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Abstract: The intent of the present work is to devise a non-dimensional mathematical model of the integral format for unavoidable freezing and melting
of nonreactive bath material onto a low melting temperature cylindrical additive of comparable thermal resistance with that of the bath including the frozen
layer and heating and melting of the additive. It exhibits the event dependence on independent parameters: namely bath condition denoted by modified
conduction factor, Gy, the phase-change parameters, the Stefan number of the additive, Sy, and that of the bath material, S, the thermo-physical property-
ratio, y, the heat-capacity ratio, C; and the melt temperature-ratio of the additive bath system, 8. Series solutions for small times and numerical solutions for
all times of this event are obtained. These solutions are presented in graphical forms which reveal that reducing any one of Cym, S, S, and Crand increasing
either y or 6, decreases the total time of this event and consequently, increases the productivity. The solutions of these are obtained in closed forms. This
problem is also validated by converting it to only convective heating of the additive.
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1. INTRODUCTION

Due to tough competition in the global market, steel and cast iron of different grades need to be produced at
low cost, with increased productivity, reduce energy consumption and environment impact but without
degrading their quality. In manufacturing, their melt is first prepared by adding and assimilating alloying
material, called additives, in the nonreactive hot melt bath which indicates that it does not react with the
additive. It undergoes various metallurgical treatments before it is cast. In the melt preparation, however,
unavoidable freezing and melting of the nonreactive bath material around the additive soon after dunking it in
the bath, which is not required in the melt preparation, takes place. This event occurrence is due to the
development of large temperature gradient towards the additive side soon after immersing it in the bath. It
requires conductive heat much more than the bath convective heat. For thermal equilibrium, the excess of the
conductive heat is compensated by the latent heat of fusion generated due to freezing of the bath material
around the additive. As the time of immersion passes, the temperature gradient on the additive side decreases
so much that the conductive heat requirement gets balanced by the bath convective heat with no further
growth of the frozen layer.

Beyond this time, the temperature gradient on the additive side continues to decrease reducing the associated
conductive heat. In this situation, the bath convective heat becomes larger than the conductive heat permitting
the excess convective heat to melt the frozen layer till it completely melts exposing the low melting
temperature additive in heated and molten condition. The molten portion immediately detaches and
assimilates in the bath. This event takes certain time and increases the production time, cost, energy
consumption and environment effect. In view of this, it is essential to reduce these by diminishing the time of
this event for making the product globally competitive. Since the freezing and melting depends upon the size
and shape of the additive, the temperature of the additive and that of the bath, the thermo-physical properties
of the additive-bath system and condition of the bath, regulating these suitably provides desired reduction in
time of the freezing and melting and, in turn, the production time. As it is a complex event, it can be estimated
only by resorting to develop its suitable mathematical model.

Such a study for low melting temperature cylindrical additive having its thermal resistance comparable with
that of the bath material including the frozen layer seldom appears in the literature. Nevertheless, the freezing
and melting of the bath material onto high melting additives was investigated, for plate [1,2]", cylindrical [3-10]
and spherical [11-19] additives. It was reported that reducing the freezing temperature of the bath material or
increasing the bath convective heat by raising the bath convective heat transfer diminishes the frozen layer
thickness developed and the time of the freezing and melting for the plate [1], ferro-alloy cylinder dissolution
[3] in hot metal steel bath and spherical [12] in the liquid bath. Further, for the cylinder of titanium [6-8],
zirconium [9] and niobium [11], and the aluminum sphere in the salt melt bath [20], decreasing their diameter
reduces the time of freezing and melting.
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This time was also found for the frozen layer grown of negligible thermal resistance with respect to that of the
sphere made of ferro-manganese [21]. For the frozen layer thickness developed of negligible thermal resistance
with that of the high melting temperature, sponge iron sphere [22], cylinder [23] and plate [24], the close-form
solutions for the freezing and melting were reported. The freezing and melting was also analyzed in case of the
cylindrical additive of negligible thermal resistance [25] with respect to that of the bath including the frozen
layer. The instant interface temperature between the cylindrical additive of high [26] or low[27] melting
temperature and between the high melting temperature plate[28] immediately after their immersion in the
bath was derived in close- forms. The effect of temperature dependent heat — capacity of the plate was also
obtained on the freezing and melting of bath material with [29] and without agitation [30] of the bath onto the
plate when the thermal resistance of the frozen layer thickness of the plate was negligible.

The present study relates to the undesirable freezing and melting of the bath material onto a low melting
temperature cylindrical additive that takes place immediately after its immersion in the bath and the associated
heating and melting of the additive. The thermal resistance offered by the additive is assumed to be comparable
with that of the bath including the frozen layer. Its mathematical model of non-dimensional integral form is
developed giving its control by non-dimensional independent parameters; namely the property-ratio, vy, the
temperature-ratio, 8., the heat capacity-ratio, C, of the additive bath-system, the bath condition represented
by the conduction factor, C, the phase-change parameters, the Stefan number of the additive, S and that of

the bath material, Sw. Series solutions for short ~ times and numerical solutions for all times are obtained for
this event of the freezing and melting and the associated heating and the melting of the additive. Additionally,
closed-form solutions for limiting cases of ¥ = and y -0, S, —-0,S, >, and S, — 0and

S,, — o are derived. This problem is also validated by transforming it to that of the additive subjected to bath

convective heating

N.B.: * number in the parenthesis indicates the reference number

2. MATHEMATICAL MODEL

Consider a low melting temperature cylindrical additive of radius r.. It is immersed at an initial uniform
temperature T,; in a hot nonreactive melt bath maintained at a constant temperature T, higher than its freezing

temperature T, . Instantly, the freezing of the bath material onto the additive commences, the interface

bm -
formed between the freezing layer and the additive arrives at a temperature T, that resides between the initial
temperature T, of the additive and the freezing temperature, Ty, Of the bath material, and the melting of the

additive along with heating of the additive sets in. Due to this, a temperature field, To>Tom>Te>Tom>Tai
established in the additive-bath system, Figure 1.

