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Abstract: An analysis of the unsteady-state three-dimensional heat conduction analysis of a rectangular plate is
carried out by using a classical method. The boundary conditions for a temperature field are considered to be a
partially prescribed temperature on the top face, zero temperature at the bottom face and four edges, and no flux
at any edges. The intensities of bending moments, resultant moments and resultant forces are formulated based on
the small-deflection theory and the analytical solution for the thermal stress components is obtained based on it.
Numerical results for thermal stresses are presented. Furthermore, some results are derived by means of
computational tools are illustrated numerically and depicted graphically.
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1. INTRODUCTION

The theoretical problems of bending of the thin rectangular plate are used in a variety of engineering
applications. Therefore, some theoretical studies concerning the problems of different edges, maybe clamped,
simply supported, the temperature applied on different edges using different methods have been reported so
far. The detailed thermal bending of thin plates has been stated in Nowinski's highly cited book (1978). Even
studies on thermal stresses in two-dimensional (2D) or three-dimensional (3D) plates have also appeared
many times. In this regard, Eslami et al. [1] in his book explained how to solve various boundary value
problems of one-, two-, and three-dimension, and studied thermal stress of various structures, and improved
the conclusion by numerical methods. Even, Misra [2] discussed a relatively simple paper in which upper
surface was kept at a constant temperature while the lower surface, which is in contact with an elastic
foundation with curved surface kept thermally insulated. Of most recent literature, some authors have
undertaken the work on thermal stresses, which can be summarised as given below. Pachinger et al. [3]
analyzed the thermally induced bending of thin rectangular plates with one clamped and three simply
supported edges are studied for a spacewise constant thermal moment in this conclusion. Cheng et al. [4] on
his paper discussed the analysis on Rectangular Thin Plate (RTP) having two opposite edges clamped, one
edge simply supported and one edge free under temperature disparity is regarded as a superposition of the
RTP of three simply supported edges and one edge free under temperature disparity and the RTP under the
bending moment with two opposite edges. Zhong and Zhang [5] also investigated the RTP of three simply
supported edges and one edge free under temperature disparity and the RTP under the bending moment with
two opposite edges using condition related on small deflection theory and superposition principle, with
consideration of temperature variation that is perpendicular to the surface. Deshmukh et al. [6] furnished a
solution to the quasi-static problem of transient thermal bending stresses in a plate with the clamped edge
using an integral transform. Few authors [7-11] have obtained different reports on the thermal bending
analysis of the rectangular thin plate for various plate supports combinations. In previously referred papers,
their objective was to maximize the load-carrying capacity of the structural support either by locating the
supports or by changing stiffness. Hence, to the best of authors’ knowledge, there exists scarce concentration
on this topic of research in which internal heat source is taken into consideration the thermal bending
moments. Things get further complicated when there exists a combination of internal heat generation and
sectional heat supply is impacted on the body. Owing to the lack of research in this field, the authors have
motived to conduct this study. In this paper, the realistic problem of a thin rectangular with an internal source
in consideration subjected to prescribed surface temperature is studied. The theoretical calculation has been
considered using the dimensional parameter, whereas graphical calculations are carried out using the
dimensionless parameter. The success of this novel research mainly lies on the new mathematical procedures
which present a much more straightforward approach for optimization of the design in terms of material
usage and performance in engineering problem, particularly in the determination of thermoelastic behaviour
in plate engaged as the foundation of pressure vessels, furnaces, etc.
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2. FORMULATION OF THE PROBLEM

— Temperature distribution
Let us consider the rectangular plate occupying the space

—a/2<x<al2,-b/2<y<b/2,-h/2<z<h/2 1)

and its physical configuration in Cartesian coordinates can be shown in Figure 1 as
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Figure 1. Schematic geometry of thick rectangular plate
We assume the expression for the unsteady temperature T (X, Y, Z,t) as

o0 0O
T(xy,2,0)=(z+h/2) ¥ 3 {[frs(t)cosarxcos sy —z(z+h/2)]+x2y2} )
r=1s=0
in which
ar =rrla(r=135,..), )
Ps=2s7/b(s=0,2,4..), 4)
and fyg(t) can be determined from the governing heat conduction equation.

