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ABSTRACT: The use theory of variable structure systems (VSS) to control plants with finite zeros by 
introducing discrete-time signal processing is analyzed in this paper. Dual-rate sampling time is 
considered: bigger in the main feedback loop and smaller in the process of commutation structure 
process. To improvement steady-state accuracy of the control systems with plants of zero type 
proportional plus integral (PI) control action in the VSS control algorithm was introduced. An example 
of the second order system with the possibilities of PI action introducing is given. 
KEYWORDS: Discrete-time variable structure systems, Finite zeros, Proportional plus integral control 
action 
 
INTRODUCTION 

The paper deals with the discrete-time variable structure systems. This class of control systems 
is not widely studding. Only a few papers [1-15] treat the problems arisen in the VSS with discrete-
time signal processing. In this paper the problem of organization quasi-sliding or discrete sliding mode 
(by using classical, equivalent control method or Lyapunov’s function approach) in the systems which 
plants have not finite zeros, are analyzed. The problems of control plants with finite zeros, in class of 
discrete-time variable structure systems, up to now, are not studding. In this paper the purpose is to 
study the problems that arise in VSS assigned to regulation of second order plants with finite zeros.  

Presence of finite zeros (differentiable action in the plant) leads to some problems in VSS 
synthesis, since breaking of control function and differentiability of plant, interruptions occur in the 
phase trajectories of the system.  Existence of phase trajectories interruptions complicates to 
determination of conditions of origin and the existence of sliding modes, in the continuous-time and 
idiscrete-time VSS.  

For the elimination of finite zeros influence, a cascade of first-order filters are introduced. if 
the plant parameters are variable, then the cascade of these filters is also encompassed by the 
commutation feedback. This method, for the continuous-time VSS, has been investigated by Kostyleva 
[16]. We chose also this method for the discrete-time VSS, for the following reasons: 
� its simplicity, 
� to make discrete-time VSS synthesis easier. 
� the robustness of the VSS algorithms to plant parameter uncertainties. 

We introduce dual-rate discrete-time signal processing with bigger sampling-time period in the 
main feedback loop and with very small sampling time in the realization of the structure commutation 
process, which may be neglected. Only controller type of system will be analyzed. First, the discrete-
time mathematical system model will be given, and then, based on the general quasi-sliding (zig-zag) 
mode existence conditions [3], the relations for the VSS controller synthesis will be given. On a one 
example, the synthesis procedure and the computer simulation results should be given. 
PROBLEM STATEMENT 

The paper deals with the discrete-time variable structure system shown in Figure 1. It is 
supposed that all necessary information of the plant is accessible for measurement. The problem of 
measuring required state coordinates is a general one, which is also present in the system without 
finite zeros.  

Generally, it can be practically resolved by using an observer. Because of that, we will further 
suppose that the plant is controllable and fully observable. The VSS formatter is the system structure 
commutator which is digital. Dual-rate sampling periods assumed: large (T), in the process of the 
control signal formation and small (TS), in the process of obtaining switching conditions. It is assumed 
that TS << T and the effects of small sampling-time TS may be neglected for further analysis. Because 
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of phase trajectories breaking a consequence of differentiability of plant, we should use the method 
of eliminating finite zero influence in the plant transfer function by introducing additional 
commutation filter of adequate time constant proposed by Kostylova [16] for the continuous-time VSS.   

The systems type regulator (r=const) is analyzed in this paper. Let us adopt r=0. 

 
Figure 1. Variable structure control system block diagram 

Mathematical model of the plant (Figure 1) was given in the form:                        
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where: - [ ]1 2( )=x Tt x x  - the plant state vector in the phase space, 

- ( )=y t y  - the plant output variable, 
- u(t) = u - the controll signal. 
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 - 1 2 1 2, , ,a a b b  - the plant parameters. 
Let us adopt as new the state coordinates of the system in Figure 1: 

- 1 =x e  - the system error, 

- 2 = &x e  - the first derivative of the system error, 
which can be expressed by the following relations : 
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Taking into consideration relations (2), expressions for x  and 2e  assume the forms: 
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The mathematical model of the system in the new state coordinates system has the following 
form:       
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Based on relations (1) and (3), it can be concluded that the transformation matrix for transition 
from the mathematical model of the plant to the mathematical model of the system in the new state 
coordinates system is the unit matrix. From the practical point of view it means that the system error 
signal and its differential are not accessible for measuring purposes, the corresponding plant state 
coordinates can be applied. If the required plant state coordinates are not accessible for immediate 
measuring, some of the known methods for the plant state reconstruction (observer) can be applied.  