Radius of frozen frunt'Rhm-, atany time at Th

Radius of additive intetface R, at-Te

Melt bath at T, Radius of moving melt front Rgpy of the additive at Tam

£ e Radius of: moving heated front:Fgm of the additive at Ty

Cylinder of vertical axis

Figure-1: Diagram exhibiting freezing and melting of bath material onto the low melting temperature cylindrical solid additive
of comparable thermal resistance with that of the additive.
With passing of the time, the frozen layer grows in thickness to its maximum extent and then melts completely.
During this time, the temperature of the interface rises to the freezing temperature of the bath material, and
the melt depth and the heat penetration depth of the additive increase. The occurrence of this event is due to
the fact that as soon as the additive is plunged in the bath, a far greater temperature gradient on the additive
side than that of the bath side is developed causing the conductive heat requirement by the additive much
more than the convective heat available from the bath resulting in balancing of the excess conductive heat by
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the latent heat of fusion generated owing to the freezing of the bath material around the additive. Elapsing
time reduces the temperature gradient onto the additive side and, in turn, the conductive heat requirement
until it becomes equal to the bath convective heat. Beyond this time, the convective heat becomes greater
than the conductive heat needed by the additive. It results in the melting of the frozen layer till it melts
completely. In this entire period, the interface temperature rises and the melt depth and heat penetration depth
of the additive increase.

The events of freezing and melting, melting and heating of the additive are axi-symmetric and conduction-
controlled. Each of these events can be governed by integral form of transient heat conduction equation. The
freezing and melting is represented by

ijRbf 0bf def [Rbf bf ] Rbm + [Rbf ebf ] dCI’ = % - % !
Rot =Rom dr Rm=Cr dr b 5Rbf o b 5Rbf o
C, <R; =R,,7>0 M
It is subjected to the initial and boundary conditions
6 =6,,C, <R; <R,,,7=0 )
Bp= Ge>6ab, Rbf:Cr/ >0 (3)
00y _ 1Ry , 1 B6r=1, Rot=Rom T >0 (4)
- ~  /9Ybf= |, Nbf =Npm,
aRbf Stb dT Cofm
The melting of the additive is given by
jR o,0R, -[R,0,] BLi[r,6,] _g, 2] O (5)
af ~af af af Raf =1 dr af af Ryt =Rym af aRaf - aRaf _—

Its related initial and boundary conditions are
0, =0, O0<R,;=<11=0
Oa= B> eab, Ri= 1.1>0 (
eaf:eab ’ Raf = Ram, ™0
The heating of the additive is requlated by

©)

—
oo
=z =

yiTR o.dR, -[R,0,].,  Rem g g1 BRai|_ o 26, 06 )
ahYah™ah ah”ah JRah=Ram ah“ah JRah=Rai T Ran g
dz Rai aa dz . dz ' aRah Ran=Ram " dt Rah =Rai
Initial and boundary condition concerning Eq (9) are
0,=0R,, =10<R, <17=0 (10)
eah: eab, Rah:Ram, >0 (] ])
00
— = Oa eah: O Rah:Rai, >0 (] 2)
oR,,
Coupling conditions at the interface between the melting layer and the frozen layer are cast as
100, 66’bf
— Gaf ebf 0 >63b, Rbf:Cr,RaF], T>1 (1 3)
7 ORy aRlof

whereas the conditions that conjugate the interface between the melt layer and heated region of the additive
take the following form

00, 1 dR,, 06, .

R, TS dr o, 0 Ra =Ra = Ran 7> 0 1
Note that Egs.(1) to (14) denote the mathematical model in integral format for the freezing and melting of the
bath material onto a low melting temperature cylindrical additive along with heating and melting of the
additive. This model is evolved based on the assumptions of the uniform and the same thermo- physical
properties of the heated region and the melt part of the additive whereas the frozen layer of the bath material
and the additive material have uniform but different thermo-physical properties. The additive is assumed not
to react with the bath. The volume change of the additive is taken as zero during its melting and heating
processes. The surface of the frozen layer is taken in perfect contact with the surface of the additive due to

ta
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negligible effect of the interfacial resistance varying from 1.9 x 10" m?sK / J to 2.1 x 10* m?sK /J [31] due to
imperfect contact between them. Previous investigators

[1-33] found that their solutions for analogous problems are accurate and realistic with the assumption of the
perfect contact. Also, the melt layer of the low melting temperature additive remains within the frozen layer of
the high melting temperature bath material until the frozen layer completely melts. The growth of the frozen
layer is symmetric about the central axis of the additive [32].

