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Abstract: This paper investigates the use of the Sumudu—Adomian Decomposition Method (SADM) to obtain approximate analytical solutions for Fisher's
Equation, a nonlinear partial differential equation that models reaction—diffusion processes such as population growth and gene propagation. The main
purpose is to develop an efficient and accurate semi—analytical approach that overcomes the limitations of traditional numerical methods. The method
combines the Sumudu Transform, which simplifies differential equations into algebraic expressions, with the Adomian Decomposition Method, which breaks
down nonlinear terms into manageable components. This combination allows the nonlinear structure of Fisher's Equation to be handled without linearisation
or discretisation. The study outlines the procedural steps of SADM and demonstrates its effectiveness through several illustrative examples with different initial
conditions. The results show that the series solutions obtained by SADM converge rapidly and accurately reproduce the expected wave—front behaviour of
Fisher's Equation. The approach significantly reduces computational effort while maintaining high precision. The findings confirm that SADM provides a
simple, reliable, and efficient tool for solving nonlinear partial differential equations, making it suitable for a wide range of applications in science and
engineering where nonlinear diffusion and growth phenomena are important.
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1. INTRODUCTION
Differential equations serve as a foundational pillar in the mathematical modeling of dynamic
systems across a broad range of scientific disciplines. These equations are particularly valuable in
understanding systems where the rate of change of a quantity is related to the quantity itself,
making them indispensable in fields such as physics, biology, engineering, economics, and
environmental science [10]. In real-world applications, many phenomena do not exhibit simple
linear behavior. As a result, nonlinear differential equations are often required to capture the
complexity inherent in such systems. A subset of differential equations, known as Partial
Differential Equations (PDEs), involve multiple independent variables and their partial derivatives.
PDEs are especially useful for modeling multidimensional processes, including the flow of heat,
diffusion of substances, vibrations in mechanical structures, and the evolution of populations in
space and time. These equations are divided into linear and nonlinear categories. While linear
PDEs are relatively easier to solve analytically or numerically, nonlinear PDEs pose significant
mathematical challenges due to the complexity of their behavior and the potential for multiple or
unstable solutions [2].
One of the most influential nonlinear PDEs is the Fisher’s Equation, which was introduced by the
geneticist Ronald A. Fisher in 1937. Initially proposed to model the spread of an advantageous
gene within a population, the equation has since been adopted in various scientific fields including
population ecology, epidemiology, flame propagation in combustion theory, and chemical reaction
kinetics. Fisher’s Equation elegantly combines two essential processes: diffusion, which accounts
for the spatial movement or spreading of a population or substance, and logistic growth, which
describes the self-limiting nature of population growth due to environmental constraints. The
canonical form of the equation is:

du 0%u (1)

a: Dﬁ+ku(1—u)
where u(x,t) denotes the population density or concentration, D is the diffusion coefficient, t

represents time, k stands for the growth rate constant or the reaction rate constant and x is the
spatial coordinate [11]. Fisher’s Equation is classified as a reaction-diffusion equation, which is a
class of equations used to model the interplay between local reactions (e.g., reproduction,
chemical transformation) and spatial transport (e.g., diffusion or dispersion). These equations
often exhibit complex behaviors such as traveling wavefronts, pattern formation, and bifurcations.
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In the context of Fisher’s Equation, a well-known solution is the traveling wave solution that moves
at a constant speed, representing the steady spread of an invading species or a gene through
space.

However, due to the nonlinear nature of the reaction term, obtaining analytical solutions to
Fisher’s Equation is difficult. While certain exact solutions exist under restrictive assumptions or
initial conditions, most practical problems require approximate or numerical solutions. This
limitation has led to the development and exploration of various semi-analytical methods designed
to produce accurate solutions without resorting entirely to numerical discretization. Among these
methods, the Sumudu-Adomian Decomposition Method (SADM) has gained attention for its ability
to systematically tackle nonlinear differential equations. The Sumudu Transform is an integral
transform similar to the Laplace Transform but with the added advantage of preserving the original
function’s units. When combined with the Adomian Decomposition Method (ADM), which expresses
both the solution and nonlinear terms as infinite series, SADM provides a robust framework for
approximating the solutions of nonlinear PDEs. This research focuses on applying the SADM to solve
various forms of Fisher’s Equation.

2. SUMUDU TRANSFORM

The Sumudu transform is defined by:

S{f()} = F(u) = f c>0f(ut)e‘tdt @)
0

where u is a positive real number and f(t) is a function defined for t > 0.
Table 1: Sumudu Transform of Some Functions

O G(u) = S{f(t)}
1 1

t n!u”
tn—l
m,n = 1, 2, u“_l
eat 1
1—au
1
cos at
1+ a%u?
au
sinat
1 + a2u?

