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ABSTRACT 

In the sites of TIR BOR, electrolytic refining process of the fire refined copper is used for 
obtaining the cathode copper quality according to the Standard BS6017. 
Defined parameter values of electrolytic refining process of anode copper as well as process 
realization according to the Standard JUS ISO 9001, defined procedures and instructions, 
present the basic precondition for cathode copper production of suitable quality. 
The aim of this work was to determine the influence of some chemical elements that were 
present in anode copper considerably over permitted limits, predicted by suitable JUS ISO 
9001 Standard on chemical quality of cathode copper. The investigations have showed that 
the increased values of oxygen  (up to 1 500 ppm) and nickel (up to 800 ppm) in anode have 
no important effect on quality of cathode copper, what was confirmed by production of 91.14 
% cathode copper of BS6017 quality  from total production in the observed period. 
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Abstract 

This paper presents the results of electrochemical behavior of copper recycling anode with non-
standard impurities content in sulphuric acid solution. The anodes were obtained by casting the waste 
material formed in Cu refining processes and contained the next alloying elements: Ni in 
concentration up to 10 % and Sn and Pb in concentration of some percentage. The present impurities 
remain the various problems on electrochemical behavior of anode material.  
The obtained results showed that the pasivation of recycling anode during the electrolytic process in 
sulphuric acid solution is not registered. Copper is dissolved from the anode and deposited on cathode 
by using the direct current. In the same time, nickel is dissolved from anode and retained in 
electrolyte. The possibility of nickel separation and production from this solution in a form of salts 
using chemical method or pure metal form of electrochemical deposition is feasible according to 
concentration increasing. 
For better understanding the electrochemical behavior of recycled anodes, the corrosive behavior of 
anodes was studied in a three arrangement cell. Sulphuric acid solution was used as electrolyte, and 
the method of linear potential change was used in defining the phase content.
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1. INTRODUCTION 
 

Large amounts of waste materials from the copper smelting process are used for 
recycling. Selection of recycling methods depends on material type for recycling. 

The most often used method for Cu, Ni, Sn and Pb production from various types of 
waste materials is the electrolytic refining process. It is known that Ni presence in anode 
material, higher than about 3 %, results into anode passivation in the sulphuric acid 
solution.(1,2). For better understanding the electrochemical behavior of recycled anodes, the 
various electrochemical measuring were done.
 

2. EXPERIMENTAL PROCEDURE 
 

The copper and nickel bearing waste materials obtained in copper refinement processes 
are used for the production of materials which could be use in electrolytic process for copper 
cathode production in the one side and on the other side, for the nickel transferring in 
solution form aim to further valorization. 

According to this request, it was done multiphase experiment in a three electrode 
arrangement cell, according to the industrial parameters: 

 Material which was used as anode material was prepared from pure metals: copper, 
nickel, tin and lead. Copper was main component, nickel was added in content up to 
10 % and tin and lead in content up to 1 %.  
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An induction furnace (Balzers) with melting power of 10 - 15 kW is used for casting. The 
crucible made of graphite; with volume of 1.8 l. Smelting and casting process does not carry 
out by the use of pressure or vacuum. When temperature of 1300°C is reached, alloying 
elements are added. Graphite sticks are utilized for oxygen reduction in melt. Oxygen content 
was measured before casting by the use of Electro- Niter oxygen measuring system. Glass 
pipettes were used for sampling and determination of oxygen content. Reduction process is 
stopped when the oxygen content was achievement the value of under the 200 ppm. an melt 
is cast at approx. 1300°C. After the self-adsorbtion cooling, anodes are preparing for the 
electrolytic treatment by mechanical removal of 2 mm surface area.  

Chemical analyses were performed using an optical emission spectrometry (OES) on 
apparatus OES ARL 4460.  

Electrochemical measurements were conducted in 3 electrode arrangement cell where 
the working anode was pure Cu, pure Ni or some copper bearing alloys. The saturated 
Callomel electrode (SCE) was used as reference electrode and Pt with the same area as so as 
working anode. Polarization curves and measurements by anodic liner sweep voltammetry 
(ALSV) method are done on potentiostat PAR 273 A, on voltage scan rate of 2 mV/s. 
Electrolyte of concentration of 172 g/dm3 was prepared by using the 98 % sulphuric acid p.a 
quality and bidestilated water.  
 

3. RESULT AND DISCUSSION 
 

The results of chemical analyses: 
1st sample:  Cu - purity of 99.95 % 
2nd sample:  Ni - purity of 99.9 % 
3rd sample: Alloy Cu-Ni with 5 % Ni and up to 1 % of Sn and Pb 
4th sample: Alloy Cu-Ni with 7.5 % Ni and up to 1 % of Sn and Pb 
5th sample: Alloy Cu-Ni with 10 % Ni and up to 1 % of Sn and Pb 

The corrosion property of different samples is presented on Figure 1. 
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Figure 1. Corrosion behavior of pure Ni, pure copper and Cu-Ni alloys  

with 5 % Ni, 7.5% Ni and 10% Ni in sulphuric acid solution. 
 

From the diagram on Figure 1, the values of corrosion potential as so as the values of 
corrosion current for pure Ni, pure Cu and Cu-Ni alloys could be readout. It could be seen 
that the corrosion current value of pure Ni is lower than corrosion current value of pure Cu. 
Also, the corrosion current value for pure Ni is lower than values for Cu-Ni alloys. The value 
for corrosion potential for pure Ni is 200 mV more negative regard to corrosion potential for 
pure Cu and Cu-Ni alloys. 

The corrosion current values, as so as the anode and cathode Taffel inclinations was 
determinate aim to define this recycling anode stability in sulphuric acid solution. The results 
are presented in Table 1.  
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Table 1. Corrosion current and Taffel inclinations 

Description 
bcath.

(V dec-1) 
banod.

(V dec-1) 
corrosion

(µA cm-2) 
Cu-Ni, 10 % Ni 0.080 0.050 6.0 
Cu-Ni,  7.5% Ni 0.090 0.040 3.0 
Cu-Ni,  5% Ni 0.200 0.040 6.0 

Pure Cu 0.260 0.045 5.0 
Pure Ni 0.120 0.060 12.5 

 

The next values are obtained:  
1. The values for Taffel inclination for anode reaction on pure Cu and alloys were about 

0.040 V dec-1 and. Those values are enough stabile. In a case of pure Ni, the obtained 
value was 0.060 V dec-1.  

2. The values for Taffel inclination for cathode reaction were in range from 0.080 to 0.260  
V dec-1. It was explanation by high potential of hydrogen evolution reaction on pure 
copper and copper alloys. This value is decreased with nickel content increasing. For 
the pure nickel this value is 0.120 V dec-1.  

3. All alloys have got the very low corrosion current values, up to 10 µA cm-2. 
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Figure 2. Current density versus voltage curve at a voltage scan rate of 2 mV/s  

 

From the diagrams on Figure 2, could be seen that dissolution of pure Ni started before 
all other materials. For dissolution of pure is characteristic that the electric arc charge is the 
minimal and the area of active dissolution is terminated on potential of 0,2 vs SCE. The 
dissolution of pure copper started on more positive potential regarding to value of pure nickel 
potential. The quantity of electric arc charge is higher than for pure nickel. The electrolytic 
dissolution process of alloys: first started alloy with 5 % Ni, than alloy with 7.5 % Ni and than 
alloy with 10 % Ni. The characteristic of Cu-Ni alloy where the Ni content was 10 % is the 
highest quantity of electric arc charge and the value for potential on which started passivation 
is the most positive regarding to other materials. 
 

4. CONCLUSION 
 

Based on literature data, it is known that copper alloys with nickel content higher than 
3 % become passivity in sulphuric acid solution.  

The results of experimental investigation (Figure 2) are indicated that copper bearing 
alloys with nickel content from 5 to 10 % Ni and other alloying elements up to 1 % were not 
passivated in sulphuric acid solution. The results of the investigations also indicated that the 
values of electrolytic dissolution could be up to 200 mA/cm-2.  
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ABSTRACT 

The effect of incorporation of heteropolyacids species into organized mesoporous silica by using non-
ionic and cationic surfactants were studied. The structure and texture of H3PMo12O40 included on 
mesoporous silica were studied by XRD, FT-IR, BET and pore size distribution. The synthesis of silica 
molecular sieve containing HPAs was carried out in acidic media by using a mixture of cationic and 
non-ionic surfactants. FT-IR studies showed that HPAs anions preserved their Keggin structure after 
incorporation on molecular sieves supports. The values of specific surface area of HPAs were increased 
by deposition on molecular sieve supports.  

 
 
 

 1. INTRODUCTION 
 

 Heteropolyacids have attracted considerable attention as they present high acidity and 
favourable redox behaviour. Especially Keggin type heteropolyacids (HPAs) have been used 
extensively in acid-catalysed reactions as well as oxidation reactions both in the 
heterogeneous and homogeneous systems. Pure HPAs generally show low catalytic reactivity 
owing to their small surface area. In order to be more effective for catalytic reactions, HPAs 
are usually impregnated or incorporation on different porous materials with high surface 
area [1-6]. 
 Direct incorporation of heteropolyacids (HPAs) H3PMo12O40 (HPM) into mesoporous 
silica molecular sieve during the synthesis was studied. The synthesis of silica molecular sieve 
containing HPAs was carried out in acidic media by using a mixture of cationic and non-ionic 
surfactants, such as cetyltrimethylammonium bromide (C16TMABr) and Triton (TX-100) or 
Tween 100 [7]. The obtained mesoporous materials were characterised by FTIR  
spectrometry, X-ray diffraction at low angles, thermal analysis (TG-DTA) and N2 adsorption-
desorption measurements.  

FT-IR studies showed that HPAs anions preserved their Keggin structure after 
incorporation on molecular sieves materials. X-ray diffraction studies confirmed the 
uniformity of the distribution of active phase in the silica molecular sieve composites.  

 

 2. MATERIALS and METHODS  
 

Molybdo phosphoric acid, H3[PMo12O40]·12H2O (HPM) was purchased from Merck. The 
silicon source was tetraethoxysilane (TEOS) from Fluka. Two types of non-ionic surfactants 
were used in this study: polyethyleneglycol-4-tert-octylphenylether with 9-10 ethoxy groups 
(Triton X-100) from Fluka and polyethylene sorbitan-monostearate (Tween 60) from Merck. 
The cationic surfactant used is  cetyltrimethylammonium bromide C16H33(CH3)3 NBr 
(CTMABr) from Fluka. As mineralizing agent it was employed sodium floride NaF, from 
Fluka.   
 Mesoporous molecular sieves-included HPAs (denoted HPA-in-TX 100 or Tween 60) 
with 15 % HPA loading, were prepared by the hydrolysis of tetraethyl orthosilicate using non-
ionic and cationic surfactants. The procedure described by Toufaily et. al. [7] was applied 
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with some modifications. In first synthesis we used a mixture of TX-100 and CTMABr 
surfactants, while in the second we used as surfactant only Tween 60.   
 First synthesis was performed with the following molar composition: 1SiO2:0.22 
TX100:0.04 CTMABr:0.04 NaF:0.006 HPM:168 H2O. In a first step, 7.4 g of TX-100 and 
0.82 g of CTMABr were dissolved in 160 ml distilled water containing 4 ml of  hydrochloric 
acid (HCl 37 wt.%). Then, after a clear solution was obtained, 11 g of TEOS were added and 
stirred until complete dissolution. Then a solution of 0.57 g HPM in 30 ml acidified (HCl) 
distilled water was added to first solution and stirred for 4 hours at room temperature. The 
solution was aged for 24 h at room temperature without stirring. A small amount of sodium 
fluoride (0.1 g) was then added in order to promote the hydrolysis of TEOS. The solution was 
furthermore aged at 60°C for 48h. The solid product was filtered, washed with distilled water 
and dried in air for 6h. Calcination for template surfactants removal was carried out under 
air by increasing temperature from 25 to 350°C with a rate of 2°C/min and heating at 350°C 
for 4h. 
 The second synthesis was performed by the same procedure but with Tween 60 as non-
ionic surfactant. The following molar composition was used: 1SiO2:0.067 Tween 60:0.04 
NaF:0.006 HPM:148 H2O. The structure and texture of HPM and HPVM included on 
molecular sieves were studied by XRD, FT-IR and low temperature nitrogen adsorption 
technique. Powder X-ray diffraction data were obtained with a XD 8 Advanced Bruker 
diffractometer using the Cu Kα radiation in the range 2θ = 0.5-5° at low angles and 2θ = 5-
60°.  