3. SOLUTIONS

The integral form of model denoted by Egs.(1) to (14) is nonlinear due to the appearance of the phase-change
moving boundary of the freezing of the bath material onto the additive, Eq.(5) and the melting of the additive
Eq.(14) and coupled as a result of conjugating conditions at the interface between the melt layer of the additive
and the frozen layer of the bath material onto additive, Eq.(13) and between the heated region and the melt
layer of the additive, Eq.(17). These two features forbid to give exact solutions of the current problem applying
available analytical methods of the literature. In such a case, semi-analytical techniques become important. One
of these known as the integral method that provided closed-form solutions for several heating and phase
change problems [36-38] in the previous studies is applied. Eq.(1) for the freezing and melting of the bath
material onto the additive has already been written in integral format. Using Egs.(3) and (4) it is reduced to

d " drR 00y 00y
{E IRbf O ARy; — Ry —d;m} = Ry R ~Mof p (15)
Cr O Ryt =Ry b TRy =C,
whereas the integral Eq.(5) for the melting of the additive is simplified to
1 00 00
Y i J- eaf Raf dRaf + Hab Ram dRﬂ = Raf — af — 6)
dr g dr OR OR
a Raf =1 Raf =Ram

once Eqgs.(7) and (8) are substituted, The integral Eq.(9) for the heating of the additive assumes the following
format

o 96,
ah aRah

Ram
7/|:i J.eahRahdRah -0,R dRﬂi|: R aeah (]7)

ab ' ‘am ah
Rai d 4 6Rah

Rah=Ram Rar =Rai
after the application of Egs.(12) to it.
For facilitating solutions, Egs.(16) and (17) are added. The resultant equation, called global integral equation

becomes

Ram 1 60
7 i J. eahRahdRah +i jeaf Raf Raf = Raf_af —i_LRadei (]8)
dr Rai dr Ram aRaf Raf =1 Sta dr

if Egs.(12) and (14) are applied. To obtain the solutions of these integral equations, Egs.(15) and (18), temperature
distribution in each of the freezing layer, heating and melting regions of the additive need to be prescribed. In
the frozen layer a linear temperature profile of the type

Ry —C,
B0 + (1-0e) | ——— (19)
Rbm - Cr
a cubic temperature distribution of the following format in the heated region of the additive
3
R, -R..
0, =0, (—a“ ai J (20)
Ram - Rai
and a linear temperature distribution in the melting layer
1-R,
eaf: ee' (ee 'eab) (21)
1-R,,

are assumed. Note that Eq.(19) satisfies the boundary conditions, Eqgs.(3) and (4), Eq.(20) fulfills the boundary
conditions, Egs.(11) and (12) and Eq.(21) is compatible with the boundary conditions, Egs.(7) and (8). Moreover,
the cubic temperature profile Eq.(20) in the heating problem [35,36] yielded results which are closed to exact
solution [37], whereas a linear profile Eq.(19) for freezing [1,26-28] and Eq.(21) for melting [34,38-40] of the
additive provide accurate results. Substitution of Egs. (4) and (19) in Eq.(15) leads to
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2
d|:ee(Rbm2 _Cr2)+ (1_He>{; Rbm(Rbm _Cr)_E(Rbm _Cr)z}_ Rbm i|_Rbm+Rbdebm +%e_l) (22)

dr| 2
whereas application of Egs.(20) and (21) to Eq.(18) gives

d Ran oy L ol bn oo (s Ran (4 1, o vl Ram*|_6, -0,
}/dz_|:9ab{ 4 (Ram Rai) ZO(Ram Rai) }+ 2(1 Ram) (ge Hab){ 2 (1 Ram)+6(1 Ram) }+ 2813 J_]__Ram (23)

2 | Cp S, dr R, -C,

ofm

Employing Egs.(19) and (20) , conjugating condition Eq.(13) at the interface between the melt layer of the
additive and the frozen layer of the bath onto the additive takes the form
ee _eab _ 7(1_0e)

(24)
1- Ram Rbm - Cr
whereas, the coupling condition between the melt layer and heated interface of the additive, Eq.(18)
becomes
He — eab + e dRam — 3eab (25)
1- Ram Sta dr Rarn - Rai
when Egs. (20) and (21) are applied to it.
Itis noted that as these four equations, Eqs (22) to (25) are in terms of four unknown variables, Ry, Ry, Ry

and 6, . they yield unique solutions but do not give closed-form solutions for them due to the presence of
dR,,,/dz in Eq.25). To overcome this difficulty, dR,,, /d7 is converted to an algebraic expression by using
the property of @,,, which is constant, at the phase-change interface Ry = Ram, A0, = AG,, =0

Haf = Haf lRaf (T)’ TJ (26)
00 dR 06
. — af af + af _ O (27)
orR, dr  oOr
Using the differential form of Eq(5) along with Eq (21). In Eq(27) gives
dR -1
= (28)
dz— 7Ram
Using Eq. (28) converts Eq. (25) to
ee B eab + 1 — 30ab (29)
1- Ram Sta Ram Ram - Rai

it gives
30 _Sal0. =0 )R ~(1-R,,)
Ran =Ry SuRan(l-Ru)
Substitution of Eqg. (30) in Eq.(23) provides
d|A Ry A-Ry) C[ R,(-Ry) | 4, 2 Ran” | = (0. =)
erBRam—(1—Ram>‘zo{BRam—<1—Ram>} R0 0 ] .

where, A=30,5%S.,, B=S:(B.-0:0) and C=90.,'S.%, R, = % R, (I-R,, )+ %(1_ R, )

Application of Eq.(24) changes Eq.(22) to

d|:R2(R2bm _Cr2)+ (l_aab)(Rbm _Cr)R4 _1(1+1JR2b :|: Rbm _ Cr(l_gab) (32)
dz R, R, 2 St Com R,
here’ RZ =Hab(Rbm _Cr)+7/(l_ Ram)’ RB :(Rbm _Cr)+7/(1_ Rarn)' R4 Z%Rbm(Rbm _Cr)_%(Rbm —Cr)z'

