ANNALS of Faculty Engineering Hunedoara - International Journal of Engineering

Tome XVI [2018] | Fascicule 3 [August]

"Emmanuel ET. OLODO, "Olivier A. PASSOLI, 2Vilevo ADANHOUNME

CONSTRUCTION OF A DYNAMIC FINITE ELEMENT MODEL FOR
VIBRATION ANALYSIS OF RETICULATE SYSTEMS

Laboratory of Energetic and Applied Mechanics (LEMA), University of Abomey-Calavi (UAC), Cotonou, BENIN
2|nternational Chair in Mathematical Physics and Applications (ICMPA- Unesco Chair), University of Abomey-Calavi
(UAQ), Cotonou, BENIN

Abstract: In present work a model of dynamic finite element for vibration analysis of reticulate systems is proposed.
It is proposed a method of construction of dynamic stiffness matrices and inertia matrices for the cases of bending,
traction and torsion in free and forced vibrations. From exact analytical solutions of vibration equations it is
established the dynamic shape functions allowing obtaining the coefficients of dynamic stiffness matrices and inertia
matrices. These coefficients depend on frequency of free vibrations of the system. This dynamic finite element model
allows obtaining an exact solution for reticulate systems in classical approach of the dynamic analysis of structures.
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1. INTRODUCTION

The study on dynamics of reticulate systems in recent years knows a renewed interest due to the increasing
number of industrial projects with design of large span structures subject to solicitations of dynamic origin
(sport and commercial building covers, metal bridges in seismic zones, naval and aeronautical constructions).
Many works related to the design of such structures are available in the technical literature [1-5]. There are many
methods to improve reticulated bar models, for example, focus on the consideration of shear deformations,
Saint-Venant's solutions and variational asymptotic solutions. Some works focused on the use of shear
correction coefficients to improve the accuracy of calculations [6-9]. These correction coefficients often used in
static analysis of structures are not always effective in case of dynamic analysis. It is shown by [10] that these
coefficients may depend on own frequencies of bar vibrations. The disadvantage is that there is not generalized
approach for the determination of shear correction coefficient [11-12]. Another approach for analysis of
dynamic behavior of reticulated structures is the method of homogenization of discrete periodic media [13]
which allows a more thorough description of the physical functioning of the discrete element [14-15].
Homogenization of periodic reticulate systems proceeds in two steps [16]: discretization of the dynamic
balance then actual homogenization, leading to the continuous model developed from the discreet
representation. Another method known for vibration analysis of reticulate systems is the dynamic stiffness
method developed by [17-23]. This method involves a dynamic stiffness matrix established in a frequency
domain using dynamic shape functions obtained from the exact solutions of governing differential equations
[24]. The main disadvantage of this method is that it does show its effectiveness in the case of free vibrations.
In case of forced vibrations it seems hardly applicable. Another method developed by [24] is the method of
spectral elements which consists in coupling spectral analysis method with dynamic stiffness method. In first
step will be a discretization of the structure then it sets the dynamic stiffness matrix. The transformation of this
matrix is done according to the algorithm of fast Fourier transformation. After solving the resulting system of
equations it performs a reverse transformation where one gets a time-dependent solution therefore a spectral
analysis method.

In this work it is proposed a dynamic finite element model in free and forced vibrations built using shape
functions obtained from exact analytical solutions of vibration equations for the cases of traction, bending and
torsional deformations.

2. MATERIAL AND METHOD

For the problem in dynamics we will consider that the discretization concerns the rigidity and inertia parameters
of the system. On the other hand the displacement of any point of the element will be according to nodal

displacements q; :

u(zt) = Xiqi(0fi(2) (1)
fi(z) - Selected shape functions such as displacements of any point are continuing both within the element
and in limits of neighboring elements.
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The dynamic problem solving in structural mechanics by finite element method, is in most cases to find
solutions to very complicated elliptic problems. Establishing basic or shape functions is decisive for the sought
accuracy level [25]. These shape functions can be presented as gradients of harmonic functions in Hilbert spaces
and are determined by collocation method [26-27]:

Ni(z) = I 2ty (2) )
a].(i) - Unknown coefficients, g(j) - index function, j=1,...m. Functions fg(;y(z) are chosen in following forms:
Pn+1k+1(2) = Oni ()" cos (k) Py (cos6) G
Qn+ 141 (2) = Oni()"sin (k) Py (cos) “@
Forz=(r, 0, ) we have: o, = % which are calculated by the recurrent formulae that appear in the

general solution of Dirichlet problem for a sphere interior radius ry [28].
Unknown coefficients can be calculated by solving following system:
> a fy () = 8(zi,2)) j=1,...m (5)
Index function g (j) is selected such that the system is soluble [28]. Approximation accuracy using functions
N;(z) is determined by the degree of harmonic terms of function fg(;y , (=1 ;...m) for which approximation (1)
is exact.
3. RESULTS AND DISCUSSION
[ Construction of Dynamic Stiffness Matrices
— Axial vibrations of the bar in traction
The bar finite element in traction is shown in figure 1.
Governing equation is given by:

v _a2Zllog ©)
i» i,;.z ot? 0z2 !
Sought solution for equation (6) is harmonic type [29]:
} L | u(z t) = U(z)cos(kt + @) 7)
U (@ is amplitude function. Amplitude function for
Figure 1. Traction bar finite element equation (6) has the following expression:
U(z) = cycos az + c,sinaz (8)

Kk . E . .
Here oc= S k - own frequency, a - wave propagation speed; a = \/%, E and p are respectively the elastic

modulus and the density of the material.
The coefficients ¢; and ¢, determine shape functions f;(z) and f,(z) and can be expressed by the nodal
displacements q; and q5:

q; =U(0) =¢ ©)
g, = U(l) = qycos « 1+ c,sin « 1 (10)
Cy = qz—(.hcosocl an

sinxl

In our case we considered that the origin of the local coordinate system is q .
By replacing expressions (9) and (10) in (8) we get:

U(z) = qycos x z + (q — q1C0S X l)ﬁsin X z=

= q,(cos « z — ctg « Isin « z) + q, sinocz

sina]
Thus finite element shape functions of bar in traction will have following expressions:
f,(z) = cos x z — ctg x« Isin « z (13)
f (Z) __ sinx«z
2 " sinxl
Finite element stiffness matrix for figure 1 have dimension 2 x 2:
_ [C11 C12]
C21 C22
Coefficients of this matrix are determined by following relationship:
921
Ci; =
U aq;aq;
M- Potential energy of the system [30]. Particularly for the bar we have:

Cij = EFfOl f{ (2)f/ (z)dz (17)

F - The bar section
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From expression (17) it is clear that the bar element stiffness matrix is a symmetric matrix.
By deriving expressions (13) and (14) we get:

fi (z) = —asinaz — ctgalcosaz (18)
) = 5 i
By replacing expressions (18) and (19) into (17) we get:
Ci1 =Cyp = % (2al + sin2al) (20)
Cip =Cy1 = —%(sinal + alcosal) (21)

Finally finite element stiffness matrix in traction will be:

EFa EFa
—— (2al + sin2] ———— (sinal + alcosal)
C@=| B VT 22)
~ Zeinzo (sinal + alcosal roimzag (2ol + sin2ad

As shown in expression (22) stiffness matrix coefficients depend on the frequency of free vibrations.

— Free vibrations in bending

The bar finite element under bending is shown in figure 2. Each node is associated with two freedom degrees:
a vertical displacement and rotation. The free vibration

Kl y(z.) Rt governing equation in bending is given by:
4 2
© ey | G ac EIZY 4 m, 2 Y = (23)
—** | - bar inertia moment in bending
| L | m, - The mass of unit length.
_ — _ _ Sought solution for equation (23) has following form [29]:
Figure 2. Bar finite element in bending y(z,t) = Y(z)cos(kt + @) (24)

Y () is amplitude function satisfying conditions at the ends; k - Free vibrations frequency.
Equation (23) amplitude function has following form:

Y(z) = Ajch <z + A,sh < z + Azcos < z + A,sin & z (25)
2
Here o= |Mol
\E

The dynamic shape functions are determined from four nodal conditions:
= First condition:

1 =192=q3=q4=0 (26)
Taking into account expression (25), we have:

Q1 =Y(0)=A; +A3; =1,

Ay =1—-A (27)
q2 =Y'(0) =x (A, +A,) =0,

A, =—-A, (28)
gz =Y() = A;chxc 1+ A,shocl+ Azcos x 1+ Agsinx1=0 (29)
qs =Y'(1) = (Aysh x 1+ Aych <1 — Azsin x 1+ Aycos x1) =0 (30)

