of column.

The area of effectively confined concrete core midway between the levels of straps can be
calculated from

’ 2 b ’. 2
A, == b_S| -5 (11)
4 2 4 2b
Substituting Eqgs. (12 and 14) in Eq. (11) results in the confinement effectiveness coefficient for
circular section given by
2
;S
2b
kK,=~ 2 (12)
1- Pcc

In Figure 1 for unconfined and confined concrete, the area under each stress-strain curve
represents the total strain energy per unit volume of concrete at failure. The difference between these
two areas is provided for by the confining effect of the composite strap. The ultimate compression
strain of concrete at the point of fracture of the confining composite strap can be calculated, resulting
in complete determination of the stress-strain curve of the confined concrete throughout the entire
range of loading up to the fracture of composite strap and consequent strain of the column
saadatmanesh, Ehsani and li (1994).
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¢ STRESS STRAIN RELATIONSHIP FOR STRAPS

Composite straps behave linearly elastic to failure.
Figure 4 shows the stress-strain relationship for carbon
fiber composite straps used in this paper.

The modulus of elasticity of carbon straps is 1.65E7
t/m? and its normal strength is 2.80762E5 t/m?*

«+ STRESS STRAIN RELATIONSHIP FOR STEEL

For simplicity, the stress-strain relationship for the
steel bars is considered to be an elastic-perfectly plastic
curve neglecting steel hardening. The relationship is shown
in Figure 5 .The steel has a yield strength f, of 4.06E4 t/m?.

The Figure shows that f is the steel stress; f, is the
specified yield strength of steel; &, is the steel strain and ¢,
is the steel yield strain.

«*  METHOD OF SOLUTION BY PARTITIONING OF THE CROSS-SECTION

A force F, is considered to act at eccentricities e,
and e, as shown in Figure 6. A section discretization of
the circular concrete column and FRP is applied and
shown in Figure 7, hence all elemental areas are
summed up to obtain the cross-section properties.

The maximum value of Z denoted by Z..
measured to the lower extreme fiber from the origin is

Zmox = Zmin +b (13)
€ , €, €, are the strain at point o, strain at the
imaginary point Q and the maximum strain at the

b
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Figure 4. Stress-Strain Curves for Straps
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Figure 5. Stress-strain curve for steel
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Figure 7. Partitioning of the cross-
section

section of irregular
dimensions is rather Figure 6. Force vector and strain distribution
difficult. When a nonlinear stress distribution is imposed on this
composite section, the analysis is further complicated. To overcome
these difficulties a member cross section can be partitioned or
subdivided into discrete elemental areas as shown in Figure 7.

The y' and z' coordinates to the centroids of the concrete
elemental areas measured from the origin Q shown in Figure 7a can
be more readily evaluated by the computer when the partitioning
grid mesh is regularly spaced. If the number of columns in a grid,
ne, equals the number of rows, then each concrete element AA=
(b/nep)?=4A./Nn%,.

By denoting the elemental concrete area at the i, jth position
of the grid by AA; and the coordinates of its centroid by z; and yy,
then zj= (2j-1)b/2ny and yi= (2i-1)b/2ns. Knowing  these
coordinates, the distance to the center of gravity of the composite
column section from each concrete element AAg; can be calculated
as [(b/2-Z;)*+(b/2-y;)*1""%. If this distance is less than the radius of
the circular concrete section, b/2, then AA; is effective, and if the
distance is greater than or equal to b/2, then AAg; is equated to
zero or ignored.

The longitudinal bars are assumed evenly spaced around a
circle of diameter b". If the total bar steel area=Asb, the total
number of bars=nb, and if one steel elemental area, AAsb, equals
one bar area, then AAsb= Asb/nb. Let the z\ and y\ coordinates of
the centroids of the bar element AAyy at the ky, position, measured
from the origin shown in Figure 7b be denoted by 7', and y', then

22 =220 By costk- 12 (14)
2 2 Ny

yy =270 B G-y 2 (15)
2 2 Ny
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And the ratio of a steel bar to an elemental concrete are py is expressed as
pk_AAb/ AAcu (16)
In case of confining with FRP, the elemental area at position p is of coordinates y',and z', as given

below:
. b . 20 I
==|1= 1 17
Vo =7| 1=sin o= = (17)

z :%{1—cos[(p—1)*2—n+gﬂ (18)

nst nsf

where ng is the total number of elemental strap areas in one ring around the column.