The governing equation for unsteady-state heat conduction in isotropic solids is given as

2 2 2
07T BT &7 o _1aT (5)
x% oy’ ozl K ot
subjected to a partially distributed sectional heat supply on the top face
T|z=h/2 = f(x,y) (6)
t=0

in which the prescribed surface temperature on top face is taken as
To o(x—xg)o for|x|<c/2and|y|<d/2
oY) = 0 (x—=x0)3(y—yo) for|X vl )
for|x|>c/2 or|y|>d/2
where Tq being a constant temperature at t =0, thermal diffusivity is denoted as x = 1/ pC, A being the
thermal conductivity of the material, p is the density and C is the calorific capacity, which is assumed to be
temperature-independent, respectively. The point impulsive sectional heat supply is represented as
o(x—=x0)o(y—yp) for —c/2 <xg <c/2, —d/2<xg<d/2 and the internal heat generation expressed
in algebraic form as Q = 2[(h+3z) - X2 _ y2] .
Since boundary condition of all the four edges (ie. X=*a/2 and y=%b ) are at zero temperature with
arguments given in Egs. (3)-(4) must automatically satisfy. Now it is enough for the analysis to satisty

boundary condition (7) and another boundary condition at bottom face (ie. Z=—h/2) having zero
temperature.
Putting Egs. (3) in (5) results in

of (t

20 caf+ 310 ®)
The above equation on integrating gives

2, 52
f(t) = urg & (0T TSN )

in which g is the constant to be determined from the nature of temperature prescribed on the upper face.
Using Eq. (7) and imposing boundary condition (6) on temperature change Eq. (2), we obtain
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o O
To8(x-x0)3(y~y0) =h [x’y?> ~(n? /2)+1] £ 3 s cosayxcos fisy (10)
r=1s=0
On expanding f (X, Y) of Eq. (7) into a Fourier series, one obtains
cdh[x3y3 +1-(h? /2)]
Hence the required temperature distribution
© o 2, 2
(z+h/2)Y 3 [ﬂrse_K("‘r +AS cosapxcos fgy —2(z+h/2)]+ x2y?
T(XY,z,t)= for|x| <c/2and|y|<d /2
0 for|x|>c/2 or |y|>d/2
The above result gives thermally induced resultant moment as
MT =aE I_Ellzz zT(x,y,z,t)dz
o0 00 2 2 (B)
—qEY ¥ [(h*/28)urce™ K(ar+f5)t gos apxcos fsy — (h8 180)]
r=1s=0
and the resultant force as
NT =aE|_ 2//22 T(x,y,2,t)dz
(14)

_aES 3 [(h3/12)upee —c(af +BE)t c0s ap €08 fsy — (h° 130)] + hx2y?2
r=1s=0
in which & and E represents the coefficient of linear thermal expansion and Young’s Modulus of the material
of the plate, respectively.
The equation of equilibrium for the normal deflection in the absence of external load can be given as

20 VIM
pVAo+ph S 2171 (15)
a2 -
and the associated boundary conditions of the plate are given as
0lig=0 22 -0 for-a/2<x<+a/2and ~b/2<y<+b/2
- ot lt=0
@) _ya/2=0 forallyin—b/2<y<+b/2 6
w‘y:iblzzo’ forallxin—a/2<x<+a/2
527(04_ MT _ 820) MT 0
2 1-v)D ' 2 1-0)D -
oxs (A-v) (eta/2 oy> (1-v) y=+b/2

where @(X,Y,t) is the normal transverse deflection along z -direction of the midsurface, V12 indicates the
Laplacian operator, Vf denotes the bi-harmonic operator, o the density of the material, constant 0 denotes

the Poisson’s ratio of the disk, D is the flexural stiffness terms given as D = E¢3/12(1—0?) and the inertia

loading term is taken as ph(62w/at2).
Furthermore, the thermal stress components are written in the following form

1 12z 1 (1 122
=—Ny+—My+——| =N MT —aET
Txx = X 3 X 1_0( h3 T~ ]
1 12z 1 (1 127 17)
~“Ny+—My+— =N M ET
O-yy h y h y l—U[h T h3 T-a j
1 12z
%z~ HNXY MXY
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in which the resultant bending moments per unit length are given as