Further use of Eq.(24) transforms Eq.(31) to

d[ R%R, C{ RR, ) R y1-0,)1-R, )R, RZm| (1-6,)
- anf ™~ 2 am 42 (1_ Ram )2 _ ab am /71 am | _ ab (33)
dr }/DRam - R3 20 }DRam - R3 R3 R3 Zsta R3

where, D=S,(1-0),

Note that Egs.(32) and (33) are in terms of two unknown variables Ry and Ram. They readily give solutions subject

to initial conditions t=0, Rom = C; and Ram = 1. In terms of dR,,,/dz and dR,, /d7 .Eq. (32) becomes
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—m 1 a dRﬂ:a13 (34)
T T

where,
8y =Cyy +Cpp +Ci3 +Cy +Ci5+Cig —Cpy —Cyg; @, =0y —dy, +dyg5 85 =€ — €.
Cuo = RyRun /Ra s €y = 0,y (R%n —C .7 )/2R, , ¢y =R, (R%m —C.2)/2R.2, ¢}y = (1= 0, Ry, (R%n —C,2 /2R, ,
Cis = (10, Ry, —Cr)2/6R3, Cs = (L= 60,,)R, /Ry, Ciy = (1_9ab )R4 (Rbm _Cr)/R32 ,
Cig = (1+ Sty )Rbm /Stb Rs2 .
dy, =R,y (R%n —C,2)/2R2, dyy =7 (R%n —C,2 /2R, , dyg = 71— 0, R, (Ryn —C, )/R:?

€= Rbm/Cofm 1€y = Cl’(l—Hab )/Rs :
and Eq.(33) assumes the following form
dr dr
A, — +a, —" =a, (35)
dr dr

Here,
8y = Cp1 = Cgp = Cp3 +Cpy —Cp5 = Cog. p =0y +dy —dyy +dy +0ys +dyg —dy —dyg —dyg +dyg +dyy +dyy +d; -
(1_9ab)

Ay =

R3
with
_ ADR‘m _ CDR,’R%n _CDR/R%wn(D+1)  0,0-R%)  R,0—R%)
*TUoR, R T100DR, R T w0(OR,-RY M 2R *T RE
0 RARY) o ARRy o AR ADDRM o CRRm(-7)
? R’ T 2ADRy, R) T A(DR,, —R,) T AGDR,, ~R, 10(DRy, ~R,)"
_ R32R2am}/(D +1) i - R,R,, 4o = ]/(l—RZam) q Rzy/(l—RZam) d. = 7/(1_9ab)(1_Ram)2
25 10(7DRam _ R3)3 " Uz = R, " Yo7 = 2R3 " Uy :72R32 " Y9 = 6R3 !
dy, = 7(1_0ab)Ram(1_ Ram), d, = 7(1_9ab)R1, d,, = 72(1_8ab)R1(1_ Ram)’ d,, = Ran )
R, R, R, S
Egs.(34) and (35) provide
dem _ 812853 — 81385, (36)

dr a8, — 8,8y

dRam — 81385 — 88y, (37)

dr 8158, —apay
Egs.(36) and (37) are simultaneous first order ordinary differential equations in an independent variable time
and form an initial value problem with initial conditions Rym=C, R.n=1 at T = 0. They do not give closed form
solutions but provide numerical solutions, when the Runge-Kutta method is applied. However, the solutions
do not get started owing to yielding o or 0/0 values at the initial conditions. To overcome this difficulty series
solutions for small times are obtained. From these starting values of Rum, Ram and 6. in the vicinity of 7 —0
(T=10") are found. Applying these, the Runge-Kutta method gets started due to which subsequent values of
Rom and Ry are obtained using the computer software MATLAB of the Runge-Kutta method. The corresponding
value of 8. from Eq(24) and heat penetration depth R.ifrom Eq(30) are then derived.
Once the interface temperature, 6., rises to the freezing temperature of the bath material (6.=1), it becomes
equal to the temperature at the freezing front of the bath material. At this juncture, the entire frozen layer
becomes at the freezing temperature of the bath material with no temperature gradient along the frozen layer

00,
OR

continued convective heat from the bath only melt the developed frozen layer. The application of the this fact
in Eq.(4) leads to

thickness. Due to this ( = oJ, no further freezing takes place nor does heat penetrate in the additive. The

TRy T (38)
S, dt C

ofm

giving the close-form solution
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Rb =R _Cs_tb(T_Tmax) (39)

m bmx
ofm

Eq.(39) satisfies the boundary condition (r =7 ) when( Rom = Romy), the thickness of maximum frozen layer.

max
It readily gives the total time, 7, of freezing and melting, once Remycafter melting of the frozen layer, becomes

C. Their substitution in Eq.(38) gives

C
fy = R 7, (40)

t
th

where R'pmx= Rom-C:.

Note that the values R and Ry are obtained from the series solutions for small times.

4. SERIES SOLUTIONS FOR SMALL TIMES

Series Solutions satisfying the initial conditions at initial time T =0, Rom, Ram and B are assumed, respectively, as

Ry = ;7" (41)
R = D b, (42)
0, => c'’? i=0,1,2,...n (43)

They are directly used in Eq.(24), Eq.(33) and Eq.(34) rather than in Eqgs.(24),(36) and (37) At the initial time 1=
0, Rom=C,, Rim=1, Egs.(40) and (41) provide a, =C,, b, =1, and other high order coefficients of Ti.e T"% Using
the first order coefficients @, and b, of Egs.(41) and (42), zeroth order coefficient of ¢,, of Eq.(43) can be found.
CO — eabal _ybl (43)
a, _ybl
where,

L 2
_(a- 3
o D, +4(D,2-4D,D, ) b, :M, A, zﬁgab +Sy A, _3, Sy BL=—0,°,
o 2D,D, A8y 4 4 4