Figure 7c shows the part1t1omng of the FRP plates into n, elemental areas the centroidal
coordinates from Q are v » and z

By denoting the elemental area of FRP at the py, position by AA;, then

pp=AAp/ AAcij (19)

Since a linear strain distribution across the section is assumed, the strains at the centroids of
each elemental area can be found using the stress-strain relationships. The corresponding stresses can
be computed. Differentiating the stress-strain relationship for concrete, steel bars and FRP gives

5f, =G 8. (20)
8f, = G5, (21)
5f, =G, d¢, (22)

where G.. G, and G, are the elemental modulii of elasticity for concrete, steel and FRP respectively.
Consequently the properties of the cross section can be determined by summing up the
properties of the elemental areas as shown below

{%zbrf(e ) +pk2(e ) +pp2(eﬁ) .36, —pknzb(ec)k}AAc 23)

i=1 j=1

o

cb

B, :{ 2 (Gl +pe S (2. G, —pknzb(zkf(oc)k}AAc {ppi(zp)?(esf)p —ppi(zp)Q(Gc)p}AAc (24)

i=1 j=1 k=1

3 {%b%(y) G. ).J+pk2(yk) Gl —pe Sy, (G)}AA {ppZ(yp) Gy —ppi(ypf(@c)p}mc(zm

i=1 =1 k=1

35

cb Ncb

S
O

(z;) (G, )u"‘ka(Zk)(G ) = ka(Zk)(G )k:|AA +|:Pp2(z )(Cy)o ppi(zp)(ec)p}AAc(26)

i=1 j=1

s, { 3 Cb(yj)(Gc)U + pki(yk)(es)k —pkzb(yk)(ec)k}%c {ppi(yp)(esf)p —ppi(yp)(ec)p}m\c @7)

- =

:{ cb Cb(yj)(ZJ)(Gc)ij +pki(YK)(Zk)(GS)k _pKZb(YK)(Zk)(Gc)k:|AAC

=1 j=1

{ppi(ypzp)(esf)p S o) (GCJD}AAC (28)
p=1 p=I1

¢  STIFFNESS MATRIX

The sequence of derivation of the stiffness matrix starting from the principal of virtual
displacements used by Yang and Mc Graw (1986) was applied herein. However, they analyzed thin-
walled axi-symmetric steel sections, ie. pure steel beam columns. Hence, they included geometric
nonlinearity only. In the present study a new stiffness matrix considering both geometric and material
nonlinearities is deduced. The matrix takes into account the inclination of neutral axis concrete crack
diffusion, and steel yielding at increasing load levels. The details of the formulation are given by Zaki
(2001). The system of equations of equilibrium thus will be in the form

[KI{u3={f} (29)
where [K] is the total of the elastic and geometric stiffness matrices of the column segment given in
the Appendix, {u} is the nodal displacement vector and {f} is the nodal force vector.

The segment stiffness matrices are assembled through an updated transformation matrix.

«+ VERIFICATION OF THE METHOD

The method of solution and program were verified against the column presented by
Saadatmanesh, Ehsani and Li (1994). The comparison is shown in Figure 8.

472 Tome IX (Year 2011). Fascicule 3. ISSN 1584 - 2673



ANNALS OF FACULTY ENGINEERING HUNEDOARA - International Journal Of Engineering

12 ; : The column is a prototype bridge column of
\ ‘ T meanned | diameter 1.524 m, 32 steel reinforcing bars were
Ny e e used for the longitudinal reinforcement to give a
=8 T total steel area equal 46.464 mm”. The concrete
=] TT ~— \R used is of 3000 t/m? compressive strength. Carbon
= ™~ \\ straps of thickness 5 mm covered the whole length
= ™) of the column. The properties of steel and carbon
T T~k straps are as given in the section introducing the
2 ’,:' /’ stress-strain diagram. The interaction diagrams
o =4 show plots of the predefined column in addition to
o s 10 15 20 2s a plot of a column having the same section without

. Mz*100 (m.t) . . StrapS.
Figure 8. Curves for Saadatmanesh, Ehsani& Lie The unstrapped column, the interaction
and present analysis diagram of the present analysis nearly coincides

with that of Saadatmanesh, Ehsani and Li. For the confined column the present analysis gives nearly
10% decrease in the ultimate axial load. Both curves go in accordance except for the region where the
moment is dominant. The present analysis declares that retrofitting of the column remarkably
increases the capacity of the beam-column in bending.

% CONTOURS OF PRESENT ANALYSIS

The present study is conducted for a circular column of diameter 50 cm, concrete grade 3000
t/m2. The longitudinal bars are 10 bars of total area 20.1cm2. Four cross-sections are considered, the
first section includes the FRP as an imbedded I-beam section. The I-beam has the dimension 22*1.5 cm
upper and lower flange, and 20*1.5 cm web. The concrete in this case is considered unconfined and
denoted as I. The second section is strapped using six carbon straps each of thickness 10 mm. The strap
width s and the clear spacing between straps s' are equal. The case is denoted as P which study for
partially confined. The third column is fully confined along its length using 5 mm strap thickness. This
case is denoted as F which stands for fully confined. A fourth column having the same section and with
no FRP is used as a reference and is denoted by R. All columns are pin-ended at both ends, subjected
to an axial force together with equal and opposite end moments at the ends. Each of the four columns
is studied for three slenderness ratios; /r=0, |/r=50 and l/r=100. Table 1 shows the notations for the
different columns.