Replacing expressions (27) and (28) respectively in (29) and (30) we will have:
Aj(chx1l—cosxl)+ A,(sh«]—sin«])=—cos 1 (31
Ai;(sh x1+sin 1)+ A,(ch x1—cos 1) =sin «]1 (32)

Solving the system of equations (31) and (32) and taking into account (27) and (28) we get expressions for the
coefficients of first shape function. If we designate these coefficients by A1, A1y, A1z et Ay, the first shape
function will have following expression:

fp1(z) = Aj;ch x z+ Aj,sh < 2+ Aj3c0s < z + Ajusin < z, (33)
and the coefficients of first shape function will be:
1—chxlcosl—sinxlsh«l
All 2(1—-chxlcosxl) (34)
chxlsinal+cosxlsh«l
A12 2(1-chxlcosxl) (35)
Ap = 1-chxlcosxl+sinxlshol] (36)

2(1—-chxlcosxl)
—chxlsinxl—cosxlsh«l

A14 - 2(1—-chxlcosxl) (37)

= Second condition:
d2=1,q1 =93 =94 =0. (38)
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Taking into account expression (25), we have:
q; =Y(0)=A; +A; =0,

A3 = _A1 (39)
q2 = Y’(O) = (AZ +A4) = 1 ,
A4_ = i - A2 (40)

Expressions q3 and q4 will remain unchanged in the forms (22) and (23).
Replacing expressions (39) and (40) respectively in (29) and (30), we get following system of equations:

A;(ch o<1 — cos &< 1) + A,(sh o< 1 — sin o< 1) = — =sin o< | (41)

Al(shocl+sino<l)+A2(cho<l—coso<l)=—§cosocl 42)

Solving the system of equations (41) and (42) and taking into account (39) and (40), we get expressions for the
second shape function coefficients. Designating these coefficients byA,q, Ay, Ayz et A,y, the second shape
function will be as following expression:

fp2(z) = Ay;ch <z + Ayysh oz + Ayzcos Xz + Ayysin < z, (43)

and the second shape function coefficients will be:
__ sinxlchal—-cosxlsinx]

A21 - 20¢(1—chxlcosxl) (44)
1+sh«lsinxl—chxlcosxl
AZZ - 2¢(1-chxlcosxl) (45)
cosxlsinx]l—-sinxlch«l
A23 2x(1-chuxlcosl) (46)
1-sh«lsinxl—chxlcosxl
A24 2¢(1-chxlcosxl) (47)
= Third condition:
3=1491=0q2=0q4=0 (48)
Taking into account expression (25), we have:
g; = Y1) =A;chx 1+ A,sho ]+ Azcos x 1+ Ausinx =1 (49)
Expressions g4, q, and q4 will not change forms (39), (28) and (30) respectively.
Replacing (39) and (28) in (49) and (30) we get following system of equations:
Aj(chx]l—cosx])+A,(shol—sinx]) =1 (50)
Aj(shol+sinx])+A,(chx]l—cosx])=0 (51)

Solving this system of equations and taking into account (39) and (28), we get expressions of the third shape
function coefficients A1, Az,, A3z et Az,. So the third shape function will be written:
fp3(z) = A3z; =chxz+ Aj,sh <z + Az3c0os € z + Agysin < z. (52)

The third shape function coefficients will be:
chxl—cosxl

A31 = 2(1—-chxlcosxl) (53)
—shxl—-sin«l
A32 - 2(1—-chxlcosxl) (54)
cosxl—ch«l
A33 - 2(1-chxlcosxl) (55)
shuxl+sincl
34 — 2(1—-chxlcosxl) (56)
= Fourth condition:
d2=19:=q2=q3=0. (57)
Taking into account the expression (25), we have:
qs =Y'()) =x (Aysh x 1+ A,ch x1—Azsinx1+Ascosx]) =1 . (58)

Expressions q1 . qz and g3 are unchanged under forms (39), (28) and (29) respectively. Replacing (39) and (28)
in (58) and (29) we get following system of equations:

Aj(chocl—cos x1)+ A,(shec]—sinxoc]) =0 (59)

A;(sh o<1+ sin o< 1) + A, (ch o<1 — cos o< I) = =. (60)

Solving this system of equations and taking into account (39) and (28) we get expressions for the fourth shape

function coefficients Ayq, Agp, Ayz and Ayy .
The fourth shape function will have following expression:

fpa(z) = Ayich <z + Aypsh o<1+ Ayzc0s X Z 4+ Ayysin < z, ©1)
and the fourth shape function coefficients will be:
A41 sinxl—-sh«l 62)

