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Abstract: An analysis of the unsteady—state three—dimensional heat conduction
analysis of a rectangular plate is carried out by using a classical method. The
boundary conditions for a temperature field are considered to be a partially
prescribed temperature on the top face, zero temperature at the bottom face and
four edges, and no flux at any edges. The intensities of bending moments, resultant
moments and resultant forces are formulated based on the small-deflection theory
and the analytical solution for the thermal stress components is obtained based on
it. Numerical results for thermal stresses are presented. Furthermore, some results
are derived by means of computational tools are illustrated numerically and
depicted graphically.

Keywords: heat conduction, internal heat sources, thin rectangular plate,
deflection, stresses

1. INTRODUCTION

The theoretical problems of bending of the thin rectangular plate are used
in a variety of engineering applications. Therefore, some theoretical studies
concerning the problems of different edges, maybe clamped, simply
supported, the temperature applied on different edges using different
methods have been reported so far. The detailed thermal bending of thin
plates has been stated in Nowinski's highly cited book (1978). Even studies
on thermal stresses in two—dimensional (2D) or three—dimensional (3D)
plates have also appeared many times. In this regard, Eslami et al. [1] in his
book explained how to solve various boundary value problems of one—,
two—, and three—dimension, and studied thermal stress of various
structures, and improved the conclusion by numerical methods. Even,
Misra [2] discussed a relatively simple paper in which upper surface was
kept at a constant temperature while the lower surface, which is in contact
with an elastic foundation with curved surface kept thermally insulated. Of
most recent literature, some authors have undertaken the work on thermal
stresses, which can be summarised as given below.

Pachinger et al. [3] analyzed the thermally induced bending of thin
rectangular plates with one clamped and three simply supported edges are
studied for a spacewise constant thermal moment in this conclusion. Cheng
et al. [4] on his paper discussed the analysis on Rectangular Thin Plate (RTP)
having two opposite edges clamped, one edge simply supported and one
edge free under temperature disparity is regarded as a superposition of the
RTP of three simply supported edges and one edge free under temperature
disparity and the RTP under the bending moment with two opposite edges.
Zhong and Zhang [5] also investigated the RTP of three simply supported
edges and one edge free under temperature disparity and the RTP under the
bending moment with two opposite edges using condition related on small
deflection theory and superposition principle, with consideration of
temperature variation that is perpendicular to the surface.
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Deshmukh et al. [6] furnished a solution to the quasi—static problem of transient thermal bendin@
stresses in a plate with the clamped edge using an integral transform. Few authors [7-11] have
obtained different reports on the thermal bending analysis of the rectangular thin plate for various
plate supports combinations. In previously referred papers, their objective was to maximize the
load—carrying capacity of the structural support either by locating the supports or by changing
stiffness. Hence, to the best of authors’ knowledge, there exists scarce concentration on this topic
of research in which internal heat source is taken into consideration the thermal bending moments.
Things get further complicated when there exists a combination of internal heat generation and
sectional heat supply is impacted on the body. Owing to the lack of research in this field, the
authors have motived to conduct this study. In this paper, the realistic problem of a thin
rectangular with an internal source in consideration subjected to prescribed surface temperature
is studied. The theoretical calculation has been considered using the dimensional parameter,
whereas graphical calculations are carried out using the dimensionless parameter. The success of
this novel research mainly lies on the new mathematical procedures which present a much more
straightforward approach for optimization of the design in terms of material usage and
performance in engineering problem, particularly in the determination of thermoelastic behaviour
in plate engaged as the foundation of pressure vessels, furnaces, etc.
2. FORMULATION OF THE PROBLEM — TEMPERATURE DISTRIBUTION
Let us consider the rectangular plate occupying the space
—al2<x<al2,-b/2<y<b/2,-h/2<z<h/2 (1)
and its physical configuration in Cartesian coordinates can be shown in Figure 1 as

al2 |

fGx.y)=Tp 8(x —x0)8(y —¥0)
for|x| <c/ 2and|y" <d/2

g
N

Ty S f(”"?s
LZ Oz(”_ZOQ}‘ /
f(x.3)=0for|x|>c/2 or|y|>d/2

Figure 1. Schematic geometry of thick rectangular plate

We assume the expression for the unsteady temperature T(X, Y, z,t) as

T(x, y,z,t):(z+h/2)§ 5 {[ frs (0) cosapxcos Ay — 2(z+h 1 2)]+ x2y%} 2)
r=1s=0
in which
ar =rrla(r=13,5,..), (3)
Ps=2sr1b(s=0,2,4..), 4)

and fg(t) can be determined from the governing heat conduction equation.
The governing equation for unsteady—state heat conduction in isotropic solids is given as