- 3 1 0, -1
B, zgeabz +0,(02 _1)_ylstbm :_%_%’ B, = 27(9&'0 _1)2’ B, :_Zeab2 _(eab _1)_5(‘9&) _1)2 +( = )’
th

ta
B,(0,, -1 2 B, -
Clz—Bl+Bz%rC2 =B4+2(Aa‘2’), Dl:C1+B3:122, D, =A—32(¢9ab—1)2,D3 :CZ+2AlB3A(§ab1)
2 2

5. LIMITING CASES

—Casel,7=01ogstb SOO, OSStaSooand gab<1:

When the property — ratio of the additive — bath system, » — 0, the additive acts as infinite heat capacity
material due to which, the additive temperature does not rise beyond its initial temperature even though a
large amount of heat is conducted to it from the bath. In this situation, the additive acts as a thermal reservoir
and no heating and melting of the additive takes place. It results in 1-Rsm = 0, Ry =1 and 6.= 0. Application of
these reduces Eq.(22) for freezing and melting to

R C
i lem(Rbm _cr)_l(Rbm _Cr)z _l 1+L szm =_bm ___ r (45)
dT 2 6 2 Stb Cofm Rbm - Cr
After simpilification it takes the form
R R, (R, — —
l(Rbm _Cr)_ 1_1_3 Rbm d bm _ bm( bm Cr) CrCofm (46)
6 2 Slb dt Cofm (Rbm - Cr)

It gives the closed form solution

r " ofm

(ZRbm -C, +w/icrZ +4C,C,,. )

(ZRbm —Cr—+/lc,* +4C,C

t=BR,, —EIn(R%m —CR,, —C,C,, )+FIn

r " ofm
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satisfying the initial conditions T=0 and Rem=C..
(1= 2 1
Here, A = (1 + IJ, B= Cmm(; A) oo Cfc"fme(z tA) G o E(BCr —Q),
6

tb
2
F:{B‘Cr ~20,Co) CC, ol
2 2 V Crz + Crcofm

0<8, <00 0<§, <o 0, <L

— Case ll,y — o,
If the property — ratio of the additive — bath system is of infinite value (y — o0) the additive acts as negligible
heat capacity material. In this situation the interface temperature of the additive rises quickly to attain the
freezing temperature of the bath material (6e = 1) even a small amount of heat from the bath is supplied to
the additive. y — ooiis also achieved when the additive thermal conductivity K, — O. It makes the additive a
perfect insulator, due to which its thermal resistance becomes infinite which does not permit the bath

convective heat to be conducted to the additive resulting in no freezing of the bath material onto the additive.
Consequently, the event of freezing and melting does not occur.

Sta—>0’OSStbSoo’ 0<y <o and Gab<1:

Additive of infinite latent heat of fusion makes its Stefan number, S,, — 0.1t needs very large amount of heat

— Case lll.

to melt which is not available from the combination of convective heat and latent heat of fusion due to freezing
of the bath material onto the additive. This results in only heating of the additive. In this condition, the current
problem becomes that of the freezing and melting of the bath material onto the high melting temperature
additive investigated earlier [8].

< <
—CaseIV.Sta _>OO,O_S‘b_OO, 0<y< o and e*"b<1:

It implies that the additive latent heat of fusion is of negligible value allowing the formation of large thickness
of the melt of the additive for the same bath convective heat. Substituting

S,, = o0in Eq.(25) gives the interface temperature

ee — eab + Seab (I _Ram) (48)
Ram _Rai

In finding the behavior of Rom, Ram and Ry with time. Eq.(48) is placed in Eqs.(36) and (37) along with S, — 0.
Case V.S, >0,0<§, <o, 0<y<wand 6, <1

S, — O relates to the bath material of infinite latent heat of fusion (L — 00) due to which the freezing of

the bath material generates large amount of heat which is conducted to the additive along with the bath
convective heat to balance the requirement of the conductive heat of the bath. This heat raises the interface

temperature to the freezing temperature of the bath material (6, — 1). Moreover, due to this feature of the

bath material, a thin layer of the frozen bath material is developed. This event, therefore, transforms to the
freezing and melting of an agitated bath material onto a low melting temperature cylindrical solid additive that
was studied earlier [41] by the present authors.

Sy, >© 0§, <oo 0, <1

— Case VI. , 0<y<00 and
S, — o0 provides negligible latent heat of fusion of the bath material (L — 0), due to which it develops a

large thickness of the frozen layer onto the additive making its thermal resistance much more than that of the
additive and, in turn, the additive thermal resistance becomes negligible with respect to that of the frozen layer.
This event then becomes the freezing and melting of the bath material onto a negligible thermal resistance of
low melting temperature cylindrical solid additive. This situation was investigated earlier by the current authors
[42].

6. VALIDATION

If the convective heat available from bath is high enough to balance the conductive heat requirement of the
additive, no freezing of the bath material and melting of the additive take place. Here, the melting boundary
radius Ram=1, ©:6=6¢, ¥ =1 and the convective heat only heats the additive due to which both the surface

temperature and the heat penetration depth of the additive increase with passing of time. Moreover, these
vanish Eq.(15) of freezing and Eq. (16) of additive melting and Eq.(9) reduces to
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1
4 [R.0,dR,, | = Rahae—ah _ Rah D (49)
dr Ry aRah Ry =1 aRdh Ran=Ry
whereas the temperature distribution in the heated region of the additive Eq(20) becomes
3
R, — R,
gah = Hab —ah___al ' ©.:,=06. (50)
Ram - Rai
and associated initial and boundary conditions for Eq(49) are
0,=0,T=0R, <R, <1 (51)
00
0, =0,—"=B(0,-6,) R,=11>0 (52)
oR,,
00
0,=0—"=0,R,=R,,t>0 (53)
aRah