= 2x(1—chxlcosxl)
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chxl—-cosxl

= 2x(1—chxlcosxl)
shol—sinxol]

A43 = 20¢(1—chxlcosx«l) 64
cosxl—chul
A44 - 2¢(1—chxlcosxl) 65)
Let's introduce following notations:
Ry =sh «Ich «1, Ry =sinxlcosx], R;=ch«l—-cosx],
R, =sh «lcosx 1, Rg=sh«lsin«], Rg = sh « 1+ sin « ],
Ry =chuxlsinx]l, Rg=ch«xlcosx], Rg=shxl-—-sin«l. (66))

Then, taking into account the expressions (66), the shape functions become:

f,(2) = 1 (1 -Rg—Rg)cosxz+ (R, + R3)sh «x z ] 67)
b1 ™ 2(1-Re) |4+(1 4+ Rs — Rg)cos o 1 — (R, + R3)sin « z
£ (2) = (R =R3)chxz+ (1 4+ Rs +Rg)shoxz ] 68)
b2iar 2(1-Ro) +(R3 — Ry)cos < z — (1 — Rg — Rg)sin « z
fp3(z) = 2(1 R)(R7chocZ—Rsshocz—R7cosocz+R851no<Z) (69)
fpa(z) = m( Rgch « z — R;sh « z — Rgcos « z + R;sin « z) (70)

The stiffness matrix of finite element shown in figure 2 is 4 x 4 size:
Ci1 € €3 Cyy

C C (¢} C
21 € Co3 C oy
C=
C31C3 C33 Cyy

Cyp Cpp Cys Cyy
The stiffness matrix coefficients are determined by relationship (16). Particularly in the case of bending we have:
G = B[\ ' @)f" (2)dz (72)
It is obvious that from the expression (72), element stiffness matrix in bending is a symmetric matrix.
By substituting the second order derivatives of expressions (67), (68), (69) and (70) in (72) we get after
mathematical transformations, expressions of the stiffness matrix coefficients.
Let's introduce following notations:
Hy =Ry + 2R, + 2R + R, + 2 | (
H, = R; — 2R, 4+ 2R; — R, (
H; = (sh &1+ sin o« 1)? (
H, = R; + R3 + Ry+« 1 7
Hs = Rg + Ry — cos? o< | (
Hg =Rg — Ry + 1 +sin? 1 (
R, =Rs;—R, —R,+o 1. (
Finally the stiffness matrix coefficients will be:
Ele3

@)
RN AN NS AN BN N

c13 = ——[Af1Hy + Af,Hy + 2A5,A1,Hs — 2A1,Hy — 2A,Hs+oc 1 + Ry (80)
Cpp = 2 [A 1Hy + A3 H, + 2821 Ao — 2 (AgyHe + AgoHy) + 2 (< 1= Ry)| 81)
C33 = Blec? —[A%,H; + A%,H, + 2A5,A5,H3] (82)
Can = E‘—“ [A3,H, + AZ,H, + 2A4;A,,Hs] (63)

Eloc3 A11A21H1 + A12A,H; + (Ag1Az; + AjpAz)H;
f2 == [_l (A1;Hg + AjpH; —sin® o< 1) — Ay Hy — AZZHS] o
C13 =C31 = B ——[A11A31H; + AjpAzH, + (A13Asz + AjpAzg)Hz — Az Hy — Az Hs] (8)
Cig =C41 = EIO( ——[A11A41Hy + AjpAgoHy + (A1 Agg + AjpAgg)Hz — Ay Hy — Ay Hs] (86)
C23 = C32 = EI_(X [A21A31H1 + Az2Az:H, 4 (A21Asz + A Az )Hz — < (A31H6 + A32H7)] (87)
C24 = Ca2 = e [A21A41H1 +AzpA4H, + (A21Ag; + AzpAg)Hz — (A41H6 + A42H7)] (68)
C34 = Cy3 = Elec [A31A41H1 + AzzAuH; + (As1Ayz + AgzAyy)Hs] (89)
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4 mgk? . .
Here oc= ’ ol , k - free vibration frequency.

So we can see that stiffness matrix coefficients in case of bending depend on free vibrations frequency.
— Torsional free vibrations
Torsional finite element is shown in figure 3.