3. SUMUDU-ADOMIAN DECOMPOSITION METHOD
A standard Fisher’s Equation can be expressed aS'

ou_ o _ 3)
n =Dp2 o =+ ku(l—u)
subject to the initial condition:
u(t, 0) = f(t) (4)
The equation can be rewritten as:
ou_ 2%u _ (3)
a =p2 P >+ ku — ku?

Take the Sumudu transform of both sides

S[ ]—S[Dﬁ+ku—ku]

1[U('E. v) —u(t,0)] =S [Dgiylzl +ku— kuz]

u(tv)—u(t0)+uS[D—+ku—ku] (6)
Apply the initial condition,

9%u 5
u(t,v) =f(t) + u.S Da—y2+ku —ku

Take the Inverse Sumudu Transform

S~ Hu(t,v)] = S7f(O] + S

dy?
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u(t,v) = f(t) +s7'|u.S [Daz—u + ku — kuzﬂ 7
) . 3y
The series solution is given as:
u(t,v) = Xpzoun(t,v) (8)

The nonlinear term is decomposed as:

- (9)
=)

where A, are Adomian Polynomials defined based on anwhere n=0,12,.
Substltutlng egn. (8) and (9) into eqn. (7)

Z u, (t,v) = f(t)

n=0
. 9%u =
+S u.S DW + kz Up
n=0

The recursive relation is obtained by comparing the two sides of eqn. (10)

up(y, t) = f(t) (11)
_ 0%u
u(y,t) =571 ’u.S [Da—yz+ kug — kAO”
L 9%u , (12)
u.S F+ku0 — ku,

u,(y,t) =571 [u S[ — +ku; — kAl]]

(13)
=S"1|us W + ku; — 2kuguy

u,(y,t) =571 [u S[ — +ku, — kAnH
4, NUMERlCAL EXAMPLES

Y=gy — 10— ) = 0 (15)
subject to the initial condition

Uy, 0) =p (16)
U= Yy — 11— PP =0

Solution

This can be rewritten as:

v Ay B

3ty 1A-yYy=0
oy _ 0%y (17)
50" 9y U —y?

Take the Sumudu transform of both sides

o]

—[lIJ(y.U) W(y, 0)] —S[—+lll tllz]

%y

Ulyw) =, 0) +u.s %57 +¢—¢2]

Apply the initial condition,
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d
‘IJ(Y:U) =pt+u S[ayz +lIJ_LIJ2]

Take the Inverse Sumudu Transform

e wl =S 57

Saz 2
u. [a—yz-l'lIJ—lIJ]

(19)
U@y =p+S"|u S[—+¢ ¢2]
The series solution is given as:
- (20)
B0 = D @9
=0
The nonlinear term is decomposed as: !
(21)
V—ZA
where A, are Adomian Polynomials defined based on q;nwhere n=0,1.2,.
Substltutmg eqgn. (20) and (21) into eqgn. (19)
o0 0 o0 22)
azlp (
— -1 __ —
Zown(y.t) =u+sus|og +zown A
n= n= =
The recursive relation is obtained by comparing the two sides of eqn. (22)
Yoy, ) = p (23)
-1 ZlIJO
Y (7, ) =577 |u.S ==+ —
=51{u.s aZ¢O+L|J — Po?
- ayz 0 0
0%u
— g1 _ _ 2
=S ’u.S[ayz +u—p ”
=7 u [u— 2]
= t[u—p?] (24)
%y
Yo (y,t) =S [u.S[ =y —Al]
2
Y
[ [ -+ zwowlﬂ
=" 1 u S[t[u %] = 2pt [p—p ]]]
(25)

=5[u— W21 [1 -2y
The series solution is given as

V@0 = b0 + (v, t) FU0n 0+ s+ (26)

(27)
U@ =p+ (u— uz)t+—(u pA) (A = 2p) + -
This series converges to the logistics equation
Y0, = = (28)
Ve u+(1+u)e‘t 1—p+pet
Equation (28) is the same as the result obtained in (Olubanwo et al, 2024).
# Example 2. Consider a nonlinear Fisher’s equation
op(y,t)  *Y(y,v) (29)
with the initial condition
U(y,0) =e¥ (30)
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Solution

AR (A

+6(1— Yy, 0))b(y, b

at  dy?
GG X (31)
P 6y — 61
Take the Sumudu transform of both sides
02
[ s— + 6¢ 612