Textural characteristics of the outgassed samples were obtained from nitrogen 
physisorption using a Quantachrome instrument, Nova 2000 series. The specific surface area 
SBET, mean cylindrical pore diameters dp and adsorption pore volume VpN2 were determined. 
Prior to the measurements the samples were degassed to 10-5Pa at 250ºC. The BET specific 
surface area was calculated by using the standard Brunauer, Emmett and Teller method on 
the basis of the adsorption data. The pore size distributions were calculated applying the 
Barrett-Joyner-Halenda (BJH) method to the desorption branches of the isotherms. The 
IUPAC classification of pores and isotherms were used in this study. 

The IR absorption spectra were recorded with a Jasco 430 spectrometer (spectral range 
4000-400 cm-1 range, 256 scans, and resolution 2 cm-1) using KBr pellets. 
 

 3. RESULTS AND DISCUSSION  
 

 For all synthesized materials the N2 adsorption-desorption isotherms exhibit a type IV 
isotherm (Fig. 1 a, b). The specific surface area, pore volume and pore diameter determined 
from the isotherm using the BJH method are given in Table 1.  
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Figure 1. Nitrogen adsorption-desorption plot of molecular sieve with TX 100 (a) and HPM included on  TX 100 (b) 

Table 1 Textural properties of molecular sieves and included HPM 

Sample
Specific  surface 

area (m /g)2
Pore volume 
BJH  (cc/g)Des

Average pore 
diameter BJH  (nm)Des

TX 100 841.65 0.881 3.66 
Tween 60 877.67 1.012 3.64 

HPM in TX100 857.04 0.931 3.67 
HPM in Tween 60 762.01 0.867 3.66 
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The pore size distribution curves of  parent molecular sieves with TX 100 plus 
CTMABr and Tween 60 respectively, have narrow pore size distribution within mesopore 
range with a maximum at 37 Å and 36 Å, respectively.  

After HPM incorporation in molecular sieves matrix, the pore volumes of samples 
decreased with the increase of the concentration of active phase and also the surface area 
decreased with the increase in HPAs loading. The pore size distribution curves of HPM 
included on molecular sieves with TX 100 plus CTMABr and Tween 60 respectively, have one 
maximum within mesopore range at approximately the same values as in the case of pure 
molecular sieves. 

The XRD patterns at low angles for the initial molecular sieves show a broad diffraction 
peak below 2.5° (2θ) for both materials prepared with TX 100 plus CTMABr and Tween 60, 
respectively (not shown). 

For the two HPM included on molecular sieves  the diffraction peaks at low angles are 
presented but with diminished intensity. The diffraction peak of included HPM appears like a 
shoulder. It can be asserted that the long – range order of molecular sieve is decreased 
evidently even for loading of 15 wt. % HPAs. 

In order to confirm the presence of the Keggin anion on silica-HPA composites, the 
samples were analysed by FTIR. The PMo12O40

3- Keggin ion structure consists of a PO4 
tetrahedron surrounding by four Mo3O13 formed by edge-sharing octahedra. These groups are 
connected each other by corner-sharing oxygen. This structure give rise to four types of 
oxygen, being responsible for the fingerprints bands of Keggin anion between 1200 cm-1 and 
700 cm-1. 

The pure HPAs show an IR spectrum with the specific lines of the Keggin structure 
containing the main absorption bands at 1064 cm-1, 965 cm-1, 864 cm-1, 785 cm-1 assigned to 
the stretching vibrations ν as P -O, ν as Mo=Ot, ν as Mo-Oc-Mo and ν as Mo-Oe-Mo [4, 5]. 
These bands are preserved on the molecular sieves - HPA composites, but they are broadened 
and partially obscured because of the strong absorption bands of silica (1090, 812 and 456 
cm-1) (Figure 2).  

The introduction of heteropolyacids into the silica matrix slightly influenced the 
structure of resulted composite (Figure 2). The vibration band at ca. 1090 cm-1 can be 
assigned to νas(Si-O-Si) and decreased to 1072 cm-1 by incorporation of HPAs into the 
structure of the silica. The band at ca. 966 cm-1 present in the spectrum of included HPM 
sample can be assigned to the ν as Mo=Ot stretching vibration. The bands at 812 and 454 cm-1 
can be assigned to νs (Si-O-Si) and δ(Si-O-Si) bonds, respectively [6].  

The bands of HPAs included on silica in the 1300-400 cm-1 region are partially or 
completely overlapped by the bands of the silica matrix. The band assigned to the P –O 
asymmetric stretching vibration at 1064 cm-1 is completely overlapped by the strong band at 
1090 cm-1 of the silica.  

 Two IR bands in the spectra of included HPM appeared at 966 and 660 cm-1, which can 
be assigned to the ν as Mo=Ot stretching vibration and to δ (O-P-O) of the HPAs.  

Fig. 2 FTIR spectra of molecular sieves - heteropolyacids composites 
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4. CONCLUSIONS 
 

The HPAs anions preserved their Keggin structure on the surface of molecular sieves-
HPA composites and forms finely dispersed HPAs species. The molecular sieves-HPM 
composites exhibit differential pore size distribution in the mesoporosity range.  

It can be asserted that the long – range order of molecular sieve is decreased evidently 
even for loading of 15 wt. % HPAs. 

The favourable effect of HPAs incorporation on silica molecular sieve is the increasing 
of pore volume and specific surface area, which in fact make the silica-HPA composites 
proper for heterogeneous catalysis. 
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Abstract 
The paper proposes some possibilities for heavy metals detection in canned vegetables mix: Cr, Fe, Pb, 
Cd, Sn, Al, Zn, As . The heavy metals concentrations have been determinate by AA spectrometry and 
electrochemical methods: cyclic voltammetry. The monitoring of heavy metals in canned vegetables 
mix can help evaluate and improve the insufficiently developed technology.   

Key words: 
vegetables mix, heavy metals, AA spectroscopy, cyclic voltammetry 

 
 
 

1. INTRODUCTION 
 

 Vegetables mix and similar products are widely used for taste enhancement of various 
food products. Apart from their taste properties they also have a high nutritive value due to 
the content of easily retainable sugars, vitamin C, carotenoids and mineral salts. 
 Vegetables mix is a produce conserved through decrease in humidity, thus preventing 
the evolution of microorganisms. Microorganisms require a certain minimum amount of 
water to develop; bacteria require 35%, yeasts 25% and molds only need 10%. 
 

2. EXPERIMENTAL 
 

2.1. Samples preparation 
Vegetables mix products have been weighed and treated by concentrated nitric acid 

(67%, Merck, heavy metals free). Samples digestion has been achieved in a 1000W  MWS-2 – 
Berghof type microwave oven using a three-step program: T1=160ºC, t1=15 min., P1=40-60% 
from total power, T2=210ºC, t2=15 min., P2=60-80%, T3=210ºC →100ºC, t3=15 min., 
P3=0%.Thus resulted solutions have been completed with ultrapure water (RO System 
Operating Barnstead apparatus) to equal volumes in 25 ml calibrated flasks. 
 

2.2. Methods of analysis 
 

2.2.1. AA Spectrometry 
 The heavy metals content has been determinated by AA spectrometry (International 
Standard ISO 15586:2003) and cyclic voltametry (Koryta , 1993),  i=f(E). AA spectrometry has 
been achieved with  novAA 400 G type spectrometer - Analytik Jena - Germany, equipped 
with graphite furnace,  WinAAS 3.17.0 software for evaluation, control and result 
presentation, a so-called cookbook, for every element, and a HS 55-1 hydride generator. 
Calibration curves have been plotted using standard solutions of metals in search. 
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2.2.2.  Electrochemical Methods 
Heavy metals such as Sn, Fe, Zn  at the electrode surface are affcted by characteristic 

redox phenomena with can be used to determine their concentration. The voltammograms 
i=f(E) are obtained using PGZ 402 Voltalab, with VoltaMaster 4, version 7 software (User’s 
manual, Voltalab®,2008). A 50 cm3 BEC/EDI X51 V001 electrochemical cell, from 
Radiometer Copenhagen is part of the Voltalab system. Platinum electrodes (Swork=7.85 mm2, 
Saux=50 mm2) and standard calomel electrode (SCE) with 0.1M HNO3 support electrolyte 
have been used in experiments. Recording speed was 50 mV/min. at an apparatus sensitivity 
of 10 mA. Calibration curves for Fe and Sn have been plotted using metals standard solutions  
as Ipeak=f(conc.).  
 

3. RESULTS AND DISSCUTIONS 
 

 Vegetables mix products are obtained through processing of fully mature tomatoes, 
beans, onions, papricas. Vegetables concentrates are used in the food industry to enhance the 
taste and nutritive value of various products. There are three phases in the vegetables mixt 
production technology: obtaining the brute vegetables mixt, conditioning and packaging the 
product (HOTARARE nr.1197, 2002; ORDIN 1050, 2006). When packaging into metallic 
cans the heavy metals content may exceed the safety limits, and in turn may be detrimental to 
public health. The two proposed analysis methods have the advantage of being fast and 
reliable (result accuracy). Five types of these products have been studied, both local and 
imported: four of them packaged in metallic cans and one in glass bottle, for reference. 
  The heavy metal concentrations in vegetables mixt determined by AA spectroscopy are 
presented in Table 1. High values are noted in the case of Fe (which although beneficial to the 
human body may become an energetic catalyst for some chemicalor biochemical processes), 
of Sn and of Al, especially in the Italian products. 

Table 1. The heavy metal concentrations 
Concentration, ppm 

No. Sample 
Cr Fe Pb Cd Sn Al Zn As 

1. 
Vegetables mix Sultan 

( Romanian product, Turkish 
licence, metalic can) 

0.20 29.5 0.02 0.009 4.45 33.45 7.1 ** 

2. 
Vegetables mix Conserv frig 

(Romanian product, metallic can)* 
0.15 

218.0
0 

0.20 0.034 70.78 36.1 4.03 ** 

3. 
Vegetable mix Mib (Romanian 

product, metallic can) 
0.13 16.93 ** 0.003 12.5 23.1 6.5 ** 

4. 
Vegetable mix  Maxim’s, (Italian 

product, metallic can)* 
0.18 41.31 1.9 0.109 14.8 80.2 9.0 ** 

5. 
Vegetables mix  Buftea (Romanian 

product, glass bottle) 
0.26 27.61 0.16 0.017 8.24 48.56 8.79 ** 

* before the samples were taken the vegetables mix was homogenized at 1500 rpm with an IKA-
LABORTECHNIK stirrer,  with  adjustable rotations and  display unit observation 
** under limit detection 
 

 It has been remarqued the high Cd concentration in Maxim’s vegetables mix (Italian 
product). 
 For the determination of heavy metals by electrochemical methods, the first step was 
plotting the calibration curves. The methods used for Fe and Sn by means of cyclic voltametry 
i=f(E) are presented in Fig.1., Fig.2., Fig.3. and Fig.4. 