2, 2
My = D(a 8 wJ_MT

6x2 6y2 1-v’
M y = —D 2 +0 2 - 1
s xo) oo
62
M Xy = D(l U) ay
moreover, resultant forces per unit length are defined as
2 2 2
Ny =2 F Ny = I Ny=-2F 19)
6X2 6y2 OXoy

which must satisfy
oN oN oN
aNX+ Xy:0, xy+ y _
OX oy oX oy
where the stress function F can be obtained from
ViF=-V2Ny (21)
The Egs. (1)-(27) constitutes the mathematical formulation of the problem under consideration.
— Solution of the Problem
Firstly, we assume the expression for a transient thermal deflection given in Eq. (15) subjected to initial
conditions expressed in the first equation of Eq. (16), as

(20)

o o0
W, Y, )= X Y drs(t)cosarxsin Bgy (22)
r=1s=0
Inserting the above result represented by Eq. (22) in Eq. (15), we deduce the differential equation satisfied by

Prs(t) as
52¢rs ®,,2 —K(012+ﬂ2)t (23)
72+/1r5¢rs(t)=ﬂoe rees
ot

2 2,2 2512
D(ar + Ps ) 7rs :K(a? +ﬂ32), 20 _ aE}/rsh (2h —SIUrS)
hp 60(1—v)p

Wlth ¢I’S” (t) = ¢rs (t) =0 at t= O .
Applying Laplace transforms to Eq. (23) and using the first equation of Eq. (16), one obtains

in which /1r25 _

— 1
Frs ) =zo{ S } 24)
S(s+7rs)(s+4rs)
Now, applying inverse Laplace theorem to Eq. (24), one obtains
2
—7rst —Arst
Irs®)=dg]— 5 +— T (25)

2 2 2 2
rrstrs 7rs(res —Ars)  Ars(vrs —Ars)
Hence the thermal deflection can be obtained by replacing Eq. (25) into Eq. (22) as

2, 52 2, 52
aEhte © he—%(ar +fs)t/ ph i (@@ + p2yeKlar +55)t

__aeh'x Hrs
60D (1-0) rZ15-0 (af + p2)2 af + & - xph K af + pZ —xph

(26)

X CosayXsin fgy
It is prominent from Eqgs. (13) and (26) that the related boundaries are given in (16) on x=+a/2,y=+b/2

are evidently satisfied. Now inserting the above result given in Eq. (26) into Eq. (18), then in Eq. (17) taking
all resultant forces given in Eq. (19) as zero, we get the desired thermal bending stresses as
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© 0 pp4 —30Eaz(z+ h/2)+60x%y2(~1+ Ea)
0(-140) r2150  (af + p2)%(af + pE —xph)

Oxx =

2 2 2 2
L {Eaﬂrse—wr B8+ AR +2R0N) U PN o
(ar +B5)" (ar +ps —xph)

2. .2 2. .2 2
« {—5e’<(0‘r A3 ) et +B5 + koMU PNy g 4 hyh—122)(a? + p2)(a? + p2 — kph) @7)

2, n2v 2, p2
%08 fsy +12hzar® (L+ u)[e(o‘r +P5 ey +fs +rph)t/ ph (@ + p)
2, 2 2, p2v 2, p2
o 2(af Oy, o(af PR af + pE 2 ph 2 52 +Kph)J

xsinary }}

1 © % 2h% _30Eqz(z+h/2)+60x2y2(~1+ Ea)
60(—1+0) 4 2. 22, 2. 2.
r=1s=0 (ar +B5)" (ar + ps —xph)

O'yyz

2. p2v(, 2., p2
M — {Eaﬂrse—x(ar + ) af +pE o) U ph o
(ar +p5)"(ar +Ps —xph)

y {—5e’<(0‘lr2 +B8)(atf +&-+rph)t! ph [(-6+h)h—122](a? + f2)(a? + B2 — kph) (28)