Torsional free vibrations are described by following
governing equation:

Er— G ) ot~ B 5 = 0 00

Sought solution for this equation is the same type for

y(z.0

§ L | longitudinal vibrations [29]. So amplitude function for
equation (90) can be written in following form:
Figure 3. Torsional finite element @(z) = c;cosPz + c,sinfz @1)

Here B = %, k - own frequency,b = \/%, G and p, shear modulus and density of the material respectively.

Coefficients ¢y and ¢, determine the shape functions fy;(z) and fy,(z) and are functions of nodal
displacements q; and q :

q; = 0(0) = ¢ (92)
g = @) = q4cosPl + c,sinfl (93)
__ 4dz2—qscospfl
€2 = sinfl (94)
By substituting expressions (92) and (93) in (91) we will have:

@(z) = qicosPz+ (q, — qlcosBl)ﬁBlsinBz = 4 (cosPz — ctgBlsinfz) + q, Ssl:l[; (95)

So the shape functions of finite element in torsion will have following expressions:
fr1(z) = cosPBz — ctgPlsinfz (96)

__sinBz

fio(z) = Singl (97)

In the general case, the stiffness matrix coefficients are determined by relationship (16). For the particular case
in torsion we have:
l ! !
ckij = Gl [, fi (@) fi(z)dz (98)
Where G and Iy are the shear modulus and torsional inertia moment respectively.
It is obvious that obtained shape functions (96) and (97) are similar to the shape functions (13) and (14) for a bar

in traction (figure 1). So the stiffness matrix coefficients will be similar to the stiffness matrix coefficients (20) and
(21) of the bar finite element in traction:

Clt = Ciap = o (281 + sin2BD) (99)
Ckiz = Cka1 = — 45;‘%1 (2sinfl + 2plcospl) (100)
So finite element stiffness matrix in torsion will have following form:
[ GI. B I.B ]
— (2Bl +sin2Bl) —— " (2sinBl+2plcospl)
4 sin ?Bl 4 sin Bl
(B = =
GI, B GI, B
——" (2sinBl+2plcospBl) — X (2B1+sin 2Bl)
| 4sin?pl 4 sin Bl ]
(2B1+sin 2p1) — (2 sin B1+ 2Bl cos Bl)
GLP (101)
4sin 2Bl

—(2sin B1+ 2Bl cos Bl) (281 + sin 2p1)

Here 3 = k/b, k - the natural frequency of the structure.

We can see that the torsional stiffness matrix coefficients are function of free vibrations frequency.
I Construction of Inertia Matrices

— Bar traction (compression)
Inertia matrix of the bar finite element shown in figure 1is 2 x 2 size:
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Inertia matrix coefficients in general case are determined by following expression [29]:

o'T
my; = 99100, (103)
T - Kinetic energy of the system.
For particular case in traction we have:
1
mj; = fo m,f; (x)f;(x)dx (104)

m - Mass of length unit of the bar.

From expression (104) it is obvious that finite element inertia matrix in traction (or compression) is a symmetric
matrix.

By substituting (13) and (14) in (104) we get expressions for determination the inertia matrix coefficients:

mqq; = Myy =%(Cxl—%51n20€1) (]OS)
My = Myy = 5—5— (sin « I— Icos « 1) (106)
Finally, inertia matrix of the bar finite element in traction or compression will be:
m ocl—lsin 2al sinal —alcosal 107
M(a) = —2— (107)
2o sin 2ol

sinol—alcosal al- %sin 20l

« = k/a, k - Natural frequency of the structure.
From expression (107) it is obvious that inertia matrix coefficients depend on free vibrations frequency.
— Case of bending
Inertia matrix in case of bending of the bar finite element shown in figure 2 is 4 x 4 size:
my, 1m;, m; m,