Application of Egs(52) and (53) in Eq(49) provides

il:ee{(l_Rai)_(I_Rai)z}:|=]3i(eb _ee) (54)

dr 4 20

Left hand side of Eq(54) is exactly the same as the left hand side of Eq(23) obtained in the present problem
when Eq(52) is applied. As there is no melting layer of the additive the surface of the additive gets convectively
heated by the bath which, in turn, converts Eq(4) to

2131 =B,(,-6,) R, =1,1>0 (55)
and with this application right hand side of Eq.(23) also becomes the same as the right hand side of Eq(54), thus,
validating the current problem.
7. RESULTS AND DISCUSSIONS
The non-dimensional integral model developed for the current problem indicated the problem dependence
upon non-dimensional independent parameters : the bath convection denoted by the modified conduction
factor, C,,, the additive-bath system thermal property - ratio, y, the heat capacity-ratio, ¢, and the melting-

temperature ratio @,

the phase-change parameter, the Stefan number of the additive, S, and that of the bath,

Sw. Their values of a prescribed bath and various additives added in the bath are exhibited in Table 1.
Table 1.: Based on thermos-physical properties of liquid steel [32]
Tp=1873K(1600°C), Tom = 1793K(1520°C), Cpy=782J/KgK, Lo = 268576 J/Kq, Kom= 29.3W/mK, pom=7100Kg/m?, Sy, = 4.367,8,=1.05
Thermo-physical properties of low melting temperature

Non-dimensional parameters

cylindrical solid additive [32] [T,=298K(25°C), r,=0.01m]

e Tam (: a a |-a Kd *
Addive < il o | kg | wik | 2 | O | ¥ | G | G
Ferromanganese 1266 700 7200 534654 7.53 1.62 0.83 4.28 1.10 6.03
Ferrosilicon 1227 586 4460 908200 9.62 0.77 0.80 6.47 2.12 11.63
Silicomanganese | 1216 628 5600 578783 6.28 1.29 0.79 7.36 1.57 8.65

h=10000 W/m*. [6]
The Stefan number is the ratio of the sensible heat and latent heat of fusion of the phase change material. Its
high value denotes low latent heat of fusion permitting the growth of a larger thickness of the frozen layer of
the bath material around the additive or larger molten layer of the additive. The conduction factor, is the ratio
of the heat conducted to the additive as a result of the difference between the temperature of the freezing of
the bath material and the initial temperature of the additive and the bath convective heat. It ranges from 0 to
o,(0<C, <m).C, — 0,implies no conductive heat transfer to the additive resulting in no freezing of the

bath material onto the additiveC; — 0 can be also attained once the bath is made highly agitated. Due to

this the heat transfer coefficient, h becomes extremely high (h — 00) and consequently, the bath convective
heat, h(Te- T, ) becomes high enough to balance the conductive heat requirement of the additive due to which

bm

the freezing does not occur. C, — oois indicative of no bath convective heat. In this case, the heat conducted
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to the additive is met by only the latent heat of fusion liberated due to freezing of the bath material around the
additive resulting in only freezing. These facts indicate that the time of unavoidable freezing and melting can
be decreased to almost negligible value when Cyis reduced to almost zero value (COf — 0) for a bath-additive

system. In practice, itis achieved once the bath is made highly agitated. The property-ratio, 7 is effusivity psCooKs

of the bath material divided by the effusivity, p,C,.K, of the additive and is indicative of the thermal force. Its
high value provides high thermal force in the bath owing to which large heat is transferred to the additive
resulting in high temperature 6. at the interface. ., is the ratio of the melting temperature of additive and that
of the bath material. For the low melting temperature additive considered in the current study, 6,,<1. It allows
the heat conducted to the additive both melting and heating of the additive. C, the heat capacity-ratio is the
ratio of the heat capacity of the bath material and that of the additive. Reducing C, decreases the heat capacity
of the bath material which, in turn, diminishes the Sy, of the bath and as described above, this reduces the
growth of the frozen layer.

Figure 2 shows the time variant freezing and melting of the bath material R’y onto the low melting temperature
cylindrical additive, build-up of the interface temperature 6. between the additive and the freezing layer and
the associated heating and melting of the additive for different modified conduction factor, Com. These graphs
are for certain S, Sw, G, Y and 8., whereas Fig-3 corresponds to these graphs for various Stefan numbers of the
bath material, Sw,in case of prescribed values of Cofm, Swa, CryY and B.p. These graphs in Figure 4 are for different
Stefan number Sy, of the additives. They are plotted for particular values of Cefm, S, C, ¥ and 8a5. Above graphs
appeared in Figure 5 are for various property — ratio, y of the additive — bath system. These are for certain S,

Siv, Cofm, Crand Bqp. lllustrated in Figure 6 are these graphs for different C, but for prescribed values of Cofm, Sta, v
and ... These graphs are also contained in Figure 7 for various additive melt temperature — ratio, 8,,. They are
for certain Cofm, Sw, Crand v.

All these figures exhibit the common features. The freezing and melting, R assumes a parabolic behaviour
with faster increase in the frozen layer to reach its maximum value R'vme. The associated interface temperature
rises to the freezing temperature of the bath material (8.=1). Due to this, the interface temperature, the entire
frozen layer and the interface between the maximum frozen layer and the bath become at the freezing
temperature of the bath material resulting in making it a lump. Continued bath convective heat only melts this
frozen layer which is governed by Eq.(45). It gives this melting a linear behavior with elapse of time. The
associated heat penetration depth and the melt depth in the additive increase nonlinearly but quickly. In the
melting of the frozen layer regime, the heat penetration depth and the melt depth in the additive do not
change rather they remain at their maximum values.

