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ABSTACT: In this paper the direct numerical simulation of the full Navier-Stokes equation in vorticity-
stream function form for the case of an inclined fluid layer with temperature modulation on the upper
plate is presented. The fluid flows between parallel plates which are inclined with some angle a in respect
to the horizontal plane. The lower side of the viscous fluid layer is constant temperature surface. Since the
temperature of the upper plate is higher than the lower plate, Rayleigh-Benard convection appears mostly
in the upper zone. We investigate the stability of this convection for water as a working fluid. The results
of direct numerical simulation are presented as fields of temperature, vorticty, stream function and
velocity. This paper is concerned by the National Program of Energy Efficiency, project number: 11142008,
funded by the Government of Republic of Serbia.

Keywords: Direct numerical simulation; Navier-Stokes equations; Rayleigh-Bénard convection; Non-linear
flow instability; Viscous fluid flow

1. INTRODUCTION

Rayleigh-Bernard (R-B) convection is a classical problem of fluid mechanics, where the viscous
fluid is flowing in between two parallel walls, while upper wall is usually cooled and lower is
heated. The reason for flow appearance is temperature gradient in vertical direction which causes
instability of density distribution in layers of the fluid, and thus movement. Solution to this
problem has been described by Rayleigh. It is related for case where fluid is in gravitational field
limited at the top and bottom sides, by horizontal walls with constant but respectively different
temperatures. As a result, he got critical value of dimensionless parameter at which flow of the
fluid starts. This parameter is called Rayleigh number and it is determined as:

R = gB(T; — T, )H°
4=
av

where g is gravitational acceleration, p Thermal expansion coefficient, T: upper plate
temperature, T2 lower plate temperature, H distance between two plates, v kinematic viscosity and
a thermal diffusion coefficient. In the above equation, fluidproperties are applicablefor average
fluid temperature Tm=(T1+T2)/2, because this is the best reference temperature. In this case Ti is
the variable in time and in x-~direction, and so is the Ra number. Ra is dimensionless parameter
and it represents relation between thrust and diffusion forces.

Critical value of Rayleigh number is, according to linear stability theory, R.c=1708, for critical
wave number qc=3.117. Below this number fluid starts to flow and forms two-dimensional
vorticity cells with approximately squared cross section. As Ra rises, cell flow becomes
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significantly complex. Two-dimensional cells break apart into tree-dimensional cells with
hexagonal shape, seen from above. With further increase of Ra cells divides, oscillates and
becomes turbulent.
Analysis of R-B convection is applied under the assumption of small temperature differences
between the walls, and that the assumption of Oberbeck-Boussinesq approximation applies. This
means that all properties of the fluid are constant except density, which is represented as a linear
function of temperature:
p=p[1-B(T-T,)]

where pzis fluid density at the lower plate, T is fluid temperature.
In this paper, fluid flow has been analyzed. Rayleigh number is considered to be under critical
value, while wave number being very close to critical value. Numeric simulation is obtained using
two-~dimensional Navier-Stokes equations in the form of vorticity stream-functions of flow, with
constant temperature at the lower and spatial modulation of temperature at the upper wall.
Inclination is considered to be small.
2. MATHEMATICAL MODEL
Deriving of equations and description of the numerical process of resolving of the equations that
describe the non-isothermal flow of viscous, compressible fluid is as follows:

%+(§-V)\7=13’+%Vp+vA17+VV(V-\7)

div(pv)=V-(pv)=(Vp)-v+p(V-¥)=0

. 2
a—T+(v-v)T= A are L # [a—”J
ot pc, pc, pc,\ dy
The above equations represent the law on maintaining momentum, matter and thermal energy.
We want to solve these equations in the form of stream function — vorticity. Vector of the fluid
velocity can be represented as a rotor ofthe vector stream function, while the vorticity vector can
be represented as a rotor of the velocity vector of the fluid, respectively,
V=roty =Vxy

@d=rotv=Vxv
If we want to determine the rotor impulse equation, that is, if the momentum vector equation is
multiplied with nabla (Hamilton) operator, we obtain the transport equation of vorticity