The electrochemical method has only been applied for the higher concentration of 
metals Fe and Sn. Extracting Fe from the vegetables mixt products using this method has had 
no results. (Fig. 5.). Note that the Fe voltamogram is lower than the base line of the support 
electrolyte.   
 Sn, on the other hand, is present in the Italian vegetables mixt canned in high 
concentrations Fig.6 and Fig.7. (samples were taken from right next to where the can is 
welded, for all samples).  
 
 

ISIRR 2009 © copyright FACULTY of ENGINEERING - HUNEDOARA, ROMANIA 



 

ISIRR 2009 – 10th INTERNATIONAL SYMPOSIUM “INTERDISCIPLINARY REGIONAL RESEARCH” – 
ROMANIA – HUNGARY – SERBIA, 23‐24 April, 2009, Hunedoara 

 

 

 

20 40 60 80 100 120 140 160 180
0

20

40

60

80

100

I pe
ak

, μ
A/

cm
2

Concentration, mg/L

Calibration curve Fe, Ipeak=f(conc.)
y = -1.85348 + 0.57333x

     
        R = 0.99699

 

Fig.1. Cyclic voltammogrames for equilibrium 
 Fe3+ + e-→ Fe2+. 1 – support electrolyte HNO3 0.1 M; 2 
- c=25.64 mg/L; 3 - c=50.00 mg/L;4 - c=95.24 mg/L; 5 

- c=136.36 mg/L; 6 - c=173.91 mg/L 

Fig.2. Calibration curve for iron 
concentration determination in canned 

vegetables mix, Ipeak=f(conc.),  
EESC = 608 mV 
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Fig.3. Cyclic voltammogrames for equilibrium 
Sn4+ + 2e-→ Sn2+. 1 – support electrolyte HNO3 0.1 M; 2 - 

c=6.8333 mg/L; 3 - c=13.5257 mg/L; 4 - c=20.0816 
mg/L; 5 - c=26.5050 mg/L;6 – c=32.8000 mg/L 

Fig.4. Calibration curve for tin 
concentration determination in canned 

vegetables mix, Ipeak=f(conc.),  
EESC = 1.375 V 

  

 
Fig.5. Fe determination in Conserv frig (vegetables mix) 
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Fig.6. Sn determination in Conserv frig 
(vegetables mix), EESC = 1.375 V 

Fig.7. Sn determination in Maxim’s (vegetables 
mix), EESC = 1.375 V 

 
 The values obtained using the electrochemical method are c = 3.60 ppm Sn for Conserv 
frig (Ipeak = 0.1589 mA/cm2) and  c = 3.40 ppm Sn for Maxim’s (Ipeak = 0.1367 mA/cm2). 
There are obvious errors in using this method due to all the metal ions which can influence 
the electrochemical behavior. 
  

4. CONCLUSIONS 
 

The environment pollution with heavy metals (Cr, Ni, Pb, Zn, Al, As, Cd, etc.) is due 
mainly to the activity of humans. Two heavy metals (Sn and Al) showed higher 
concentrations then legally admitted in canned vegetables mix. Concentration of heavy 
metals from the polluted environment in vegetables is influenced by different factors and 
stopped through several mechanisms. The monitoring of heavy metals in canned vegetables 
mix can help to evaluate and improve the insufficiently developed technology.   
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Abstract 

In this paper is presented the thermal spraying process of the oxidic ceramic (hydroxyapatite) on 
metalic supports to obtain biocompatible materials with application in general medicine. 
Two main applications are obtained by realizing of titanium base implants, dental and orthopedic. 
The samples were examined by optical and electronic microscopy, finally the ceramic layers presented 
the roughness between 8 and 9 μm and the layer thickness between 90 şi 330 μm. No defects can be 
reported. The samples obtained by plasma thermal spraying were corrosion tested in simulated body 
fluid (SBF with pH 7,4 la 37°C). 

Key words: 
thermal spraying, biocompatible materials, oxidic ceramic, SBF 

 
 
 

1. INTRODUCTION 
 

The best materials used to the prosthesis fabrication in dental and orthopedic medicine 
are those which are similar with the composition of the humane bone, the repairing 
mechanism of the bone is the natural regenerations. 

One approach to provide a strong, long-lasting adhesive interface between a bone 
replacement implant and the surrounding tissue involves the use of bioactive materials. 

Hydroxyapatite (HA) is the most well known bioactive ceramic materials used in 
medicine. The inorganic constituent of bone is made up of biological apatites, which 
provide strength to the skeleton and act as a storehouse for calcium, phosphorus, 
sodium, and magnesium. 
  

2. MATERIALS USED 
 

For biocompatible layers deposition hydroxyapatite powders were used with the 
dimension of the particles between 10-30 μm and Ti-Mo-Al titanium alloy as substrate. The 
chemical composition of the titanium alloy is presented in table 1. The chemical composition 
of the two samples (substrates) is conform ASTM grade 11. 

 

Table 1 The chemical composition of the titanium alloy used as substrate 
Chemical composition % No. 

sample Ti Mo Al Mn V Fe 
1 97,70 1,641 0,3245 0,1048 0,0921 < 0,032 
2 97,75 1,626 0,2989 0,1060 0,0847 < 0,034 

 

In figure 1 and 2 the biphasic structure is presented (solid solution α enriched in 
titanium and intermetallic compounds of Ti-Mo, Ti-Al) of the titanium alloy used as 
substrate (BM) for the deposition of the hydroxyapatite layers by plasma thermal spraying. 
In the base metal (BM) were developed fine macles due to the hot plastic deformation 
process of the Ti-Mo-Al alloy. 

Hydroxyapatite Ca10(PO4)6(OH)2 is a oxidic ceramic which is used to realize the 
biocompatible layers by plasma thermal spraying or by other methods. 
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Figure 1.  Titanium alloy substrate BM 

(cupric solution, 50 x) 
Figure 2. Titanium alloy substrate BM 

(cupric solution, 100 x) 
 

3. SAMPLES PREPARATION  
 

Before thermal spraying, the titanium samples were blasted with electrocorindon with 
the granulation between 0,8 – 2 mm and the air pressure of 5 bar. The blasting distance was 

50±5 mm. 
Because the powders presented a high 

agglomeration tendency the dehydration of the 
powder (heating to 60 ºC, time 12 h) was 
necessary.  

The deposition of the hydroxyapatite 
powder on titanium alloy substrate was realized 
with the plasma thermal spraying installation 
from ISIM – Timisoara. In figure 3 is presented 
the thermal spraying gun 3MB of the 
installation.  

The plasma spraying process was made in 
horizontal position the spraying gun position 
was perpendicularly on the titanium alloy 

support. In figure 4 is presented image from the plasma thermal spraying process.  

 
Figure 3 The thermal spraying gun 3MB of 
the plasma thermal spraying installation  

 

 
Figure 4. Image form plasma spraying process  

 In plasma spraying process of the 
hydroxyapatite the distance between the 
titanium surface and spraying gun was 100 
mm . 
 The plasma spraying parameters used 
for the hydroxyapatite deposition are 
presented in table 2. 

With the parameters from table 2 were 
made two samples: 

 A sample (M1) with one hydroxyapatite 
layer, using Ti-Mo-Al alloy 

 A sample (M2) with three hydroxyapatite 
layers, using Ti-Mo-Al alloy 

 
Table 2. The plasma spraying parameters 

Ip

A 
Ua

V 
Qp

l/min 
Qtr 

l/min 
mp

g/min 
dp

mm 
Nn Cooling 

500 60 40 6 15 100 3 air 
500 60 40 6 15 100 1+1+1 air 
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4. EXPERIMENTAL RESULT AND INTERPRETATION 
 

The macroscopic examinations show the deposited layers aspect of different thickness 
(table 3). The determination of the hydroxyapatite layer thickness was made with Leptoskop 
Pocket device from ISIM – Timisoara. On the examined surfaces no defects were observed. 

Table 3. Layer thickness plasma sprayed 
Layer thickness  [μm] 

No. 
Sample 

No. 
Layers Individual values, g Average value,  

−

g
M1 1 90, 100, 111, 160, 120, 132, 122, 92, 101, 120 127,8 
M2 3 310, 310, 320, 330, 315, 318, 321, 310, 315, 318 316,7 

 

 Analyzing the thickness values of the sprayed layers is observed that the values of the 
sample M1 vary between 90 şi 160 μm and presents a high dispersion on the values with the 
average 127,8 μm, the sample M2 present values between 310 şi 330 μm with the average 
316,7 μm, which attest a high compacting of the layers deposited by thermal spraying. The 
average roughness of the deposited layers measured with SJ-201P device is maximum 8,50 
µm. 

Microscopic examinations made according EN1321 show the microstructure of the 
deposited layers by plasma thermal spraying process, which consist from globular and 
acicular particles of apatite with the hardness 5 on Mohr hardness scale (figure 5, 6). On the 
examined sections by optical microscopy no defects were observed (pores, microcracks). 

 
Figure 5  The microstructure of the hydroxyapatite ayer deposited by plasma thermal spraying   

(ferric chloride , 50 x) 

 
Figure 5  The microstructure of the hydroxyapatite layer deposited by plasma thermal spraying   

(ferric chloride , 100 x) 

ISIRR 2009 © copyright FACULTY of ENGINEERING - HUNEDOARA, ROMANIA 



 

ISIRR 2009 – 10th INTERNATIONAL SYMPOSIUM “INTERDISCIPLINARY REGIONAL RESEARCH” – 
ROMANIA – HUNGARY – SERBIA, 23‐24 April, 2009, Hunedoara 

 

 In figure 7 and 8 are presented the images of the deposited layer by plasma thermal 
spraying of the hydroxyapatite powder on titanium alloy substrate using SEM (scanning 
electronic microscopy).  
 

 
Figure 7. SEM image of the deposited layer (1200 x) 

 

 
Figure 8. SEM image of the deposited layer (5000 x) 

 

The SEM analysis of the deposited layer by plasma thermal spraying shows a 
characteristic morphology of the deposited layer by plasma thermal spraying with fine and 
big particles disposed uniformly on the surface.  
 

5. CORROSION TESTS  
 

The samples for corrosion tests deposited with hydroxyapatite layers have the aspect 
presented in figures 9 an 10.  

Before the corrosion test the samples were weighed with an analytic balance and 
presented the values: 

M1 = 9,8973 g 
M2 = 11,7419 g 
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The test samples were introduced in simulated body fluid (SBF). In table 3 is presented 
the chemical composition of the corrosion testing solution. 