0°T 7T T o Ll )
x% oy o8 Kot
subjected to a partially distributed sectional heat supply on the top face
T| z=51/2 = f(x,Y) (6)
t=

in which the prescribed surface temperature on top face is taken as
F(x,y)= {TO S(x—xp)3(y—yg) for|x|<c/2and|y|<d/2

(7
0 for|x|>c/2 or|y|>d /2
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BT =i

fhere Tg being a constant temperature at t =0, thermal diffusivity is denoted as k = A/ pC, 4
being the thermal conductivity of the material, p is the density and Cis the calorific capacity,

which is assumed to be temperature—independent, respectively. The point impulsive sectional heat
supply is represented as o(x—xg)o(y—yg) for —c/2<xg<c/2 -d/2<xg<d/2 and the

internal heat generation expressed in algebraic form as Q = 2[(h+3z) - X2 — y 2] .

Since boundary condition of all the four edges (i.e. X==xa/2 and y =+b ) are at zero temperature
with arguments given in Egs. (3)—(4) must automatically satisfy. Now it is enough for the analysis
to satisfy boundary condition (7) and another boundary condition at bottom face (i.e. z=—h/2)

having zero temperature.
Putting Egs. (3) in (5) results in

of (t
—ai ) - i@+ BT ) ®
The above equation on integrating gives
2, p2
f(t) = urg e~ (7 At ©
in which gyg is the constant to be determined from the nature of temperature prescribed on the
upper face.
Using Eq. (7) and imposing boundary condition (6) on temperature change Eq. (2), we obtain
o0 o0
ToS(x=x0)5(y = y0) = h [x2y2 ~ (W2 12)+1] S S saps COSapXCOS fsy (10)
r=1s=0
On expanding f(X,y) of Eq. (7) into a Fourier series, one obtains
4T (11

rs =
cdh[x3y5 +1-(h? /2)]

Hence the required temperature distribution

© o 2, p2
(z+h/2) Y X [yrse_K(ar A5t cos oy xcos fsy — 2(z + 1 2)]+ x2y?
r=1s=0
T(xy,z,t)= for|x|<c/2and|y|<d/2 (12)
0 for|x|>c/2 or |y|>d/2
The above result gives thermally induced resultant moment as
h/2
MT =aE zT(X,Y,z,t)dz
T=aE[_,2T(xy.21) . (13)
[o ONe o]
—aE Y 3 [(h*/24)urge™ <@ 5 cos g xcos fgy - (WO 180)]
r=1s=0
and the resultant force as
h/2
NT =an_h/2 T(x,y,2,t)dz (14)

© o 2, 2
—aEY ¥ [(h37112)urse ™ (@ 55 cos ap xcos fgy — (h° 130)]+hx2y2

r=1s=0
in which a and E represents the coefficient of linear thermal expansion and Young’s Modulus of
the material of the plate, respectively.
The equation of equilibrium for the normal deflection in the absence of external load can be given
as

2
4 020 ViMT
o+ ph——=—
ot @-v)

and the associated boundary conditions of the plate are given as
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o|;_ =0,a—w =0, for —a/2<x<+a/2and -b/2<y<+b/2
‘t—O y
atlt—o

o)y 1a/2=0 forallyin-b/2<y<+b/2 (16)

“"y=+b/2:0’ forallxin—a/2<x<+a/2

0 My 0 My

724'(1 )D :O, 72+(1 )D =0

% -V

ox x=tai2 ¥ y=+b/2
where @(X,Y,t) is the normal transverse deflection along z —direction of the midsurface, vlz
indicates the Laplacian operator, v# denotes the bi-harmonic operator, p the density of the

1
material, constant v denotes the Poisson’s ratio of the disk, D is the flexural stiffness terms given
as D=E/3/ 12(1- 1)2) and the inertia loading term is taken as ph(azwl 8’[2) .
Furthermore, the thermal stress components are written in the following form

1 12z 1 (1 12z
oyx =—Ny +— My +——| =N7 +—-MT —ET
X = X 3 X —u(h T 3 T ]

1 127 1 (1 127
-2 —My+—(FNT +h—3M-|- —aETJ

(17)

in which the resultant bending moments per unit length are given as

2 2
My =-D MH)M _Mi’
6x2 8y2 1-v
2 2 (18)
My =-D 6—g’+ua—;’ Mr
oy X 1-v
2
0w
Mxy = D(l—U)@
moreover, resultant forces per unit length are defined as
2 2 2
Nx=£, Ny=£, nyz_ﬂ (19)
6y2 OXoy
which must satisfy
ON ON oN
aNX+ XY _o ¥ L TNy g