2 2 9 2
xc08 sy +12hzar? (L + u)[e(“r +B5 Nar + 5 +rphtiph 2., 52,

2, p2 2, p2v\(,, 2, p2

xsinoyy }}

Y 2. p2
aEhxe & 2 Z"frzlurs Phe_K(ar AN o 1 (01r2+ﬂ52)e_’c(0‘r s

07z = =i (29)
5 52)2 K ar2+/352—l<ph

r=15=0 (af + af + 2 ~kph

xsinayxcos fgy

3. NUMERICAL RESULTS, DISCUSSION AND REMARKS
For the sake of simplicity of calculation, we set the functions as
X =[x—(-al2)]/a,y=[y-(-b/2)]/a,7=[z-(-¢/2)]/a,
r=xt/ a2,T(x, Y,2,t) =T(X,Y,2,t)/Tg,W =W / aTpa (30)
oij = oij / Eatb (i,j=x,y)
Substituting the dimensionless value of Eq. (30) in temperature distribution Eq. (12), thermal deflection Eq.
(26) and in components of stresses Egs. (27)-(29), we obtained the desired expressions for our numerical
discussion.
The numerical computations have been carried out for Aluminum elliptical plate with physical parameter as
length @ =2.5 m, breadth b =2 m, height / =0.08 m, and reference temperature as 150 °C. The thermo-
mechanical properties are considered as modulus of elasticity E = 70 GPa, Poisson’s ratio v = 0.35, thermal
expansion coefficient & = 23x10¢/°C, thermal diffusivity & = 84.18x10°m?s™! and thermal conductivity
A =2042Wm'KL
In order to examine the influence of heating on the plate, the numerical calculations were performed for all

the variables, and numerical calculations are depicted in the following figures with the help of
MATHEMATICA software.
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Figs. 2-4 illustrates the numerical results of temperature, stresses and the deflection of the plate due to
interior heat generation within the solid, under thermal boundary condition that are subjected to a known
initial surrounding temperature at any particular instance.
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Figure 2 (a): Temperature distribution along X - Figure 2 (b): Temperature distribution along Y -

direction for different values of Z. direction for different values of X.
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Figure 2 (c): Temperature distribution along Z -direction for different values of X.
In Figures 2(a)-2(c), the dimensionless
temperature  distribution  increases 20
along (X,Y,Z)—direction of the plate
with internal heat supply are depicted.
At the central part of the length and
breadth,  temperature  fluctuation 151
attains maximum and it may be due to
available accumulation of energy of
internal heat source and hence thermal
expansion is more at the central part of
the plate, giving high tensile force, as
shown in Figure 2(a). Figure 2(b) also
shows the variation in the temperature
profile along (X,Y,Z)—direction for
various location of thickness and it is
observed that nature is similar to that of
trend shown in Figure 2(a) except the
magnitude. Figure 2(c) illustrates the
temperature profile along the axial
direction for different points along X —
direction and it is observed that the
temperature trend increases linearly
along the Z —direction towards the
outer edge due to the thinness structure. From the physical point of view, the internal heat source in
combination of sectional heat supply plays a role of heat source for the temperature distribution if the

0.5+

0.0

0.0

Figure 2 (d): Contour plot of temperature distribution along X y —

plane for a fixed value of Z.
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generation rate (Q > 0) is positive and it acts as a heat sink if the generation rate (Q < 0) is negative. The
result agrees with the previous result [12]. Figure 2(d) shows the temperature distribution in isolines contour
plot along Xy — plane which shows a combined effect of Figure (2a)-(2b) for fixed location along the axial
direction.

Figure 3(a) depicts thermal deflection along the Y —direction at different location of X, and it was observed
that the thermal deflection gradually increases within the rectangular frame due to the available internal heat
source and sectional supply. Figure 3(b) illustrates that the absolute value of thermal deflection increases
with time for the simply-supported edge. Initially, the deflection increases gradually, and it attains maximum
expansion due to the accumulation of thermal energy dissipated by internal heat generation and point
impulsive heat supply.