(32)
Y(y,uw) =Yy, 0) +us [— + 6y — 6tIJ2]
Apply the initial condition,
Y(y,u) =e¥ +u.S [— + 6y — 6l|12]
Take the Inverse Sumudu Transform
STHw(y,w] =S e] + 571 |u.S [— +6y — 6tIJ2H
(33)
Y(y,t) =¥ +S71u s[—+6¢ 6¢2]
The series solution is given as:
Y@y, t) = Xnto ¥n(y, O (34)
The nonlinear term is decomposed as:
(35)
W—ZA
where A, are Adomian Polynomials defined based on q;nwhere n=0,1.2,.
Substltutmg eqgn. (34) and (35) into eqgn. (33)
0 0 0 36)
azlp (
Zq;n(y,t) =e¥+S1|usS ozt 62% - 6ZArl
n=0 n=0 n=0
The recursive relation is obtained by comparing the two sides of eqn. (35)
Yoy, t) = e¥ (37)
Yo
ll’l(Y: t) == S_1 u.S[ ay + 6[]]0 6A0:|
2
=5t [u.S [ a;"" + 6y, — 6, ]
0%eY
=S"1|us —+6ey—6e2y]
dy?
= S71[u.S[7e¥ — 6e¥]]
= t[7eY — 6e?Y] (38)

2
U, (y,t) = S™1 [u.S [a ;l + 6y, — 6A1]

2
[ [ ¢1+am 1mm¢4]

=S 1 u S[t[7e¥ — 24e¥] + t[42eY — 36e¥]

— t[84eY — 72e3Y]]]

t2 39
=5 [49eY — 144e?Y + 72e%Y] (39)
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The series solution is given as
U@y, =Wy, ) + Y1 (y, 0 + tIJz(y. O+ Y3yt +- (:?)
Yy, t) = e¥ + t[7e¥ — 6e¥] + — [49ey — 144e% + 72e%Y] “h

Equation (41) is the same as the result obtained in (Olubanwo et al, 2024).

# Example 3.  Consider the one-dimensional Fisher’s equation

aq; 2'41 (42)
subject to the initial cond1t10n
B 1 (43)
Solution
oY(y,t) _ 0*Y(y, v
iy el (VEI Gl A)
0 02 44
a_nr LA (44)
Take the Sumudu transform of both sides
92
S [ S— + 6¢ 61|12
w , (45)
Y(yw) =Y, 0 +usS|— ay? + 6y -6y
Apply the initial condition,
-1 +szq’+6 62 o)
V@ = gyr T US|y W — 6w
Take the Inverse Sumudu Transform
(47)
- _ 2
YOO = 57 y)z u S[ +6Y — 61 H
The series solution is given as:
(48)
G0 = Z RO
=0
The nonlinear term is decomposed as: !
(49)
z A
where A, are Adomian Polynomials defined based on Lpnwhere n=0,12,.
Substituting eqn. (48) and (49) into eqn. (47)
® o 50)
aleJ (
_1 _r _
Zq;n(y, = a3 y)2+s N 2+6;¢n 61120An

The recursive relation is obtamed by comparing the two sides of eqn.

Yoy, t) = At o)

aZ
Py (y,0) = S71 [u. s[ a;" + 6y, — 6A0]

62
=gt [u.S [ a;pz" + 6y, — 6¢02]
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3 S —2eY 6e%y N 6

+ eY)3 (1+e)* (1+eY)2

(1 + ey)4]
_ 10e¥ (52)
~ oy

62
Wy (y,t) =S1 [u.S[ a;;l + 6y — 6A1]

2
[ [ LI 12¢o¢1”

_ gt [u [25ey( 1+ 2ey)”

(1+ev)*
_ 25e¥(—=1+ 2¢eY 2 (53)
(1+ev)*
The series solution is given as
10eY 25eY(—1+2¢¥ , (55)

VOO = g oy T arer T T are)

Equation (55) is the same as the result obtained in (Olubanwo et al, 2024)

5. CONCLUSION

In this article, a new modification of Adomian Decomposition Method, called Sumudu-Adomian

Decomposition Method has been applied to solve Fisher’s Equations with initial conditions. The

results obtained from the application of the Sumudu-Adomian Decomposition Method show that it

is an effective, accurate, and efficient analytical tool for solving nonlinear PDEs such as Fisher’s

Equation. SADM preserves the structure of the original nonlinear equation and captures the

solution behavior with a high degree of accuracy. The SADM framework is therefore extendable to

broader classes of equations, including those arising in fluid dynamics, epidemiology, and
population genetics.
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