 

              
Figure 9. Sample M1    Figure 10. Sample M2 

  
Table 3 Regents for preparing SBF (pH7.4, 1l) 

Order Reagent  Amount  

1 NaCl 7.996 g 

2 NaHCO3 0.350 g 

3 KCl 0.224 g 

4 K2HPO4 .3H2O  0.228 g 

5 MgCl2.6H2O  0.305 g 

6 1M-HCl 40 mL 

(About 90 % of total amount of HCl to be added) 

7 CaCl2 0.278 g 

8 Na2SO4 0.071 g 

9 (CH2OH)3CNH2 6.057 g 

 
 The corrosion test is realized on 28 days, after every 7 days is verified the mass losing of 
the samples. In the first step was not observed cracks on the surface of the tested samples. 
 

6. CONCLUSIONS 
 

6.1 The best materials used to the prosthesis fabrication in dental and orthopedic 
medicine are those which are similar the composition of the humane bone, and the repairing 
mechanism of the bone is the natural regenerations. One approach to providing a strong, long-
lasting adhesive interface between a bone replacement implant and the surrounding tissue 
involves the use of bioactive materials. 

6.2 Macro and microscopic examinations of the realized combination show specific 
structure of the materials used, without plasma spraying defects (pores, cracks, microcraks). 

6.3 The generalized corrosion tests are made in simulated body fluid (SBF) by the 
determination of the mass losing in the tests cycles. The test results confirm the corrosion 
resistance of the investigated specimens.  
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ABSTRACT 

For the coats made by using the TiO2 powder (type Metco 102) on a martesitic stainless steel substrate, 
the thermal shock testing conditions consist in: fast heating to 800°C (or 500°C) (10s) and water 
cooling without maintaining to maximum temperature. 
After 20 cycles to a maximum temperature of 800°C we noticed the appearance of pattern fine cracks, 
which is developed along the next 20 cycles but with no scorching. 
For a maximum temperature of the 500°C of the thermal shock, after 180 cycles we not observed the 
appearance of the scorches on the coats surface. 

KEYWORDS 
Thermal Shock, TiO2 coatings, plasma deposition 

 
  

 
1. INTRODUCTION 
 

Plasma spraying of materials such as ceramics and non-metallic, which have high 
melting points, has there fore become well established as a commercial process. Such 
coatings are increasingly used in aerospace, automobile, textile, medical, printing and 
electrical industries to impart proprieties such as corrosion resistance, thermal resistance, 
wear resistance, etc [1,2]. 

One of the most important characteristics of thermal barrier coatings is the ability to 
undergo fast temperature changes without failing; the so called thermal shock resistance. 

 The thermal shock resistance is defined as the number of thermal shock a thermal 
barrier coating withstands without failing. 

This paper describes the results of tests conducted to determine the thermal shock 
behavior of the coats deposited by plasma spraying of the TiO2. 

 
2. EXPERIMENTAL PART 
 

2.1. Experimental conditions at the TiO2 coatings spraying in plasma 
The substrate is the martensitic stainless steel Z12CNDV12. 
The powder used is Metco 102, with 99% TiO2 and particle size between 7,8 and 88 μm. 
The coatings have been made using plasma generator GPPR-400 equipment. 
There have been working using the following parameters: 

 intensity of the current at the generator: 500 A; 
 voltage: 70 V; 
 spraying distance: 50 mm; 
 plasma gas flow: 36,6 l/h; 
 coating thickness: 0,3 mm; 

 Thermal shock testing 
For the coats made by using Metco 102 powder on a martensitic stainless steel 

substrate, the thermal shock testing consist in: fast heating to 800°C or 500°C (10 s) and 
water cooling (600°C/s) without maintaining to maximum temperature. 
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3. RESULTS AND DISCUSION 
 

Some results of the experimental determination are shown in table 1. 
 

TABLE 1. RESULTS OF THE THERMAL SHOCK DETERMINATION 

Cod sample 
The number of 
thermal cycles 

The maximum 
temperature cycle [°C] 

Cooling 
medium 

Observation 
 

48 20 800 water 
The appearance of 

scorches 

50 30 800 water 
The appearance of 

scorches 

54 25 800 water 
The appearance of 

scorches 
Medium 59 

3 180 500 water 
No cracks, 

No scorches 
 

Figure 1 shows some images for the coats made using Metco 102 powder, in a different 
moments of the determination.  

Samples were examined by optical microscopy using a stereo microscope 
As was expected, the evidence submitted TiO2 have a reduced resistance to heat shock 

at 800°C (25 cycles). 
Layers, in its original state, have a characteristic ceramic deposition, with a pronounced 

roughness without visible cracks to the naked eye or to the optical microscope at low zoom. 
The images in Figure 1 reveals the fact that a smooth network of cracks is formed after the 
first set of 22 set of cycles. The cracks increase is fast, showing in this way the extended 
cracks and the exfoliations detected on the sample number 54.The breaking surface is 
highlighted by the glossy appearance of the detachment surface limits. The observed cracks 
have the propagation way perpendicular to the longitudinal axis of the sample, highlighting 
the direction with maximum stretching tensions during the experiment. Also, the cracks 
orientation on the layer thickness is from the substrate towards the deposit surface determed 
by the tensions in the substrate during the experiment. 

Because the treatment chose in the first step was considered excessively harsh for the 
ability of TiO2 to take thermal shocks, the experiment was resumed on a new set of samples 
covered in the same conditions at a maximum temperature of the thermal cycle 5000C with a 
cooling speed of 6000C/s. After running 180 cycles do not show any exfoliations. The network 
of cracks appears to form at a higher number of cycles (54) and extends slowly, increasing the 
number of cycles. The number of cracks expands significantly at over 135 cycles. At the limit 
of 180 cycles the apparition of the first dislocation of the coverage layer on the limits of the 
cracks can be notified. Images for the coats made by using the Metco 102 powder at the thermal 
shock are presented in following samples. 

 

   
                         Sample 50, 40x, Initial state                        Sample 50, 800°C/water/322 cycles Cracks 
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Sample 50 (70x), 800°C/ water / 19 cycles             Sample 50 (70x), 800°C/ water / 31 cycles 

                            Detachment layer                                                                Cracks 

  
Sample 54 (70x), 800°C / water / 25 cycles        Sample  54 (70x), 800°C / water / 31 cycles 

                                  Cracks                                                                         Detachment layer 

  
Sample 54 (70x), 800°C / water / 31 cycles          Sample 3 (70x), 500°C/water/104 cycles 

                    Detachment (per section)                                                             Cracks     

   
Sample 3 (70x), 500°C/water/130 cycles             Sample 3 (70x), 500°C/water/156 cycles 

                               Cracks                                                                       Network of cracks 
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4. CONCLUSIONS  
 

Conclusions that results from analyzing 
the results of determination the resistance to 
thermal shock of the TiO2 layers are:  

 The TiO2 samples have a low resistance at 
thermal shock at 800°C (25 cycles);  

 It has already formed a network of cracks 
after the first set of 22 cycles performed 
at 800°C;  

 The growth of cracks is rapid, revealing 
the extended cracks and the exfoliation 
uncovered on the sample number 54;  

 The breaking surface is highlighted by the 
glossy limits of the detachment surface;  

 
Sample 3 (70x), 500°C/water/180 cycles 

Cracks and layer displacement 

 The cracks that have been seen have the sense of propagation perpendicular to the 
longitudinal axis of the sample attempted at 800°C, highlighting the maximum stretch 
tension during the experiment;  

 The orientation of the cracks on the coating layer thickness tested at 800°C is from the 
substrate to the surface the deposit, this is determined by the tension of substrate during 
the experiment;  

 Particularly in the first stage of the experiment is considered over harsh for TiO2’s 
capacity to take heat shock;  

 At a maximum temperature of thermal cycle of 500°C and a cooling of 600°C/s after 
running a number 180 cycles, no samples presented peeling;  

 The network of cracks is formed from a larger number of cycles and expands slowly when 
increasing the number of cycles;  

 The maximum temperature of thermal cycle of 500°C, the cracks are not extending 
significantly at more than 135 cycles;  

 The apparition of the first displacement of coverage layer on the edge of the cracks is 
notified at the limit of the 180 cycles with the maximum temperature of 5000C. 
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ABSTRACT 
Au and their coadsorbed layers with Mo and Rh were produced on titania surfaces and characterized 
by LEIS, XPS, AES and STM. The data indicated that the deposition of Au on the Mo-covered 
TiO2(110) surface enhanced the dispersion of gold. The driving force for the disruption is that Au-Mo 
bond energy is larger than the Au-Au bond energy. In case of Au-Rh bimetallic system, Au disruption 
was not observed. Rh atoms impinged onto Au clusters pregrown on TiO2(110) became covered by by 
gold atoms by place exchange. The incorporation of rhodium led to an enlargement of gold clusters.  

KEYWORDS 
nanocluster, gold, molybdenum, rhodium, TiO2, bimetal 

 
 
 

1. INTRODUCTION 
 
The preparation and characterization of metal nanoparticles on oxide surfaces is of great 

technological importance in catalysis, gas-sensorics and in different fields of material science. TiO2 has 
excellent properties as a support material, affecting the catalytic activity of the supported particles in 
an advantageous way in many cases. Both the metal-support electronic interaction, and particle 
restructuring can influence the reactivity [1-3].  

The presence of a second metallic component can significantly improve the catalytic 
performance in several cases, assigned frequently to “ensemble” or “ligand” effects [4], as it was 
experienced for example in the catalytic reduction of NO on supported Rh-Ag [5], in the steam 
reforming of methane on supported Ni-Au [6] or for the oxidation of CO on Pd-Au/TiO2 [7]. 
Segregation or dissolution of surface atoms are key issues in bimetallic systems. Low energy ion 
scattering spectroscopy (LEIS), applied in the present work with He ions, is  particularly useful to 
follow the surface composition, because it gives information only about the outermost atomic layer.  

Previous studies concluded that the growth of gold and rhodium adlayers on clean TiO2 followed 

Volmer-Weber mechanism, while XPS measurements showed that there is no chemical interaction 
between stoichiometric TiO2 and the gold or rhodium particles [2-3, 8-10]. In the case of Mo growth 

on TiO2(110), we found that the outermost atomic layer comprises of considerable amount of 
molybdenum and oxygen both at low and high metal coverages [11]. The reaction between TiO2 and 

Mo is also evidenced by the shift in the Ti2p and Mo3d XPS lines, revealing that Ti is reduced, while 
Mo is oxidized. The oxidation state for titanium was 4, 3 and 2, in harmony with previous findings 
[12].  

In our former study it was demonstrated by scanning tunneling microscopy (STM) and LEIS 
that addition of Mo to Au/TiO2(110) resulted in the disruption of gold nanoparticles [11]. This led to 
the increase in the dispersion of gold. In the present work we compare the behavior of Au-Mo system 
with that of Au-Rh system, both on TiO2(110). Note that the interaction of rhodium with titania is 
much weaker than that of Mo, corresponding to the lower activity of Rh towards oxygen. 
 

2. EXPERIMENTAL 
 

The experiments were performed in two separate ultrahigh vacuum (UHV) systems (base 
pressure <5 ×10-8 Pa). One chamber was equipped with facilities for LEIS, AES, and XPS 
measurements. In the second one, STM and AES techniques were applied. 
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A Specs IQE ion source was used for LEIS. He+ ions of 800 eV kinetic energy were applied at a 
low ion flux. The ions and electrons were analyzed by a Leybold hemispherical energy analyzer. The 
STM imaging was performed by  electrochemically etched W-tips conditioned in situ by voltage pulses 
in a commercial room temperature STM system (WA-Techology). 