— Effect of conduction factor, Com:

Figure 2 displays the behaviour of the freezing and melting of the bath material R',, onto the additive, the
temperature built-up Beat the interface between the additive and the freezing layer, the melting layer R’ and
the heated thickness R, of the additive with elapse of
time measured from the start of the freezing and
melting event for various modified conduction factor, P
Cofm. They are for prescribed values of 8., S, Stn, Crand
y. It is observed that decreasing Com diminishes the 08r R
growth of the maximum frozen layer R*,., its time of »
growth, the total time of the freezing and melting and
the time of the melting of the developed frozen layer
Romxand increases both the melt layer R’ and the ;
heat penetration thickness R’ in the additive and the ) AN
interface temperature 8,. Physically, they are realistic a2t f e TG
since decreasing ¢, increases the convective heat [ R ... .

8,,=0.75. 5,,=25, S, =4.C=3, ¥=5,

g R
bm * " am
=
[-2]
-

R

C

ot 5+ 75,100

r

=

=
T

[}

transfer and because heat conducted to the additive 0 02 08 06 08 o
is balanced by sum of bath convective heat and latent :
heat of fusion generated due to the freezing of bath
material onto the additive, the requirement of the
latent heat of fusion reduces due to which smaller
thickness of the frozen layer developed, Figure 2.
Moreover, this increased convection melts and heats
larger thickness of the additive, Figure 2.

Figure-2: Time dependent freezing and melting of bath material Ry,
onto the additive and corresponding melt depth, R',y,, heat penetration
depth R’ and the interface temperature, ., for different modified
conduction factor, Cyim, ©ap, Ste, S, G and y are taken as parameters.
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"~ Influence of the Stefan number of the bath material,
Stbi
Figure 3 relates to the time dependent freezing and
melting of the bath material onto the additive Ry, the
interface temperature, 6., the melt depth R,,,"and the
heat penetration thickness, R,'in the additive for
different Sy, of the bath material. They are for prescribed
values of g, Sw Cr, y and ¢ . Their features are similar

to those described earlier, but for decreasing Sy, from 6
to 4 they reduce. They are correct because decrease in
Swincreases the latent heat of fusion owing to which a
smaller thickness of the frozen layer is grown for the
same convective heat supplied by the bath.

— Effect of the Stefan number of the additive, S:

Figure 4 exhibits variation in the freezing and melting of
the bath material, R’y the interface temperature 9., the
melt thickness, R.m and the heat penetration depth R*,
in the additive with time for various S,. They are plotted

for certain 6., Sw, C,, Corm and Y. Their behaviours are
similar to those appeared in Figs.2 and 3. However,
increasing S, of the additive from 2.5 to 3.5 has little
effect on R'om, R'am Be in the freezing region of the bath
material except R'; that increases appreciably, whereas
R'.m and R, remain at their values in the melting region
that are attained corresponding to R*um«physically,

such behaviours are realistic because decreasing S
increases the latent heat of the fusion of additive and
reduces the heat capacity of the additive resulting in
development of smaller melt depth and larger heat
penetration depth in the additive, Figure 4 for the same
bath convective heat.

— Impact of Property-ratio of the additive-bath system,

Y:

Figure 5 relates to time dependent freezing and
melting of the bath material onto the additive, R'om the
interface temperature 8., the associated melt depth,
R.m and the heat penetration depth R*, in the additive
for different values of property-ratio, y. They are plotted
for particular values of 6,,, Swu, Sw, C, and Com. Their
features are similar to those exhibited in Figs.2,3,4.
When v increases, it diminishes the frozen layer
thickness, R'omy, its time of growth Tma and the total
time of the freezing and melting T; and increases both

melt layer g", "and the heat penetration depth, R,
whereas interface temperature, 8. remains almost
unaffected. Physically, these predictions are realistic as
increasing y develops larger thermal force in the bath
transferring large heat to the additive developing
larger melt depth and heat penetration depth in the
additive. Moreover, due to the increased thermal force
of the bath less latent heat of fusion is needed to
balance the conductive heat requirement of the
additive. It builds up a smaller frozen layer thickness.

1 5 0,,=075.5,=25. C =3, 1=5. Cyy=5
08 i
Ryl

4 L]
m.
"g 08
~
n:E Sy, 40,50, 6.0
it

Figure-3: Time variant freezing and melting of bath material R'yy,, onto
the additive and corresponding melt depth, R, heat penetration depth
R" and the interface temperature, 8, for different Stefan number, Sy, of

bath material. ©4, St., G, Coim and y are considered as parameters

8,,=0.75, 5,=4,C,=3, 7=5, Cyy=5
1 8y J
08F
R*
" a
e
g 06
of
& 041/
f 51y 25,3035
| R _/\\J\
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Y 1 " " \.\\m
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Figure-4: Behaviour of freezing and melting of bath material R« onto the
additive and corresponding melt depth, R',y,, heat penetration depth R"; and
the interface temperature, ©,, with time for different Stefan number, S,, of the
additive. ©4, Sw, G, Com and y are considered as parameters

8,=075, 8,25, 5,=4,C=3,Cy. =5

1 Se
08t _ ./ -
R
5 W
s ;
o 155

By Rt R

Figure-5: Effect of property-ratio, y upon freezing and melting of bath material
R'un, 0nto the additive and associated melt depth, R, of additive, heat
penetration depth R, in the additive and the interface temperature, 8., with
time, T for certain values of O, Sw, Sw, ¢ and G
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— Effect of heat capacity-ratio, C:

Figure 6 corresponds to the time dependent growth of
R'om, build-up of interface temperature, B¢, R'am and R, in
the additive for different, C.. These plots are for particular
values of Qa, St Sw, ¥ and Corm and their features are
similar to those of Figs.2-5. They exhibit that increasing
C increases the maximum frozen layer thickness, R'oms,
its growth time, Trmax, the total time of the freezing and
melting of bath material, Tt but these increases are
insignificant. From physical point of view, these
predictions are true since decrease in C; reduces the
heat capacity of the frozen layer liberating less amount
of sensible heat during freezing, resulting in availability
of less total heat to be transferred to the additive, which
is sum of the latent heat of fusion liberated and the
release of sensible heat by the frozen layer plus the bath
convective heat. It causes smaller rise of the interface
temperature, ©. and in turn, smaller temperature
difference in the additive requiring less conductive heat
which is compensated by growth of smaller frozen layer
thickness as shown in the Figure 6.

— Impact of melting-temperature ratio, 8,

o8

= B“ZU 75, 8,725, S‘h'—l. 1=5. Copn=5
/;,/__, k 4
R!n‘
C, 30,40,50
Rig, l:-,
.
hsb-"."i_-«;.,
.l"’ o --&l':::‘f_'_l\_:._‘
[ R —=
L L L Pl
] 0.2 04 06 0 1

Figure-6: Time dependent freezing and melting of bath material Ry, onto
the additive and associated melt depth, R',,,, of additive, heat penetration
depth R’ in the additive and the surface interface temperature, 8, for
different values of capacity-ratio C; in case of particular values of ©,, Sta,

Sth, yand cofm.

Shown in Figure 7 are the time variant freezing and melting of the bath material onto the additive Ry, the
interface temperature 9,, the melting depth, R,,* and the heat penetration depth R, in the additive for different
melt temperature-ratio, ©,,. They are for given values of S S, v, C, and Cy,- Here also, their features are similar
to those of Fig-6. Increasing ©,,, decreases the growth of maximum frozen layer thickness, R*.  “its time of

formation, Tmax and the total time of the freezing and melting, T the heat penetration depth, R, and the melt
depth, R« They are features are realistic because increasing 8., decreases the temperature difference in the

additive, and in turn, reduces the conductive heat
requirement due to which for the given convective heat
of the bath, less latent heat of frozen is needed. It is
achieved once a smaller frozen layer thickness grows,
Figure 7.

8. CONCLUSIONS

Non-dimensional integral model evolved for the current
problem states its controlled by independent non-
dimensional parameters, the modified conduction
factor, Cofm, the Stefan number the bath material, S, and
that of the additive, S, the thermo-physical property-
ratio, y, heat capacity - ratio, C, and the melt-
temperature ratio, 6,p, of the additive bath system. The
model provides its series solutions for small times and
numerical solutions for all times. Their graphical
representations indicate that decreasing either each of
the Com, Sw, Sw Y, G- Or increasing any of y and 6.
diminishes the time of the freezing and melting and, in
turn, reduces the production time and increases the
productivity making the product globally competitive.

0

0.

§,,=2.5, 5,=4.C,=3, y=5, =5

18 R?‘? _/’/
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0z

‘ L L
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Figure-7: Time variant freezing and melting of bath material Ry, onto
the additive and associated melt depth, R",r,, of additive, heat
penetration depth R*ai in the additive and the surface interface

temperature, ©, for different values of melting temperature ratio ©4,

in case of specified values of S, S, ¥, G and Cogm.

The present problem is also validated by converting it to that of the convectively heated additive.

Nomenclature

B Biot number, hr0/Ka

Modified Biot number, (hr0/Ka)* (KaCa/KbCb)
heat capacity (p (p), Jm-3 K-1

thermal conductivity, Wm-1K-1

B'\m
(
K
r o radius, m
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Coim Modified conduction factor, 1/Bi(6©b-1)
G spedficheat, (J Kg-1K-1)

G heat capacity ratio, Cb/Ca

h heat transfer coefficient, Wm-2 K-1

L latent heat of fusion, JKg-1

Ty bulk temperature of the bath material, K
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Ran non-dimensional radius in the heat penetration region of the additive, (rah/ra) Te  instant equilibrium temperature at the interface between the
Ri  non-dimensional radius of the heat penetration front in the additive at any additive and the frozen layer, K
SUBSCRIPTS GREEK LETTERS
a  ¢lindrical additive, a  thermal diffusivity, m2 s-1
i initial condition of additive, Y property ratio, (KbCb/KaCa)
af  within melting or freezing region of additive, p  density,(Kgm-3)
ah  within heating region of additive, 6 non-dimensional temperature, (T-Tai)/(Tbm— Tai)
am  melting or freezing of additive, T non-dimensional time,(KbCb/Ca2 r02)t
b frozen bath material or bulk condition of bath material, SUBSCRIPTS
bf  within melting or freezing region of bath material, 3 qylindrical additive,
bm  melting or freezing condition of bath materialtime, (rai/ra) aiinitial condition of additive,
Ry non-dimensional radius within the frozen layer region, (Cbrbf/Cara) af  within melting or freezing region of additive,
Rom non-dimensional radius of the frozen layer front at anytime, (Cbrbm/Cara) ah  within heating region of additive,
S Stefen number of the additive, Ca(Tam-Tai)/Lapa am melting or freezing of additive,
Sw Stefen number of the bath material, Ch(Tbm-Tai)/Lb pb b frozen bath material or bulk condition of bath material,
t o times bf  within melting or freezing region of bath material,
T temperature, K bm  melting or freezing condition of bath material,
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