OX oy OX oy
where the stress function F can be obtained from
V{F =-VZNT @1
The Egs. (1)—(27) constitutes the mathematical formulation of the problem under consideration.
3. SOLUTION OF THE PROBLEM
Firstly, we assume the expression for a transient thermal deflection given in Eq. (15) subjected to
initial conditions expressed in the first equation of Eq. (16), as

(20)

o o0
w(x,y,t)= > X ¢rs(t)cosarxsin fgy (22)
r=1s=0
Inserting the above result represented by Eq. (22) in Eq. (15), we deduce the differential equation
satisfied by ¢yg(t) as

2
5032 0= g K+ (23)
ot

aEyrsh? (2h? ~5pr)
60(1-v)p

D(af + 2)°

in which ,1',252 . 7rs ZK(arz +ﬁsz), Ao =

Universitatea
. Politehnica
66| Fasciculel Timisoara




BT

ANNALS of Faculty Engineering Hunedoara = International Journal of Engineering
Tome XVIII'[2020] | Fascicule 1 [February]

With ¢rs" (t) = g5 (t) =0 at t=0.
Applying Laplace transforms to Eq. (23) and using the first equation of Eq. (16), one obtains

— 1
drs(s) =10 { 5 } (24)
S(s+7rs)(s+4rs)
Now, applying inverse Laplace theorem to Eq. (24), one obtains
1 e 7rst e—/lrzst
rs () = 40 + + @9

st 7rs(rs—A%) A (res —A&)
Hence the thermal deflection can be obtained by replacing Eq. (25) into Eq. (22) as

2, 2 2, 2
aEh4e ®© ® trs phe-’f(ar +p5)t/ ph i (“rz +ﬂ52)e—’((0!r +ps )t 26)

60DA-0) T (af+pR2 | af+pE-mph K o J—
xCosayXsin fgy
It is prominent from Eqgs. (13) and (26) that the related boundaries are given in (16) on
X=xa/l2,y=2b/2 are evidently satisfied. Now inserting the above result given in Eq. (26) into
Eq. (18), then in Eq. (17) taking all resultant forces given in Eq. (19) as zero, we get the desired
thermal bending stresses as
1 © 0 2h% _30Eaz(z+h/2)+60x%y2(-1+Ea)

60(-1+v) 2150 (af + p2)%(af + pE - xph)

Oxx

2, p2v(,, 2, p2
NI {Eaﬂrse—(ar +B) af + PR 420U ph o
(ar +fs)" (ar +fs —xph)

y {—5&‘(‘)‘Ir2 +BE)af +fE-+Kkpht/ PRI+ hyh—122](a + p2)(a? + p2 — kph) @7

2, p2\e 2, p2
xC0S fisy +12hza? (1+ u){e(ar B35 Nat +Ps +rotph 2 | p2)

2, 52 2. p2v( 2 2
_eZK(O,’r +ﬂs )thK_p_e(ar +ﬂs )(ar "rﬂs +2Kph)t/ph (alz +ﬁ52 +Kph)J

xsinoyry }}

S S 2h* _30Eaz(z+h/2) +60x2y2 (—1+ Ear)
W7e0(-1+0) (242 2, 52Y2 (2, g2 _
r=1s=0 (ar +ﬁs) (ar +ﬂs Kph)

2 p2vi 2, p2
P {Eaurse"‘(“f s e+ 5 kPPN s g ¢
(ar +f5)" (ar + Bs —Kph)
2, p2\ 2, p2
y l:_5elc(ar 55 )ar +Bs oMU PN 6 4 hyh—122](a? + p2)(af + B2 — kph) 28)

2, 52\ 2, 52
X COS ﬂsy+12h2a2(1+ u)(e(o‘r +55)ar +fs +xph)tl ph (atr2 +ﬁs2)

2 2 2, p2\y 2, p2
_e21c(ar +55 )tth_e(ar +Bs )ar +Ps +xoh)tl ph (ogr2 +ﬂ52 + Kph)]

xsinary }}
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aEhx X X Zarz,urs phe—K(a,2+/7’52)t/ph 1 (ozr2 +/352)e_K(a|2+'532)t
=g X Lo 53 2. 2 el 2 2 (29)
r=1s=0(ar +f55) ar + B —xph K ar + B —xph
xSin ay Xcos fgy

4. NUMERICAL RESULTS, DISCUSSION AND REMARKS
For the sake of simplicity of calculation, we set the functions as

X=[x—(-al2)]/ay=[y-(-b/2]/az=[z—(-¢12)]/a,

r=xtla%,T(xy,2,) =T (X y,2,1) ITo,W =W / aTpa (30)