The rutile TiO2(110) single crystals were products of PI-KEM. The samples were attached to a Ta 
plate with a UHV compatible oxide glue (AREMCO, ceramobond 571), and could be heated with a 
filament placed behind the Ta plate. The sample temperature was measured by a chromel–alumel 
thermocouple, attached to the side of the sample with the same adhesive material. The cleanliness, 
composition and morphology of the surface were controlled by AES, LEIS, XPS and STM methods.  

Rh, Mo and Au were deposited by an EGN4 e-beam evaporator of Oxford Applied Research at a 
substrate temperature of 300 K. The amount of the deposited metals is expressed in equivalent 
monolayers (eqML). In the STM chamber, the surface concentrations of the deposited metals were 
estimated from the volume of the nanoparticles separated clearly from each other.  
 

3. RESULTS AND DISCUSSION 
 

Rh formed predominantly two dimensional (2D) clusters on titania at small coverages (ΘRh≤0.2-
0.3 ML) at room temperature according to STM and LEIS results, while 3D nanoparticles were formed 
at higher amounts of Rh (with a typical diameter of 1.8 nm and a height of 0.5 nm at ΘRh=0.5 ML). 
Gold clusters were significantly larger (diameter of 3.2 nm at ΘAu=0.5 ML). Deposition of Rh on the 
Au/TiO2(110) surface led to a decrease in the Ti and O LEIS peaks due to the shadowing effect of Rh. 
In contrary, a significant increase in the LEIS signal was detected for Au, which means that the 
number of Au atoms on the topmost layer of the metal clusters was enhanced (figure 1A). It was 
observed in a broad coverage range (ΘAu=0.25-0.8 ML), the effect being somewhat stronger at higher 
gold concentrations. Deposition of Mo on Au/TiO2 resulted in rather similar changes in LEIS spectra 
(figure 1B). 

 
Fig.1 (A) Ti, Rh and Au LEIS signals as a function of Rh deposition time and (B) Ti, Mo and Au LEIS 

signals as a function of Mo deposition time, both recorded on Au-precovered titania. 
 

STM measurements indicated that in the case of similar coverages (�Au and �Rh appr. 0.5 ML) 
the number of Au nanoparticles did not change on the effect of the deposition of Rh. Gold clusters 
became larger after Rh deposition (figure 2 A, B, C), in contrary to what was observed for post-
deposition of Mo on Au/TiO2 (figure 2 D, E, F). The statistical evaluation, in which a raised attention 
was paid to tip-shape effects, exhibited an average increase of the volume of the Au particles by 60-80 
% on the effect of Rh post-deposition. According to the analysis of the images,  a simple attachment of 
Rh atoms landing on Au nanoparticles during evaporation can account for an increase in the volume of 
the Au particles by only 20-25 %. The unexpected enhancement of the average volume suggests that a 
fraction of rhodium atoms impinging on the free oxide surface in the vicinity of Au clusters is trapped 
by gold nanoparticles, while the rest of Rh formes separate rhodium clusters. Comparing LEIS and 
STM data, the increase in the Au LEIS peak indicates that a part of rhodium atoms evaporated on top 
of the gold clusters, moved to subsurface sites of gold particles. One plausible mechanism is place 
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exchange. Both thermal and non-thermal place exchange was previously observed, when Rh was 
deposited on Au(111) [13,14], resulting also in the, formation of subsurface Rh atoms, though the two 
metals are immiscible in bulk. Note that the surface energy of Au is much smaller than that of Rh. 
Alternatively, it seems probable that those rhodium atoms on the surface of gold clusters, which do not 
take part in place exchange can be covered by Au atoms diffusing on the cluster surface. Both 
mechanisms involve the incorporation of rhodium into the gold clusters and lead to an increase in the 
cluster diameter, and a concomitant enhancement in the Au LEIS signal. 

In contrary, for the Mo-Au system another 
mechanism may operate. As the STM pictures show 
(figure 2 D,E,F), the Au particles are disrupted due 
to Mo deposition. The question arises why the 
behaviour is different for the Au-Rh and for the Au-
Mo systems. Rh and Mo have similar characteristics 
in their relation with Au. Both metals are practically 
immiscible with gold [15] and have much higher 
surface free energies than Au (at room temperature 
1.63 J/m2 for Au, 2.83 J/m2 for Rh and 2.88 J/m2 
for Mo [16]). A substantial difference between Rh 
and Mo is, however, that Mo reacts strongly with 
titania. As Mo reduces TiO2 even at room 
temperature, evidenced by XPS, the reduced 
centers formed are responsible for the enhanced 
gold dispersion, since these can bind gold atoms 
stronger. The energy released during the reaction 
between Mo and surface O also may contribute to 
the activation of this process. 
 

4. CONCLUSION 
 

It was found by LEIS and XPS that Rh atoms 
impinged onto Au clusters grown beforehand on 
TiO2(110) were covered by gold atoms through 
place exchange and/or surface diffusion already at 
room temperature. The driving force for the process 
is related to the surface free energies of the 
components. At the same time, separate Rh clusters 
are also formed on the gold-free oxide surface as 
revealed by STM measurements. In the case of Au-
Mo system on titania, Mo deposition causes the 
disruption of gold nanoparticles. The present work 
clearly suggests that the parallel application of LEIS 

and STM techniques is very effective to explore the fine details of the supported bimetallic systems.  

 
Fig.2: STM images recorded after deposition of 
(A) 0.6 ML of Au;  (B) 0.6 ML of Au followed by 
0.6 ML Rh; (C) 0.6 ML of Rh; (D) 0.6 ML of Au;  

(E) 0.6 ML of Au followed by 0.3 ML Mo; (F) 
0.4 ML of Mo. The size of the images: 20 x 20 

nm2. 
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Abstract 

The development of nuclear resonance (NMR) imaging techniques as a clinical diagnostic modality has 
prompted the need of compounds, which enhance the image contrast between normal and diseased 
tissue and/or indicate the status of organ or blood flow. Complexes of paramagnetic transition metal 
and lanthanide ions with polyamino-polycarboxylic acids have been studied earlier in this respect in 
detail.  
Owning to the structural similarities between the polyamino-polycarboxylic acids and polyamino-
polyphosphonic acids, the lanthanide and transition metal complexes of the later ones were prepared 
and studied. The ethylenediamino-tetramethylene-phosphonic acid (EDTMP) and 1,3-
propanediamine-tetramethylene-phosphonic acid(PDTMP) were chosen as ligand, and lanthanide 
ions (Eu(III), La(III), Gd(III), Sm(III)) or transition metal ions (Fe(III), Zn(II), Cu(II), Ni(II), Mn(II), 
VO(II)) used for preparation of metal complexes. The preparation of complexes were performed at 
different pH (pH= 1, 3 and 5). The composition of the complexes was determined by metal ion analysis 
and the complexes were studied by thermal analysis and IR spectroscopy. 
The thermal behaviour of the transition metal complexes of EDTMP and PDTMP permit a suggestion 
for their use as a precursor compound to prepare different phosphate compounds, having interesting 
magnetic properties. 

Keywords: 
polyamino-polyphosphonates, lanthanide complexes, transition metal complexes, MRI agents, 
precursors for metal phosphates 

 
 
 

1. INTRODUCTION 
 

Throughout history, metals and metal compounds have been used in medicine to treat a 
variety of ailments. An even more recent development is the use of paramagnetic metal 
complexes for enhancing contrast of magnetic resonance imaging (MRI) in the non-invasive 
diagnostics of diseases and tumours. Paramagnetic metal ions function as contrast agents by 
increasing the relaxation rates of the observed water protons near the ion, through 
interactions between the electron spins of the paramagnetic centre and the nuclei of the 
water hydrogens [1–2].  

Numerous complexes with polyaminopolycarboxylic acids have been studied as 
potential contrast agents [3–10]. The structural similarities between the polyamino-
polycarboxilic and polyaminopolyphosphonic acids determined the study of these ligands as 
chelating agents. Replacement of the carboxylic groups by organophosphonic acid groups 
determines the specific nature of the polyamino-polyphosphonic acids due to the presence of 
tetrahedral phosphonic group as compared to planar carboxylic group and greater 
polarisability of the PO bond [11, 12]. 

Our studies had been focused to the synthesis and characterization of some lanthanide 
and transition metal complexes with two of the polyamino-polyphosphonic acids (EDTMP, 
PDTMP), because exchange reactions between the lanthanide complexes used as contrast 
agents in MRI and end transmetalation by transition metalions may place in the human 
body. By this way a dangerous free lanthanide ions could be appeared [13-14] and owning to 
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this phenomenon the use of lanthanide complexes of the EDTMP and PDTMP, as an MRI 
agents reagents, will forms a new problem. 

An another practical importance of the polyamino-polyphosphonic acids and their 
metal complexes is the use of them as a precursor of different metalpolyphosphates. For 
instance in the last 10-20 years an increased interest could be observed against the new iron 
phosphates, pyrophosphates, alkali-iron phosphates- pyrophosphates as compounds having 
special magnetic properties. The metal complexes of polyamino-polyphosphonic acids were 
proofed as a candidate as precursors for preparation of the above mentioned metal 
phosphates, pyrophosphates[15].  

In the present work the complexes of different lanthanide-, transition metal complexes 
of EDTMP and PDTMP were isolated from solution having different pH and their IR spectra 
and thermal stabilities were studied in order to determine their compositions, their stability 
and the binding mode of the water molecules in the complexes. 

 

2. EXPERIMENTAL 
 

Preparation of the ligands 
The investigated polyamino-polyphosphonic acids (EDTMP and PDTMP) were 

synthesized by us via a Mannich reaction of 1,2-ethylenediamine or 1,3-propanediamine with 
phosphorous acid and formaldehyde, as described earlier [16, 17].  

pK values of the ligands(EDTMP, PDTMP) 
 The protonation constants and the complex stability constants were determined by 
potentiometric titration [20]. The pK values of the ligands determine the possible 
composition of the metal complexes prepared at different pH and different ligand metal ratio. 
At low pH (1-3), 2-5 proton could be replaced by sodium and other metal-ion. At higher pH 
all proton could be replaced by sodium ion and different metal-ion. 

Table 1. 
pK values of the EDTMP and PDTMP (H8L) determined by us [18]. 

The pK values of the EDTMP[] and PDTMP [18] 
Ligand pK1 pK2 pK3 pK4 pK5 pK6 pK7 pK8

EDTMP <1 1.5 3.02 5.2 6.4 7.85 10.00 11.00 
PDTMP <2 <2 4.05 5.10 5.89 6.85 10.00 11.40 

 

Preparation of the metal complexes 
 The preparation of the complexes was performed as followings: 
 The ligands (EDTMP and PDTMP) was mixed with the appropriate metal nitrate or 
acetate in ratio 1:1, 1:2 and the pH of the solution was adjusted by adding sodium hydroxide 
solution. The formed precipitate was filtered, washed, dried and stored in exsiccatore. The 
metal-ion and sodium contents of the complexes were determined. 

The composition of the complexes 
 The composition of the investigated complexes is shown in Table 2. Comparing the pK 
values of the ligands and the pH values of the preparation of the complexes, the gained 
composition of the complexes could be interpret easily. 