0.006| 0025; S B e b
0005 ®=15 ’ Y—l..“;. 1 L e e e e
| x=13 b | _
- 0.020,  ¥=1_ W
]0.004; =1 % -
2 | N 0.015/
0.003| 2 .
0.002] iR,
0001g | 0.005| ;
0.000/ _ —— 0.000/ /
00 05 10 § 15 2.0 00 02 04 06708 10 12 14

Figure 3 (b): Deflection along time-direction for different

Figure3 (a): Deflection along Y — direction for different -
values of X.

values of X.

B

From Figure 3(c), one can see
the thermal deflection in
isolines contour plot along X
and Y — directions at a fixed

dimensionless time 7, in which

the darkly shaded portion
agrees with the graph plotted in
Figure 3(a). The defection in the
red area near the outer edge
shows maximum displacement,
maybe due to the internal heat
source and sectional heat
supply, while blue colour area
indicates the zero deflection at

the outer region of the
rectangular frame.

Figs. 4(a)-4(d) shows the
characteristic =~ nature  of

dimensionless thermal stresses
in a rectangular plate which is
impacted by point impulsive
heat source and having internal
heat generation. The
distribution profile is shown in Figure 4(a) is at zero value which gradually decreases towards the outer part
and attains maximum due to accumulation heat energy obtained from the external sectional heat supply and
internal heat generation, then it again attains zero at the unheated region. Figure 4(a) shows a similar trend

0.0 0.5 1.0 X 15 2.0 25

Figure 3 (d): Contour plot of deflection along X Yy — plane for a fixed value of 7.

in Figure 4(b) in which &yy profile shows minimum value due to the compressive force is occurring at the

starting end of heated region and gradually tensile forces increase the magnitude towards the outer part.
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Figure 4 (a): Thermal stresses Oyy along X — direction  Figure 4 (b): Thermal stresses Gyy along Y — direction
for different values of V. for different values of X.
Figure 4(a) shows Oy profile illustrates that more compressive stress occurring at the inner part which
goes on increasing towards positive magnitude along X — direction and it attains a maximum at the outer
edge. O yy and 07z has a maximum tensile stress at the outer surface, whereas the compressive stress is

occurring on the all the four edges (i.e. for X and Y') are at zero temperature. A similar trend is also observed

in Figure 4(b) and the increment in the stress may be due to the increase in the rate of heat propagation which
initially leads to compressive force and expands more as distance decrease towards the section heat supply.
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Figure 4 (b): Thermal stresses Eyy along X — direction ~ Figure 4 (c): Thermal stresses Eyy along Y — direction
for different values of Y. for different values of X.
The dimensionless thermal stress 77 has maximum tensile stress at the outer surface, whereas the

compressive stress is occurring on all the inner edges (i.e. for X and Y ), and zero stresses at the unheated

region.
0.20 ;1 0.04f"
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Figure 4 (d): Thermal stresses 77 along X — Figure 4 (d): Thermal stresses 077 along Y — direction
direction for different values of Y. for different values of X.
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4. CONCLUSIONS

The unsteady-state thermal bending of a thin rectangular plate subjected to a partially distributed
temperature on the top face was analyzed by a classical method. The boundary condition of all the four edges
(ie. x=%a/2 and y =+b) and another boundary condition at bottom face (i.e. z=-h/2) are kept at zero

temperature with proper arguments that rigorously were satisfied. The method followed to obtain the

solution can be applied with ease to other thermal bending problem like moderately thick rectangular plates

with simply-supported or clamped edges or so. From the results of the numerical calculations for the thin
rectangular plate, the following conclusions may be drawn.

= The advantage of this classical approach is its generality and its mathematical power to handle different

types of mechanical and thermal boundary conditions during small deflection under partial thermal
loading.

= The maximum tensile stress shifting towards mid-core from inner and outer surfaces of the plate. This

could be due to heat and stresses available due to internal heat sources under known sectional heat

supply.

Initially, the value of stresses of all the four edges and bottom are zero as per the proposed prescribed

surface temperature, and it attains maximum bending stress at mid-core. The effect of stretching on the

stresses is stronger than that of bending [1].

= Neglecting the inertia term from Eq. (15), we get the static solution of small deflection.

= The aforesaid bending analysis concept can be beneficial in the field of micro-devices or microsystem

applications, planar continuum robots, predicting the elastoplastic bending and so forth.
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