M = m, m, m, M,y (108)
m;, Mz M3y Mgy
m,, Mg, My My,
In general case the inertia matrix coefficients are determined by expression (103).
For the particular case of bending the inertia matrix coefficients have form (104).Inertia matrix for this case is
also a symmetric matrix.
By substituting the shape functions (67), (68), (69) and (70) in (104) and performing the corresponding
mathematical transformations we get the inertia matrix coefficients.
Let's introduce the following notations:
Hp =Ry —2R, — 2R3 + R, + 2 (109)
Hp, = Ry + 2R, — 2R3 — (110)
H, 3 = (sh o1 —sin o 1)? (111)
Hps = Ry + Ry —Ry— | (112)
Hps = R3 + R, —R,— | (113)
Hpe = Rs — Rg + cos® « | (114)
Hp7s =Rg +Rg —sin2 1 —1. (115)
Then the inertia matrix coefficients will be:

my; = % [A%1Hpmy + A3, Hmy + 2A11A15,His + 2A11Hpg + 2A1,Hpy 4o 14+ Ry] (116)
my; = % [A221Hm1 + A3 Hmz + 2431 Az, Hms +§<A21Hm6 + AxpHms + %(“ - R4))] (117)
Mm33 = % [A31Hm1 + A%;Hpyz + 2A31A3,Hpps] (118)

My, = % [A31Hm1 + AZ2Hma + 2A41A4Hms] (119)

my; =my; = (120)

20

mo [ A118A21Hm1 + A12A22Hm, + (A11A2; + A12A51)Hpys
+ = (Ay1Hie + AizHims + ArzHins + Az Hipg) + sin? o |
m
M3 = m3y = 2 [A11A31Him + A12A3Hms + (A11Asz + A1pA31)Himg + Az Himg + AzpHiy ] (121)

65|Fascicule 3




ANNALS of Faculty Engineering Hunedoara - International Journal of Engineering

Tome XVI [2018] | Fascicule 3 [August]

My =My = % [A11A41Hm1 + A12A4Hms + (A11A4z + AppAg)Hms + AggHimg + AgpHiyl - (122)
My3 = M3y = % [A21A31Hm1 + Az2Az2Hmy + (Az1A32 + AzpAz1)Hins +§(A31Hm6 + A32Hm5)] (123)
Myy = Myy = % [A21A41Hm1 + Az2AsHmy + (Az1A42 + AzpAs1)Hins +§(A41Hm6 + A42Hm5)] (124)

M3y = My3 = % [A31A41Hm1 + Az2As2Hmz + (A31A42 + AzzAs1)Hinsl (125)

4 k2 . .
x= /mgl , k- Free vibration frequency.

We can see that for the case of bending the inertia matrix coefficients depend on free vibrations frequency.

— Case of torsion

The inertia matrix coefficients in general case are determined by expression (103). For particular case of torsion
these coefficients have form (104):

1
mi]- = fO Gofki (Z)fkj (Z)dZ (1 26)
0,- Unit angle of torsion, 8, = plj .
Similarly to the stiffness matrix for the case of traction, the inertia matrix coefficients will be:

0 1,
myy = my, = gt (81— 2 sin2p1) (128)
[} .
my, =My, = 4[351:1281 (2sinpl — 2BlcosPl) (129)
So inertia matrix in torsion will be:
Bl—%sin 2p1 %(2sinB1—2BlcosBI
B
My (B =5 o
. 2Bsin 2Pl

. 1.
Z—B(ZsmBl—ZBlcosBl) B1—5s1n2[31

In expression (130) parameter (B is equal to 3 = k/b; k - natural frequency of the structure.
We can see that the inertia matrix coefficients depend on free vibrations frequency.
The proposed dynamic finite element model is developed from the shape functions built on basis of the
solutions of differential equations of vibrations. Equation of axial vibrations (6), established on basis of the flat
section assumptions has an approximate solution because the inertia forces are not taken into account. Finite
element obtained from this equation takes into account this aspect. We can expect an error in assessment of
vibration for very high levels of frequencies.
About the torsion, finite element obtained from equation (90) will have the same limitations as the equation.
However we can expect great accuracy in the calculation of a bar with circular section. This finite element in
torsion will be unusable for flat profiles because torsional vibration equation solving does not take into account
axial displacements of the sections.
As vibration equation in bending (23), its solving does not take into account the rotating inertia of bar sections
this is why we can expect significant errors for evaluation of vibrations of short length bars.
4. CONCLUSIONS
From this work we can hold the following:
» For vibration analysis of the bar systems it is proposed a dynamic finite element model where the shape
functions are built from analytical exact solutions of governing equations of bar vibrations.
» It's got the stiffness matrices and inertia matrices of bar finite elements in free vibrations for cases of bending,
traction and torsion.
» It was established that the stiffness matrix coefficients and inertia matrix coefficients are based on free
vibration frequencies of the system.
» This dynamic finite element model allows getting exact solutions for minimum number of finite elements
of bar structures.
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