Table 2. 
The general composition of the investigated metal complexes of EDTMP and PDTMP[18,19] 

Ligand (L) Composition Metal ions (M) 
EDTMP M4(H4L)3 xH2O La(III), Sm(III) 
EDTMP MH5L xH2O La(III), Sm(III) 
EDTMP MNa5L xH2O La(III), Sm(III) 
PDTMP MNa5L xH2O Eu(III), La(III), Gd(III), Sm(III) 
EDTMP 
PDTMP 

MH5L xH2O, 
MNa2H3L xH2O 

MNa5L xH2O 

Fe(III) 

EDTMP, PDTMP MH6L xH2O 
M2H4L xH2O 

Co(II), Ni(II), Zn(II), Cu(II), VO(II) 
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The IR spectra of the ligands and of the metal complexes 
 The characteristic bands of the ligands are presented in Table 3-4. 

Table 3 
Characteristic bands of EDTMP and their assignation [18] 

Band maximum(cm-1) Assignation 
3402s, 3246s ν(OH, water) 
3026s,3014s ν(≡NH+) 

2954s, 2924vs, 2854s νas and νsym of CH2

2767m, 2611m, 2308m ν (OH, POH) 
1653m, broad δHOH 

1461m, 1438m, 1413w, 1379, 1321w δCH2 or/and ν(C−N) 
1261s,1207s, 1121vs,1008vs, 953vs ν (P=O, P−O(H)) 

838w, 792w, 776w,748w ν(C−P)  
573m, 532m, 487m ν (OH, POH) 

 

Table 4 
Characteristic bands of PDTMP and their assignation [19] 

Band maximum(cm-1) Assignation 
3372s ν(OH, water) 

3024s,3005s ν(≡NH+) 
2950s, 2921vs, 2849s νas and νsym of CH2

2773m, 2612m, 2288m ν (OH, POH) 
1657m, broad δHOH 

1485m, 1437m, 1411w, 1344 δCH2 or/and ν(C−N) 
1248s,1167s, 1050s, 980s, 944s ν (P=O, P−O(H)) 

838w, 792w, 776w,748w ν(C−P)  
602m, 585m, 548m, 512m, 482m ν (OH, POH) 

 

 The IR spectra, characteristic bands of metal complexes changed, related to the IR 
spectra of the ligands, showing the formation of complex between the metal ion and ligands 
[18, 19]. 
 

3. THE THERMAL BEHAVIOUR OF THE EDTMP, PDTMP  
     AND THEIR METAL COMPLEXES 
 

 Both the EDTMP and PDTMP ligands have 2 water molecules, as a crystal water, which 
release the solid material on heating in two steps (below 150 oC and between 150 and 200 oC, 
1.5 and 0.5 mole water, respectively)[16,17]. 
 The thermoanalytical studies of the metal complexes of EDTMP, PDTMP show that the 
complexes of EDTMP, PDTMP contain two types of water molecules. This fact is very 
important from point of view of possible medicinal use of these complexes.  
 From the thermal decomposition of the metal complexes of EDTMP, PDTMP several 
conclusions could be drawn: 

1. One of the final decomposition products is the metal-pyrophosphate, sodium-
pyrophosphate. 

2. The free OH groups of the EDTMP, PDTMP losses water molecules on heating, so 
they form polyphosphates with different composition and probably with different 
structure. 
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ABSTRACT 

The catalytic degradation of pure and mixed polymers such as poly-(vinylchloride) (PVC) and poly-
(ethylenterephthalat) (PET) was followed by thermal analytical method (TA) and was performed in a 
laboratory batch system (LBS) using modified ZSM-5, MCM-41 and hydrotalcites based catalysts. In 
degradation of PET, the acidic H-ZSM-5 resulted in less liquid products and more gaseous 
components than the other, transition metal containing catalysts. The degradation of PVC takes place 
in two steps, the first is the departure of HCl at about 300 oC followed by formation of aromatic 
hydrocarbons. Minimal residue could be obtained over Fe,Mg,Al-hydrotalcites and mixed oxide 
catalyst. From the results obtained it can be concluded that not only the catalyst structure but also the 
polymer structure determines the activity of a micro- or mesoporous material in the catalytic 
degradation of plastics or plastic wastes. Therefore, different optimal conditions (catalyst and reaction 
temperature) can be applied for each plastics studied (pure, mixed and waste) in thermal treatment. 

Keywords: 
plastic pyrolysis, porous catalysts, degradation, polymer waste, PVC, PET 

 
 
 

1. INTRODUCTION 
 
The total amount of plastic wastes generated by our society is growing rapidly. The main source 

of plastic is the municipal solid waste. Plastics contained in the municipal solid wastes can be 
estimated about 10% of total waste by weight and the amount goes up to 20% when consider in 
volume. The low biodegradability of different plastics creates a serious environmental problem that is 
directing the governments and environmental organizations and enterprises to propose a hierarchy to 
solve the problem of plastic wastes based on source reduction re-use and recycling. Up to now and 
considering the case of European Union only ~10 wt.% of plastic wastes have been recycled, while ~73 
wt.% have gone to landfills and ~17 wt% have been incinerated [1]. 

While incineration can be used to recover the waste as energy, the loss of a potential chemical 
source and negative public acceptance limit the extend of this solution. If we accept that landfill 
storage is not a rational solution and can only be considered as provisional, then one is left with the 
most desired primary and secondary waste recycling. The primary recycling however, are limited to 
pure thermoplastics, therefore secondary technologies used for treatment of mixed plastic wastes is of 
growing importance. In this way plastic wastes are converted into monomers, fuels or valuable 
chemicals for petrochemistry [2]. 

Traditional thermal cracking, i.e. pyrolysis can be applied to transform both thermoplastics and 
thermosets into gases, liquid hydrocarbons and solid residue [3]. Thermal cracking and hydrocracking 
have been studied at laboratory and pilot plant level, and some commercial installation have been built 
for treatment of mixed plastic wastes, even those containing chlorine [4]. However, thermal cracking 
yields low value unstable hydrocarbons within a very broad range of molecular weight. Catalytic 
degradation can operate at lower temperatures and can produce products with better quality (much 
narrower boiling point distribution and much higher stability) [5].  

A large number of laboratory studies have been conducted for direct catalytic degradation of 
polymers, especially for pyrolysis of polyolefins, however, there are a lot of study deal with the 
degradation of PET and PVC. A high variety of catalysts have been used that even if performing well, 
they can be uneconomical due to the price of catalyst and to the high energy demand. Among the 
catalysts studied acidic zeolites and mesoporous materials performed special activity in the 
temperature range of 300-500 oC [6-10]. 
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The objective of this work is to study the potential of modified ZSM-5 zeolite, MCM-41 me-
soporous silica, hydrotalcites (HD) and HD originated mixed oxides as catalysts for degradation of 
PET and PVC using thermal analytical measurements and laboratory reactor experiments. 

Table 1: Properties of catalysts 
Prepared catalyst 

sample 
Structure (XRD, IR, TEM) BET surface area, 

m2/g 
CaCO3* - 3.3 

CaO* - 1.5 
Na-ZSM-5 ZSM-5 360 
H-ZSM-5 ZSM-5 385 
Fe-ZSM5 ZSM-5 346 

Cu-ZSM-5 ZSM-5 352 
Ni-ZSM-5 ZSM-5 370 

Fe-MCM-41 MCM-41 890 
Ti-MCM-41 MCM-41 1010 
Cr-MCM-41 MCM-41 960 
Mg-Al-LDH hydrotalcite 20 

Fe-Mg-Al-LDH hydrotalcite 25 
Cr-Mg-Al-LDH hydrotalcite 12 
Cu-Mg-Al-LDH hydrotalcite 32 
Ca-Mg-Al-LDH hydrotalcite 16 

Mg-Al-MO Mg- + Al-oxide 40 
Fe-Mg-Al-MO Mg- + Al- + Fe(III)-oxide 42 
Cr-Mg-Al-MO Mg- + Al- + Cr(III)-oxide 50 
Cu-Mg-Al-MO Mg- + Al- + Cu(II)-oxide 27 
Ca-Mg-Al-MO Mg- + Al- + Ca-oxide 21 

*commercial product (MOLAR RT, Hungary) 
 
2. EXPERIMENTAL SECTION 
 
Catalysts 
The catalyst samples were prepared in our laboratory except CaCO3 or CaO (MOLAR RT, 

Hungary). 
The synthesized Na-ZSM-5 zeolite was modified by conventional or solid state ion-exchange to 

form H-, Fe-, Cu-, Ni- and Ti-ZSM5 samples [11]. 
The Ti- or Fe-MCM-41 specimen was prepared from sodium silicate, CTMA-Br and Ti(SO4)2 or 

Fe(NO3) solution at pH 12 [12]. The crystallization was carried out at 373 K for 2 days followed by 
calcination at 823 K for six hours. 

The Fe/Al/Mg-hydrotalcite (MII/MIII = 2, and MIII: 0.9 Al and 0.1 Fe) was prepared by 
coprecipitation at constant pH = 10 ± 0.2 of an aqueous solution of Mg(NO3)2, Al(NO3)3 and Fe(NO3)3 
with a solution of NaOH and Na2CO3 [13]. 

The structure of the catalysts was characterized by X-ray diffraction, IR-spectroscopy and 
transmission electron microscopy, their thermal stability was followed by thermal analytical method. 
The specific surface area and pore size distribution of the samples were determined by nitrogen 
adsorption isotherms. 

The properties of the samples have corresponded to the data of literature. The physical 
characteristics of the catalysts used are shown in Table 1. 

 
Methods 
Commercial plastics: HDPE, PP, PET and PVC in granulate form have been used as model feed. 

The degradation of pure polymers was followed using either by utilizing of thermoanalytical method 
(MOM Derivatograph Q, Hungary) or in a laboratory batch reactor system with gaschromatographic 
product analysis (Shimadzu GC2010, Japan).  
 

3. RESULTS AND DISCUSSIONS 
 
TG experiments 
The TG analysis for pure PET - as it is show non Fig. 1 - proves a relatively sharp, one steep 

weightloss with a maximum in the DTG curve placed at 480 oC. This behavior corresponds with the 
thermal degradation of this polyester of narrow molecular mass distribution. Figures 2 and 3 show TG 
analysis of PET/H-ZSM5 and PET/Ti-MCM41 catalyst mixture with 10 % catalyst content. 

ISIRR 2009 © copyright FACULTY of ENGINEERING - HUNEDOARA, ROMANIA 



 

ISIRR 2009 – 10th INTERNATIONAL SYMPOSIUM “INTERDISCIPLINARY REGIONAL RESEARCH” – 
ROMANIA – HUNGARY – SERBIA, 23‐24 April, 2009, Hunedoara 

 

In the case of the PET/catalyst 
mixture it is clearly observed that 
the polymer degradation takes place 
at a quite lower temperature, due to 
the polymer catalytic cracking. In 
the presence of this catalyst, the 
weight loss starts at temperatures 
between 400 and 425 oC, indicating 
that a significant reduction occurs in 
the threshold temperature compared 
to the pure thermal degradation 
(with DTG maxima as characteristic 
temperature at 485 and 480 oC, 
respectively). Moreover, clear 
differences could be observed in 
regards to this temperature among 
the catalysts; the data can be seen in 
Table 2. 
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Figure 1: Thermal analytical study of PET degradation without 

catalyst   
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Figure 2: Thermal analytical study of PET degradation over H-ZSM-5 catalyst 
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Figure 3: Thermal analytical study of PET degradation over Ti-MCM-41  catalyst 

 
The difference of the PET and the PVC in the catalytic degradation can be seen in Figs. 4 and 5. 