We should use the method of eliminating finite zero influence by introducing additional 
analogous filter (aperiodical element of the first order) of adequate time constant T1, proposed by 
Kostyleve [16]. Mathematical model of the given system with additional commutation filter (Figure 1) 
was given in the form:    
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Discrete-time VSS controller parameters  1 1 1, , ,c ω λ γ  and 1μ should be determined so that the 
zig-zag (quasi-sliding) movement mode will be occur in the system. 

In the phase of setting up the task of the discrete-
time VSS synthesis, a problem of the system structure 
choice and regulator parameters for the purpose of 
achieving a desired character of behaviour and accuracy 
of operation in a steady-state may arise. The character 
of the behavior of the digital control system in the 
steady-state is determined by the type of the system 
with reference to the input signal, while the operation 
accuracy is determined by the error signal value, which 
is set up long enough after the moment of the system 
excitation by the determined standard input signal. The 
zero steady-state error should most frequently be 
achieved. 
DETERMINING THE DIGITAL CONTROL PARAMETER 

Shown in Figure 2 is the analyzed system signal 
flow graph. Based on this graph and Mason’s rule, the 
discrete mathematical model of the given system (Fig.1.) can be obtained in the next form: 
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 , 

� ( 1)( ) ( )−= =j j T w T - normal response of the plant with the additional analogous filter to Dirac 
impulse (normal term implies a zero initial conditions), 

� (0)( ) ( )= =w w T w T - normal step response of the plant with the additional analogous filter, 

� ( ) ( ) ( )=i iw w T  - first derivative of the normal step response of the plant with the additional 
analogous filter. 

Sufficient conditions of the zig-zag mode existence on the hyperplane and of the stability of the 
whole system   were derived in [2-5] in the form: 
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Figure 2. Signal flow graph for the 
variable structure control system 
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The condition (6) taking into consideration relations (5) and (7), expression (8) assumes the 
form of (9): 

( ) [ - ] ( ) ( ) ( ) ( )Δ = + = +c H I x c Lz c Dx c LzT T T Tg kT kT kT kT kT                                 (9) 
where: 
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Starting from the general conditions (6), taking in account (9) and (10) of the zig-zag movement 
mode existence for the system analysed, the following relations are obtained: 
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where:  [ ]1=qc c . 

Replacing relations (11), expression (13) assumes the following form: 
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Taking into consideration relation (4), expression (15) can be written in the form: 
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Replacing relations (12), expression (14) assumes the following form: 
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Taking into consideration relation (4), expression (18) can be written in the form: 
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For T=0, relations (16), (17), (19) and (20) should represent relations for the continuous-time 
VSS of the second order with finite zero. Taking into consideration that (1) (0) (0) (0) 0w w j= = =  
expressions (16), (17), (19) and (20) are indefinite (indefiniteness of the 0/0 type). Differentiating the 
numerator and the denominator as well as taking into consideration that (2) 1w = ,   expressions (16), 
(17), (19) and (20) are reduced to the known existence conditions of the sliding mode for the 
continuous-time VSS of the second order with finite zero [16]: 
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The implemented discrete-time VSS controller makes the high quality process regulation 
possible which is reflected in: monotonous aperiodic regulation process, high speed performance and 
system movement invariance at the final phase of regulation from the plant parameters change over 
the wide range.  
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In the given class of VSS controller with quasi-relay control a steady-state error may be occur if 
the system is of the zero type. This is consequence of the sliding mode loses in vicinity of equilibrium. 
The steady-state error signal in the considered class of control systems may be determined using 
classical relation: 

0
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1 1
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where 0r  - is constant reference input signal. 
This error can be decreased by increasing the values of parameters 1 2,ω ω and c  of the discrete-

time VSS controller, but this conditions occurrence of a higher overshoot during the process 
regulation, which can be decreased by decreasing the sampling period. Thus, optimum selection of 
parameters of the discrete-time VSS controller can result in a compromise between the steady-state 
error value and the overshoot. If the control plant is of  zero type, the steady-state zero error at the 
given constant input may be accomplished by introducing  integration in the control signal  action. In 
the practice of discrete-time control systems the approach is in use by introducing the PI control 
action into the main feedback loop (Figure 1). 
ILLUSTRATIVE EXAMPLE 

For the purpose of verifying the relations obtained for the discrete-time VSS regulator 
synthesis, a digital regulation of a dc motor rotor current was simulated. A dc motor of the following 
characteristics was taken as an example: 
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Starting from the basic relations for the dc motor, the following transfer function is obtained: 

2 2
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If discretization of the sampling period T=5ms was introduced and the finite zero influence 
eliminated by introduced time-constant filter 1 1.51T s= , the following parameters values can be 
selected for the implementation of the discrete control system: 

� for the system without PI action: 1 1 1

1

500, 500, 0.02,
0.02 341,

= = − =
= − =i c

ω λ γ
μ

 

� for the system with PI action: 1 1 1

1

500, 500, 0.02,
0.02 341,

= = − =
= − =i c

ω λ γ
μ

 

The simulation results are presented in the form of the output step response (Figures 3 and 4). 
The output variable diagrams in Figures 3 and 4 that by introducing the PI control action into the main 
feedback loop have not steady-state error. The switches in quasi-sliding mode are not visible, because 
the choice of parameters provides monotonuous aperiodic regulation process. But in actual conditions 
will appear the switches.  