%(VXV)+(\7-V)(VX§)=VXﬁ+lVXVp+VA(VX\7)
p

The member in parentheses represent the definition of a vorticity vector, while another member
on the right side is equal to zero, because the gradient rotor of any scalar function is by definition

equal to zero.
00 . - = -
E+(V'V)0)=VXF+VAO)
In the impulse equation, the force per unit mass for the case of fluid flow between two parallel
plates inclined at an angle relative to the horizontal plane can be written as
F=g=gsinyi +gcosyj
Taking into account the linear density dependence on temperature only in the member that

represents the force in the impulse equation
X 1-6(T -1,
F:ﬂg:po[ A 0)](
£o Po
Oberbeck-Businesc approximation of this equation is obtained.
(;—(;Jr(\?~V)c?)=Vx[l—ﬂ(T—]}))}(gsin;/z?+gcosyf)+vAc?)

For us it is interesting to see how the rotor of the vector force acting on the fluid small parts is
determined

gsinyi + gcos y/])
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i 7 k
- OF, oF 3\~ a — a A .
Vo= 8[/78x 61/?8_)/ a/oaz —[ a;: E‘]k—a[lﬁ('fﬂ,)]gcosykg[lﬁ(TTo)]gsmyk—

& - . a -
:—Bgcosya(T—To Y+ Bgsmya(T—To )13

By substituting this last equation for vorticity transport equation, we get the following expression
for it
da a 7] ~
—+(¥-V)a=|siny—(T-T,)—cosy—(T-T; k +VvA@
05290 sing 2T, s0s T T, s
In this equation, y represents an angle of inclination of the plate relative to the horizontal plane,
measured in a positive direction, i.e. in the direction counter clockwise from the positive part of
the x-axis. If both plates in vertical position are at an angle y=n/2, the previous equation reduces
to the form
ol . 0 -
—+(V-V)e=vA@&+siny—(T -1, k
If the plates that are parallel to each other are in a horizontal position, the convection-diffusion

equation of transport of vorticity becomes
6lo) 8 -
—+(V-V)o=vA&—cosy—(T -1, k
V) r5 I —h)Bs

The system of equations to be solved now becomes

%w.v)aoVm{sinv%(i"—%)—cowaa—x(T—%) ek

divv =V-v =0
%+(G-V)T:OLAT+S
We cannot use the second equation, or the equation of continuity, i.e. the law of maintenance of
mass (substance), in the formulation of stream function - vorticity, because this equation is
identically equal to zero, as

divi =V -¥=V-rotf=V-(VxJ)=0.
3. NUMERICAL SIMULATION
Numerical solution is achieved by translation of physical to dimensionless computational domain
where domain of the process is changing as well. This form is suitable for use of Fourier-
Chebyshev approximation.
Results of the simulation shows that convection appears in the form of usual two-dimensional
vorticity cells. For heated fluid where Ra> Rac, stable patterns appears in the range of wave
numbers closely grouped around critical wave number gc. Within a boundary of stable range, cell
dimensions do not correspond to the critical value of wave number ¢, but corresponds to the
space and time distributions of boundary condition. Stable range is limited by instabilities from
the both sides. Those instabilities strive to
change the vorticity cells wave number, but
not their shape.

' . ) - Since obtained cells have wave number that
' does not match the stability range,

L instability occurs shifting their dimensions

towards critical values. As the Ra rises, a

streamfunction WY.L 1= 14150

0.

(%3]

[Vl
¥ 0
=)
- 0.05 vorticity cell becomes unstable and the
structure of convection converges by very
; -0.1 complex 'space and time distribution
i 1 2 3 4 5 x-axe § pattern.

Figure 1. Example of dimensionless stream function
field at compulsive R~-B convection
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Figure 2. Example of dimensionless vorticity Figure 3. Example of dimensionless velocity
field at compulsive R-B convection field at compulsive R-B convection

4. CONCLUSION

In this paper compulsive Rayleigh-Bernard convection has been examined. Beside temperature
gradient, modulation on the upper fluid plate , withamplitude ém and two different wave numbers
dm1 andqgmz, has been applied. While at conventional case of Rayleigh-Bernard convection pattern
of the vorticity cells becomes unstable or critical value Ra being close to wave number dc,
compulsive convection have wave number value gmz for any Ra. The vorticity cells are affected by
different mechanisms of destabilization. In the case of the inclined walls, the destabilization

appears almost immediatelly, even for small values of the inclination angle y.
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