The decomposition of PVC takes place at least in two steps, the first is due to the release of HCl with ~ 
300 oC characteristic temperature, the second peak corresponds to the pyrolysis of the residual 
hydrocarbon framework (440 - 470 oC temperature range). 
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Figure 4: Thermal analytical study of PVC degradation over Fe-ZSM-5 catalyst 
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Figure 5: Thermal analytical study of PVC degradation over Ti-MCM-41 catalyst 

 
Table 2: Characteristic temperature of plastic decomposition 

(DTG peak maxima) 
Catalyst DTG peak maximum, oC 

 PET PVC* 
none 473 320, 478 
CaO - 310, 459 
CaCO3 - 313, 460 
Na-ZSM-5 465 316, 470 
H-ZSM-5 412 313, 423 
Fe-ZSM-5 423 310, 452 
Cu-ZSM-5 - 312, 460 
Ti-ZSM-5 - 305, 456 
Fe-MCM-41 461 269, 443 
Ti-MCM-41 458 275, 450 
Mg,Al-oxide 452 281, 475 
Fe,Mg,Al-oxide 447 292, 471 
Cr,Mg,Al-oxide 445 310, 456 
Cu,Mg-Al-,oxide 456 304, 442 
Ca,Mg,Al-oxide - 290, 445 

*for PVC two peaks can be identified to characteristics 
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4. CATALYTIC DECOMPOSITION OF PET AND PVC IN THE BATCH REACTOR 
 

Considering the solid residual (in mass %) determined at 400 oC at the end of the reactions 
(after two hours) could be calculated the nominal conversion and the relative amounts of gaseous 
(crack), liquid (oil) and solid (residue) products. These data can serve for characterization of the 
process and there are collected in Table 3. In the case of PVC the amount of HCl collected in a trap 
with NaOH solution can be seen in this Table, as well.  

 
Table 3: Conversion of plastic decomposition in the different catalysts at 400 oC 

PET PVC 
 

conv. 
crack 

% 
oil 
% 

resi-
due % conv. 

crack 
% 

oil 
% 

resi-
due % 

HCl 
% 

none 0.853 23.1 36.7 40.2 0.726 3.0 28.5 58.5 72.9 
CaO - - - - 0.894 4.5 52.8 42.7 36.6 

CaCO3 - - - - 0.896 6.3 55.7 38.0 27.4 
Na-ZSM-5 0.733 18.7 43.4 37.9 0.872 6.8 36.4 43.2 76.8 
H-ZSM-5 0.882 55.5 22.7 21.8 0.875 43.7 33.8 22.5 53.5 
Fe-ZSM-5 0.836 23.4 46.7 29.9 0.965 30.1 44.2 25.7 63.9 
Ti-ZSM-5 0.874 34.6 43.2 22.2 0.909 24.2 46.1 29.7 52.9 

Fe-MCM-41 0.756 32.6 46.6 20.8 0.889 11.4 56.9 32.7 62.9 
Ti-MCM-41 0.873 28.5 44.4 27.1 0.842 16.8 44.9 38.3 65.8 
Mg,Al-oxide 0.740 32.0 35.2 32.8 0.936 10.1 62.7 27.2 37.3 

Fe,Mg,Al-oxide 0.943 20.3 47.5 32.2 0.843 16.6 54.7 28.7 65.6 
Cr,Mg,Al-oxide 0.866 37.1 42.4 20.5 0.912 21.3 60.1 18.6 60.3 
Cu,Mg,Al-oxide 0.857 26.2 56.4 17.4 0.886 - - - - 
Ca,Mg,Al-oxide 0.953 - - - 0.826 - - - - 

 

The H-ZSM-5 catalyst possessing strong acid sites resulted in less liquid products and 
more gaseous components than the other, transition metal containing catalysts. These results 
are in agreement with the fact that acidic sites catalyze the degradation/cracking of heavier 
hydrocarbons.  

The Cl balance can be calculated from the relative amount of HCl, and it is clerly seen 
that the basic catalysts react with the HCl formed in the pyrolysis. This reaction could results 
the deactivation of the catalyst, however, its importance is the possible mineralization of 
chlorine. 

The effect of the temperature for the reaction of PET in the presence of Al-Mg-oxide 
catalyst can be seen on Fig. 6. On higher temperatures the formation of gaseous products are 
preferential. 

350
400

450
500

crack

middle
residue

0
5

10
15
20
25
30
35
40
45
50

S
el

e
ct

iv
it

y,
 %

Temperature, oC

 
Figure 6: Product distribution in PET degradation at different temperatures  

in the present of Al-Mg-oxide catalyst 
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5. CONCLUSIONS 
 

For PET degradation the non-acidic Na-ZSM-5 and the Fe-ZSM-5 samples product liquid 
hydrocarbons with yields about 90 % which is higher than that of non-catalytic thermal degradation. 
while the H-ZSM-5 sample enhances the formation of low molecular weight (gaseous) products. 

The catalytic degradation of PVC takes place at least in two steps: the first one is the leaving of 
HCl. In this reaction. The catalysts with basic character (CaO, CaCO3, hydrotalcites and Mg-Al-mixed 
oxides) have definite activity, principally due to the stabilization of the system by the reaction with the 
releasing HCl. 

From the results obtained it can be concluded that not only the catalyst framework but also the 
polymer structure determinate the activity of porous materials in the catalytic degradation of plastic 
wastes. The polymer chain ends are able to penetrate into the pore system of the catalyst, reaching the 
active sites into the channel system. 

Polymer with aromatic ring. i.e. PET show lower activity in the case of catalysts with smaller 
pore sizes (ZSM-5). By other hand, the higher pore size resulted in higher initial reactivity, but the 
coke deposition was improved in the catalysts of large pores, can lead to a fast deactivation. 
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ABSTRACT 

The increasing demand for alternative energy sources drew a great attention to the steam 
reforming of ethanol to produce H2. From environmental point of view the use of ethanol is 
preferred because it can be readily produced from renewable biomass 
Recently it has been found that supported noble metals are active catalysts of H2 production 
in the ethanol reforming. It was found that while the selectivity of hydrogen decreased in 
time, the formation of ethylene increased parallel to it on all alumina supported noble metals 
at 723 K. This trend was resumed by increasing the following parameters: water 
concentration, metal loading and reaction temperature. By means of infrared spectroscopy 
and TPD measurements it was found that after the ethanol adsorption not only different 
types of ethoxy species but significant amount of adsorbed CO and acetate group were 
present on the surface. The latter species were stable even above 700 K. During the reaction 
at 723 K not only acetate but adsorbed CO was found. It is surprising to detect CO well above 
its desorption temperature. It means that the formation rate of the CO is higher than its 
desorption or further reaction rate.  
It was presumed that the surface acetate species bonded mainly to the support. In spite of the 
location of these species we stated that the surface acetate hindered the reaction to hydrogen 
on the metal. 
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ABSTRACT 

A diode laser based near infrared (1532 nm) photoacoustic ammonia monitoring instrument was combined with a 
preconcentration unit in order to reach sub-ppb detection limit with a compact, automatic measuring instrument. 
The system has no measurable cross-sensitivity to common atmospheric gases, most importantly to water vapor 
and carbon dioxide. The minimum detectable amount of ammonia is 2.9 ng, which means a minimum detectable 
concentration of 0.5 ppb with a 30-minute measurement time. The instrument was calibrated with the widely 
accepted, wet-chemical AMANDA instrument, and was tested in several inter-comparison campaigns with various 
instruments. Results of the inter-comparison campaigns show that the instrument is highly reliable even under 
harsh field conditions and accurate enough for environmental ammonia concentration monitoring. 
The instrument can be operated with three sampling inlets and thus can be used for ammonia flux measurements 
with the gradient method. The instrument was successfully tested in a measurement campaign on an agricultural 
field near a cattle farm, the purpose of which was to quantify ammonia load to the field originating from the cattle 
farm, taking use of the wide dynamic range of the instrument. In a second campaign, long term flux 
measurements were carried out for several months above semi-natural grassland, where the stability of the 
instrument was tested. In this campaign, ammonia emission was observed during the day (with a typical 
maximum of about 220 μgN/m2·h) and deposition during the night (-10 μgN/m2·h on average), and the measured 
flux values were within the theoretically estimated range.  

Keywords 
ammonia, concentration, flux, photoacoustic spectroscopy, preconcentration 

 
 
1. INTRODUCTION 
 
Ammonia is the most important alkaline gas in the troposphere, therefore plays a crucial role in 

atmospheric acid-base chemistry. Increased ammonia load might alter the pH of soil and water and 
thereby damage sensitive ecosystems. Besides this, ammonia is the third-most abundant nitrogen-
containing compound in the atmosphere, which means that higher amounts of ammonia mean an 
increased nitrogen load and might cause eurtophication. Furthermore, ammonia contributes to 
atmospheric fine aerosol formation, through its reactions with sulfur and nitrogen oxides, and effect 
global radiation budgets and has adverse effects on human health. 

Due to the above mentioned facts, ammonia is considered as an air pollutant; however its 
importance has been discovered only recently. The Gothenburg Protocol of the UN Convention on 
Long-Range Transbounday Air Pollution in Europe was the first international convention regulating 
ammonia emissions. 

Besides its concentration, fluxes of ammonia are also important from the environmental point of 
view, since this provides information about the direction and magnitude of ammonia exchange 
between the atmosphere and biosphere. 

Several ammonia monitoring instruments have been developed in the past few decades, 
however, none of them is ideal for long-term ammonia flux monitoring in the field, therefore 
developing ammonia monitoring instrument remains an unsolved problem. 

We have developed a compact, automatic instrument based on diode laser based photoacoustic 
spectroscopy, combined with chemical preconcentration of the sampled air, which ensures the high 
sensitivity and selectivity. The instrument can be supplemented with more sampling inlets which make 
it suitable for flux measurements based on gradient methods.  
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2. EXPERIMENTAL 
 
We have combined a near-infrared diode laser based photoacoustic ammonia monitoring system 

described in Ref. 1 with preconcentration sampling (Ref. 2). The instrument can be supplemented with 
more sampling inlets and therefore used in flux measurements. The main characteristics of the 
instrument are the following: detection limit of 0.5 ppb, time resolution between 5 and 30 minutes, no 
measurable cross sensitivity to water vapor, carbon dioxide and aerosol particles, compact design and 
capability of unattended, automatic operation. 

 
3. RESULTS 
 
Long term ammonia flux measurements were carried out with the instrument in Bugac, above 

semi-natural grassland in the Hungarian Great Plain. A cattle farm is located near the monitoring 
station that causes relatively high ammonia concentration during the day.  

Figure 2 shows a 3-day part of the 
measurements. White area indicates 
when the three sampling inlets of the 
instrument were placed at 0.5, 1.3 and 
3 m, respectively for gradient 
measurements. Shading indicated when 
the inlets were brought to a common 
height (1.3 m) for self-checking and 
determination of correction factors if 
necessary. The Figure shows that in case 
of gradient measurements higher 
concentrations were observed closer to 
the ground, which indicates emission of 
ammonia. 