I= imbedded FRP in the column as | section
P=50% of column length is covered by FRP straps

Table 1. Properties of each | model Confined
Strapped. For steel grade 52, Concrete Strength
(fcu)=300 Kg/cm2, and the same volume of FRP

Slenderness (/1) Strapped Tace F=The column is totally covered by FRP straps
0.0 E boam R= Reference column _ '
50.0 12 imbedded Al models are subjected to an axial
100.0 13 compression force with equal and opposite end
0.0 P1 Partially moments about each of the y-axis and z-axis. Contour
1%%?0 E§ confined lines are plotted. The nondimensional variable for
00 = axial load Fy is given as:
50.0 F2 Fully confined F
100.0 F3 ’ P= F—X (30)
0.0 R1 X
50.0 R2 Reference where F,, is the squash load.
100.0 R3 0000 fra ] Py —— i —
Figure 9 demonstrates an increase in the w0 | | el | B
squash load F,, equal to 63%, 70% and 139% in & N |
the case of L/r=0 for models I, P and F RN —
respectively over the reference model R. _ ™ %\\ & LY
However these percentages decrease with 2 000 RV <
increasing the slenderness ratio l/r. For l/r=50, N
the recorded increase in F,, is 49%, 52%, 91% TR "“*\1 L\ R B
while for [/r=100 the increase is 17%, 22% and 2 TN R Tt B S -
27% for models I, P and F respectively. - ST i i S SIizeay |
The results show that the increase in the 0B S0 TS e s s TS 200 s 280

Mz (m.t)

axial load of the fully confined columns, Model Figure 9. Interaction Diagrams for all Mod

F, is greatly remarkable over model | reaching
a difference 69% while this difference decrease as l/r increases reaching only 10% in case of 1/r=100. It
is also noted that results of model P are closer to model | than model F.

The same curve, Figure 9, show that the increase gained in the bending moments is 64%, 122%
and 643% for models I, P and F respectively.

Figures (10 to 21) are contour lines plotted between M, and M, at different nondimensional axial
loads p=0.0, 0.2, 0.5, and 0.75. Figures 10, 11 and 12 are plotted for model | at |/r=0.0, 50 and 100
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respectively. Figs (13 to 15), Figs (16 to 18) and Figs (19 to 21) are corresponding plots for models P, F
and R respectively. Generally, it is observed that a dip occurs at M, nearly half of its ultimate value My,

My (m.t)
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Figure 16. Contour Lines for Model F, [/r=0
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Figure 13. Contour Lines for Model P, |/r=0
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Figure 17. Contour Lines for Model F, l/r=50

The curves in the cases P, F and R do not show symmetry about the 45 degree radial line. This is
due to the way of loading. The axial load together with the moment about the z-axis were increased
simultaneously till the desired values, then increments of the moments M, were introduced to the
column till failure. As an example loading the column to 0.75 My, leads to failure at M, much lesser
than loading it to 0.25 M.
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Figure 20. Contour Lines for Model R, l/r=50 Figure 21. Contour Lines for Model R, l/r=100

The curves indicate that as p increases a less increase of the ultimate moment is achieved.
Taking case I, l/r=0.0 as an example, the bending moment about the Z-axis achieves an increase of
65%, 53%, 50% and 30% over the reference R model in case of p=0.0, 0.20, 0.50 and 0.75 respectively.
The increase in the maximum moment capacity is less in case of |/r=50 and much less in case of
l/r=100. This is remarkable in the P and F models. However, in the case of | model slight discrepancies
of the moment capacity are observed by changing the slenderness ratio.

It is conducted that the use of FRP as external confinement all over the length of the column give
remarkable increase in strength results beyond partial confining although the thickness of FRP straps
and doubled to achieve the same volume of FRP used. Using the same volume of FRP as imbedded
reinforcement give less increase in strength capacity compared with external confining.

o,

«  CONCLUSIONS

A reliable analytical solution of the problem of circular biaxial composite columns with different
slenderness ratios is now available. The designer could be easily directed to choose the method of
utilizing FRP to solve the beam-column under the applied loads and given length.

The problem was solved for pin-ended columns with loads applied at the ends. However, the
problem can be solved for any case of loading and end-conditions of the columns.

% NOTATIONS

The following symbols are used in this paper

A=Area. N.A.=Neutral axis

b=Diameter of concrete section. n=Number of element in concrete section.

E=Modulus of elasticity. p =Nondimentional axial force.

e,e,= Fccentricities of normal force about y-axis and z- Q=Imaginary origin outside the section.

axis respectively {u}=Segment displacement vector.

F=Force. Z=DPerpendicular distance from the centroid of each
b'= Diameter of the circle at which the longitudinal bars element of the cross-section to the neutral axis.

are spaced. Z,=Perpendicular distance from the corner of maximum
F.,=Squash load. strain to the neutral axis.

f=Stress. &€= Normal strain.

{f}=Force vector. Y =/nclination of the vector @ to the z-axis.

G= FElemental modulus of elasticity. ® =Curvature.

I=Inertia. p =Flement material area to elemental concrete area.
k,=Strength reduction factor for concrete. AA=Flemental area.

M=Moment.

n=Number of rows or columns of elemental concrete
m=Nondimentional axial force moment. areas.
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Subscripts

c=Concrete. ij=Counters to determine elemental concrete area.
e=CFlastic. k=Counters to determine steel bar.
y=VYield of steel. p=Counters to determine FRP elemental area.

x,y,z=Coordinates.
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