          
Figure 3. Output variable diagram for the system     Figure 4. Output variable diagram for the system 

without the PI control action                                        with the PI control action 
The equations are an exception to the prescribed specifications of this template. You will need 

to determine whether or not your equation should be typed using either the Times New Roman or the 
Symbol font (please no other font). To create multileveled equations, it may be necessary to treat the 
equation as a graphic and insert it into the text after your paper is styled. 
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CONCLUSIONS 
Analyzed in the paper are conditions to achieve the desired character of behavior and accuracy 

of operation in the steady-state and transitional mode of discrete-time VSS when regulating the plant 
with finite zeros. An illustrative example is used to show the synthesis procedure of the discrete-time 
VSS regulator with PI control action compensator. Based on a test, it can be concluded that the 
proposed mode of control is possible and that it yields good results as well as that the discrete-time 
VSS characteristics are better than those of a conventional system. The only disadvantage of the 
discussed method is that the finite plant zeroes can not be non-minimum phase. 
REFERENCES 
[1.] Dote Y.: Microprocessor based sliding mode controller for dc motor drives, Proc. of  Ind.  Applicat. Soc. 

Annu. Meeting, 1980. 
[2.] Milosavljevic C.: Mathematical model of one class of discrete variable structure automatic control 

systems, Automatica, (1-2), 65-70, 1983. 
[3.] Milosavljevic, C.: General conditions for the existence of quasi-sliding mode on the switching hyper- plane 

in discrete variable structure systems,  Automatic and Remote control, (3), 307-314, 1985.. 
[4.] Milosavljevic, C.: On one class of discrete-time variable structure control systems, Int. J. of  control and 

computers, 16(3), 56-60, 1988. 
[5.] Milosavljevic, C. and Perunicic, B.: General discrete-time quasi-sliding mode existence conditions,  Proc. of 

IEEE International workshop: Variable structure and Lyapunov control of uncertain dynamical systems, 
1992. 

[6.] Sarpturk S. Z.: On the stability of discrete-time sliding mode control systems, IEEE Transactions on 
Automatic Control, 32(10), 930-932, 1987. 

[7.] Kotta, U.: Comments on the stability of discrete-time sliding mode control systems, IEEE Transactions on 
Automatic Control , 34(10), 1021-1022, 1989. 

[8.] Drakunov, S. V.  and  Utkin, V. I.: On discrete-time sliding mode, Proc of  IFAC Symp. Nonlinear Contr. 
Syst. Design, 484-489, 1989. 

[9.] Furuta, K.: Sliding mode control of a discrete system, Systems&Control Letters,  (14), 145-152, 1990. 
[10.] Furuta, K.: VSS Type self-tuning control, IEEE  Transactions on Industrial Electronics, 40(1), 37-44, 1993. 
[11.] Yu, X. and Pots, R. B.: A class of discrete-variable structure systems, Proc. of the 30th Conference on 

Decision and Control, Brighton, 1991. 
[12.] Sira-Ramirez, H.: Non-linear discrete variable structure systems in quasi-sliding mode, International  

Journal of Control, 54(5), 1171-1187, 1991. 
[13.] Spurgeon, S. K.: Hyperplane design for discrete-time variable structure control systems, International  

Journal of Control,  55(2), 445-456, 1992. 
[14.] Wang, W. J. and Wu, G. H.: Variable structure control design on discrete-time systems, from another 

viewpoint, Control Theory and Advanced Technology, 8(1), 1-16, 1992. 
[15.] Gao, W.: Discrete-time variable structure control systems, IEEE Transactions on Industrial Electronics, 

42(2), 117-122, 1995. 
[16.] Kostyleva, N. E.: The  use of  variable structure automatic control systems for control of plants with finite 

zeros, Theory and application of automatic control systems, Naukha, Moscow, 1964 
 
 
 
 

 
ANNALS of Faculty Engineering Hunedoara 

 

 
 

– International Journal of Engineering 
 

copyright © UNIVERSITY POLITEHNICA TIMISOARA,  
FACULTY OF ENGINEERING HUNEDOARA, 

5, REVOLUTIEI, 331128, HUNEDOARA, ROMANIA 
http://annals.fih.upt.ro  

  