Gij = oij / Eattk (1,J=X.Y)
Substituting the dimensionless value of Eq.
(30) in temperature distribution Eq. (12), DR8P T T T T ame T o e
thermal deflection Eq. (26) and in | : UK 3 - 0.0885
components of stresses Egs. (27)—(29), we 0.06. i ¥ x-0088
obtained the desired expressions for our . . Y
numerical discussion. oidal 2
The numerical computations have been ' S
carried out for Aluminum elliptical plate . A
with physical parameter as length a=2.5  |%%? -
m, breadth b = 2 m, height ¢ =0.08 m, and j «
reference temperature as 150°C. The QOO0 == == = ‘=]
thermo-mechanical ~ properties  are 2 &3 =0 § s 24

considered as modulus of elasticity E =70
GPa, Poisson’s ratio v= 0.35, thermal
expansion coefficient o = 23x10¢ /°C,
thermal diffusivity x = 84.18x106 m?s7!
and thermal conductivity A =204.2
Wm KL

In order to examine the influence of
heating on the plate, the numerical
calculations were performed for all the
variables, and numerical calculations are
depicted in the following figures with the
help of MATHEMATICA software.

Figs. 2—4 illustrates the numerical results of
temperature, stresses and the deflection of
the plate due to interior heat generation
within the solid, under thermal boundary
condition that are subjected to a known
initial surrounding temperature at any
particular instance.

In Figures 2(a)-2(c), the dimensionless
temperature distribution increases along
(X,y,Z)—direction of the plate with
internal heat supply are depicted. At the
central part of the length and breadth,
temperature fluctuation attains maximum
and it may be due to available
accumulation of energy of internal heat
source and hence thermal expansion is
more at the central part of the plate, giving
high tensile force, as shown in Figure 2(a).
Figure 2(b) also shows the variation in the

Figure 2 (a): Temperature distribution along X —direction

for different values of Z.

z7=0079

0‘25:- J{

0.20!

0.155-
=
0.10'_

0.05|
0.00{ ——
0.0

X

2.0

0.5 1.0 15

z=0.0795
- =008 |

Figure 2 (b): Temperature distribution along Y —direction

for different values of X.

0.04( — .
r=15 =1

¥EL3 Cag !

0.03 ¥=1 '!
I~ 2 'i
.JJ'-" i

0.02| |
J'J“*J‘ l

0.01 e _@
- |

i
eo0;~ = . b
0.00 0.02 0.04 z 0.06 0.08

Figure 2 (c): Temperature distribution along Z —direction

for different values of X.

temperature profile along (X,Y,Z)—direction for various location of thickness and it is observed
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Figure 2 (d): Contour plot of temperature distribution

along Xy — plane for a fixed value of Z.

0.006! >
0.005; )
0.004
=
0.003!
0.002|

0.001|

0.000} ——" —

0.0 0.5 10 y 15 2.0

Figure 3 (a): Deflection along Y — direction for different

values of X.

T=15
PONCE . L

0.020} x=1 _--..'_'\,llii-:':':'_-,.---""'

0.015

=
0.010

0.005,

00 02 04 06708 10 1.2 14

0.025 ot

Figure 3 (b): Deflection along time—direction for
different values of X.

From Figure 3(c), one can see the thermal
deflection in isolines contour plot along X and
y — directions at a fixed dimensionless time z, in

International Journal of Engineering
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that nature is similar to that of trend shown
in Figure 2(a) except the magnitude. Figure
2(c) illustrates the temperature profile along
the axial direction for different points along
X —direction and it is observed that the
temperature trend increases linearly along
the 7 —direction towards the outer edge due
to the thinness structure. From the physical
point of view, the internal heat source in
combination of sectional heat supply plays a
role of heat source for the temperature
distribution if the generation rate (Q > 0) is

positive and it acts as a heat sink if the
generation rate (Q <0) is negative. The

result agrees with the previous result [12].
Figure 2(d) shows the temperature
distribution in isolines contour plot along
X Y — plane which shows a combined effect

of Figure (2a)—(2b) for fixed location along
the axial direction.

Figure 3(a) depicts thermal deflection along
the Yy —direction at different location of X,

and it was observed that the thermal
deflection gradually increases within the
rectangular frame due to the available
internal heat source and sectional supply.
Figure 3(b) illustrates that the absolute value
of thermal deflection increases with time for
the simply—supported edge. Initially, the
deflection increases gradually, and it attains
maximum  expansion due to the
accumulation of thermal energy dissipated
by internal heat generation and point
impulsive heat supply.

0.0f .—. ]
0.0 0.5 10 ¥ 16 20 25

Figure 3 (c): Contour plot of deflection along
X Y — plane for a fixed value of 7.

which the darkly shaded portion agrees with the graph plotted in Figure 3(a). The defection in the
red area near the outer edge shows maximum displacement, maybe due to the internal heat source
and sectional heat supply, while blue colour area indicates the zero deflection at the outer region

of the rectangular frame.
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Figs. 4(a)—4(d) shows the characteristic nature'®

0.0 — dimensionless thermal stresses in a rectangular

_' | plate which is impacted by point impulsive heat
-0.05! o .

'- source and having internal heat generation. The
-0.10} distribution profile is shown in Figure 4(a) is at
015} & zero value which gradually decreases towards the

; outer part and attains maximum due to
‘D'ZDZ accumulation heat energy obtained from the
-0.25| external sectional heat supply and internal heat
siagh _ generation, then it again attains zero at the

0.0 0.5 10 ¥ 15 2.0 25| unheated region. Figure 4(a) shows a similar

trend in Figure 4(b) in which o&yy profile shows

e ) _ minimum value due to the compressive force is
direction for different values of Y. occurring at the starting end of heated region and
gradually tensile forces increase the magnitude

Figure 4 (a): Thermal stresses Oyy along X —

i i e towards the outer part.

001! Figure 4(a) shows oyy profile illustrates that
_ ey S more compressive stress occurring at the inner

~0.02! i /,, _ part which goes on increasing towards positive

& f x=1s” _ magnitude along X - direction and it attains a

-0.03| : maximum at the outer edge. Gyy and G7; hasa

008 ' maximum tensile stress at the outer surface,

L e y whereas the compressive stress is occurring on

0.0 0.5 10 y 15 2.0 . - -

the all the four edges (i.e. for X and Y) are at
Figure 4 (b): Thermal stresses Gyy along Y — zero temperature.
direction for different values of X. il = ——— ~——

0.15f T |

pe19 i 0.15| P

| T v | o
0.10} y=17_ ¥ I 5 P
2 | =15 W ' 0.10

s | Lo
f o -

0.05| ;

; 0.05/

0.00 - 2 S —- |
ettt
B | 0.0 0.5 10 % 15 2.0 25
0.0 0.5 1.0 ¥ 15 2.0 2.5 ) _ -

Figure 4 (e): Thermal stresses 077 along X —

Figure 4 (0): Thermal stresses Gyy along X - direction for different values of Y.

direction for different values of Y. Gk -

0.15 7 0.03|

0.10/ ¥ 0;;}22

s |

o 0.01|

0.05}

0.00/ =

00 e SEE 0.0 2.0
0.0 0.5 10 y 15 2.0

Figure 4 (f): Thermal stresses 77 along Y —

Figure 4 (d): Thermal stresses Gyy along Y — direction for different values of X.

direction for different values of X.
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A similar trend is also observed in Figure 4(b) and the increment in the stress may be due to the
increase in the rate of heat propagation which initially leads to compressive force and expands
more as distance decrease towards the section heat supply.

The dimensionless thermal stress 67; has maximum tensile stress at the outer surface, whereas the

compressive stress is occurring on all the inner edges (i.e. for X and V), and zero stresses at the

unheated region.

5. CONCLUSIONS

The unsteady—state thermal bending of a thin rectangular plate subjected to a partially distributed
temperature on the top face was analyzed by a classical method. The boundary condition of all the

four edges (i.e. X=xa/2 and y=xb) and another boundary condition at bottom face (i.e.
Zz=-h/2) are kept at zero temperature with proper arguments that rigorously were satisfied.
The method followed to obtain the solution can be applied with ease to other thermal bending
problem like moderately thick rectangular plates with simply—supported or clamped edges or so.
From the results of the numerical calculations for the thin rectangular plate, the following
conclusions may be drawn:

— The advantage of this classical approach is its generality and its mathematical power to handle
different types of mechanical and thermal boundary conditions during small deflection under
partial thermal loading.

— The maximum tensile stress shifting towards mid—core from inner and outer surfaces of the
plate. This could be due to heat and stresses available due to internal heat sources under known
sectional heat supply.

— Initially, the value of stresses of all the four edges and bottom are zero as per the proposed
prescribed surface temperature, and it attains maximum bending stress at mid—core. The effect
of stretching on the stresses is stronger than that of bending.

— Neglecting the inertia term from Eq. (15), we get the static solution of small deflection.

— The aforesaid bending analysis concept can be beneficial in the field of micro—devices or
microsystem applications, planar continuum robots, predicting the elastoplastic bending and
so forth.
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