Ammonia fluxes were calculated 
from the concentration data measured at 
three different heights using the 
aerodynamic gradient method. Fluxes 
were averaged to determine the average 

daily variation of the ammonia flux. Figure 3 shows 
this daily variation for the period 2nd July – 5th 
October, 2008.  
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Figure 2: Ammonia concentration measured by the three 

inlets of the photoacoustic instrument in Bugac. Shading 
indicates when all three inlets were placed at the same height 
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Figure 3: Average daily variation of ammonia flux, 
calculated from the measurement data from three 
different heights for the period between 2nd July 

and 5th October, 2008 

The Figure shows that ammonia is emitted 
during the day and weakly deposited during night. 
The net balance of ammonia is positive, the site is an 
emission source of ammonia, which is a result of the 
nearby cattle farm. 

 

4. CONCLUSION 
 
We have developed a novel ammonia 

monitoring instrument that is suitable for measuring 
ammonia concentration at three different heights 
simultaneously. The obtained data can be used for 
ammonia flux calculation based on the gradient 
method. Several months of test measurements show 
that the instrument is well suited for long-term 
environmental monitoring. 
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ABSTRACT 
Despite of its importance, the possibilities to determine the direct radiative forcing by 
atmospheric aerosols is very limited due to lack of the reliable on-line instruments. Therefore 
there is an increasing concern for novel methods promising more accurate and reliable 
results in this field. The accuracy and reliability of the available on-line instruments like SP2 
(Single Particle Soot Photometer), MAAP (Multi Angle Absorption Photometer), are limited 
by the weakness of the spectral resolution or the sampling artefact of filter matrix during the 
light attenuation measurement on the deposited filter. These methods neither suitable for 
direct determination of the light absorption by aerosols nor dispose the capability of the 
source apportionment. 
 In this work we present a novel photoacoustic based instrument for direct light absorption 
measurements in the atmosphere and demonstrate the suitability of that both in laboratory 
and field circumstances.  
We have developed a novel Multi Wavelength PhotoAcoustic System (WaSul-MuWaPas) 
based on the diode laser pumped, high repetition rate, Q-switched Nd:YAG laser and its 
frequency converted harmonics for direct determination of light absorption by aerosols. 
This instrument has designed to make in situ measurements at four different wavelengths 
simultaneously from the NIR to the UV wavelength range (1064nm, 532nm, 355nm, 266nm). 
The Wasul-MuWaPas measures directly the optical absorption coefficient on airborne 
particles, not belong to the integrated plate type technique (filter-free operation), operating 
at wide wavelength range (source apportionment possibilities), due to the possibilities of the 
wavelength independent cell constant determination the measurement method is absolute.  
Because of these the Wasul-MuWaPas system may become one of the best candidates for 
absorption measurements of various atmospheric aerosols such as black carbon, mineral 
dust, and secondary organic and inorganic aerosols as well as for source apportionment 
studies.  
The present system was successfully tested both under the laboratory and field 
circumstances. The results of these studied, demonstrated here, is shown excellent 
agreements with reference methods and presents the main characteristic performances of the 
system verifying the potential of Wasul-MuWaPas to characterizing the spectral properties of 
atmospheric aerosols.  
These researches were funded by Hungarian Ministry of Economy and Transport 
NKFP_07_A4_AEROS_EU. 
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Abstract: 

The natural nitrogen cycle is significantly influenced by the human activity – principally by 
agriculture and transport. The excessive fertilizing, the organic matter content of sewage 
waters, and the emission of nitrogen oxides to the atmosphere – caused by vehicles and 
industrial activities – are unsettling the biosphere’s nitrogen balance. The anthropogenic 
nitrogen surplus in soils, water bases and atmosphere means great problem, and its indirect 
effect is observable in our environment and daily life. Nitrite and nitrate pollutions are 
important and serious risks in spite of being relegated to the background in global 
environmental protection. 

Keywords: 
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1. SIGNIFICANCE OF NITROGEN 
 

The nitrogen is present in the environment in many various forms and considerable 
amount. Nitrogen compounds are especially important from environmental, ecological and 
physiological aspect because they are indispensable constituents of e.g. proteins, nucleic 
acids or humus; they can be found in the atmosphere, in soils or in any living organism. The 
wide interval of nitrogen’s oxidation state (-3 - +5) indicates the high number of the – 
essential, toxic, neutral or anthropogenic - components nitrogen can form. Among these 
numerous compounds nitrate and nitrite mean significant environmental risk and can cause 
long-term natural damages.  

 

2. THE NITROGEN CYCLE 
 

The elemental nitrogen of the atmosphere – because of its inert structure – highly 
resists chemical reactions; hence the most of organisms are disable to use it for biological 
processes.  Only some microorganisms (e. g. Rhizobium, Azotobacter, Clostridium) can fix 
and convert nitrogen to accessible form for plants (ammonia, ammonium). Ammonia is 
oxidized by Nitrosomonas and Nitrococcus bacteria to nitrite which is converted to nitrate by 
Nitrococcus and Nitrobacter species during the nitrification process. These nitrogen forms 
are also available for the flora.  Nitrogen compounds of organic residues are converted to 
ammonia in the course of ammonification then nitrified as well. A part of nitrite/nitrate 
content of the soil is returned to the atmosphere as elemental nitrogen and dinitrogen oxide 
by the activities of e.g. Pseudomonas, Paracoccus species (denitrification) (Figure 1).  

Accordingly the presence of nitrate and nitrite in the soil is evident; these forms are the 
main nitrogen sources of plants and indirectly animals and mankind too. However natural 
nitrogen cycle is significantly influenced by human activities – principally by traffic and 
agriculture. The biosphere’s nitrogen balance is affected by the overfertilizing, the high 
organic matter content of sewage or nitrogen oxide emissions of traffic and industry. 
Anthropogenic nitrogen surplus in the soils, water bases and atmosphere are both sources of 
environmental problems; the impact to the nature is clearly noticeable. 

ISIRR 2009 © copyright FACULTY of ENGINEERING - HUNEDOARA, ROMANIA 



 

ISIRR 2009 – 10th INTERNATIONAL SYMPOSIUM “INTERDISCIPLINARY REGIONAL RESEARCH” – 
ROMANIA – HUNGARY – SERBIA, 23‐24 April, 2009, Hunedoara 

 

               

Elemental nitrogen 
N2 

Ammonia, ammonium
NH3, NH4

+ 

Organic residues’ nitrogen 

Plants

Nitrification

Nitrite, nitrate 
NO2

-, NO3
- 

FixationDenitrification Ammonification 

Figure 1. The nitrogen cycle 
 

3. FERTILIZERS 
 

Usually the nutrient content of soils does not correspond with the demands of 
cultivated plants; hence fertilizers are basic materials in nowadays’ agriculture to increase the 
crop yields. However added nutrients influence the ion mobility and chemical attributes in 
soils and the components of soil water, the considered and responsible application of 
fertilizers not necessarily endangers the environment. Besides proportional nutrient supply 
can be ensured for the plants with fertilizers, some soil parameters can be optimized, such as 
alkalinity or structure. 

However the irresponsible usage of fertilizers can entail serious environmental and 
financial risks; incorrect dosaging can disturb the existing balance of nutrients, can cause the 
elements’ immobilization and might reduce the product’s quality and yield. Soil accepts and 
stores nutrients only in limited rate; if it is encumbered with fertilizers beyond this limit, 
nutrients will concentrate in the soil solution, soil water will be polluted and even salt 
accumulations will evolve. The surplus of organic matter might reach the drinking water 
bases by erosion, leaking of groundwater or surface runoff and threatens their quality and 
causes eutrophication. 

Nitrogen fertilizers can be especially harmful because of their possibly high solubility; 
leaching rate of fertilizers’ nitrogen content can reach 80% depending on weather, 
characteristics of soil, amount of fertilizer and vegetation. 

Further risk of soil’s high nitrogen level is the nitrate accumulation in vegetables. Under 
optimal circumstances organic acids – derived from oxidation of carbohydrates – form 
amino acids with ammonia enzymatically reduced from nitrate. These amino acids are 
essential components of vegetal proteins. If the nitrogen metabolism suffers disturbance, 
biosynthesis of proteins will slow down and nitrates and amino acids will accumulate in the 
plant organism. The accumulated nitrate can worsen the vegetable’s tissue attributes, lasting 
and even its taste. High nitrate levels can be measured in e.g. lettuce, kohlrabi, radish, 
colewort and spinach.  

 

4. NITRATE IN WATERS 
 

Eutrophication of surface waters is caused by increased organic matter content – 
basically nitrogen and phosphorus compounds – originated from sewage or leaking from 
fertilized agricultural areas. Great amount of nutrients offsets the balance between 
photosynthesis and plant breathing: the water’s oxygen concentration rises and the flora 
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starts to proliferate. The multiplied species of fitoplanctons and algae further increase the 
nutrient amount of water however during their degradation processes the water’s dissolved 
oxygen resource is consumed. Finally the lack of oxygen leads to almost complete 
disappearance of flora and fauna, decreasing biodiversity and the water loses its self-cleaning 
capability (Figure 2). Under natural conditions eutrophication occurs much more slowly (e.g. 
lake succession); the intensive organic matter input significantly speeds up the process. 

 

         

Surplus of organic matter 

More intensive photosynthetic activity 

Increased dissolved oxygen level 

Proliferating of flora 

More intensive microbiological degradation 

Drastic decrease of oxygen level 

Decay of flora and fauna, swamping 

Figure 2. Process of eutrophication 
 

High nitrite and nitrate content means direct risk where drinking water is supplied 
from polluted water bases. Leaked to groundwater, nitrogen compounds of fertilizers 
endanger the water quality of drilled wells and other water sources. The amount of nitrate 
ions stays unchanged during the conventional water cleaning processes; hence the nitrate 
content of consumed water is equivalent with the water base’s. 

 

5. NITROGEN COMPOUNDS AS AIR POLLUTANTS 
 

Besides elemental nitrogen other nitrogen compounds are formed in the course of 
denitrification that harm the atmosphere. The gas phase losses of fertilizers can get to the 
atmosphere as nitrogen oxides (e.g. N2O, NOx) and take part in generating acid rains and 
tropospheric smog and thinning ozone layer. The great amount of organic matter can make 
the denitrification more intensive and considerable part of the fertilizer’s nitrogen amount 
can get in the air. Flue gases are main sources of these types of air pollutions; the magnitude 
of fertilizer’s impact is minor, but confirmed and not negligible.  

 

6. NITRATES AND NITRITES IN FOODS 
 

Nitrite and nitrate get in foods partly as a result of not suitable producing or handling 
processes and partly as additives. Food industry applies nitrite and nitrate components (e.g. 
E249 – KNO2, E250 – NaNO2, E251 – NaNO3, E252 – KNO3) primarily with conservation 
purpose. Most of meat products contain added nitrate and/or nitrite preventing appearance 
of pathogen microorganisms and ensuring the bright color of the meat. As mentioned, some 
vegetables’ nitrate content can be high as well such as dairy products, cheeses, wines or flour. 
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7. PHYSIOLOGICAL EFFECTS 
 

Nitrate and nitrite content of foods and drinking water can induce various medical 
problems – however most of these components usually leave human organism fast and 
without evolving any deleterious effect. Nitrite – reduced from nitrate mainly in stomach and 
small intense – can transform to nitrous acid that oxidizes the ferro-ion of hemoglobin and 
causing methemoglobinaemia.  In the case of methemoglobinaemia blood’s oxygen carrying 
capability decreases and even death can occur. Under normal circumstances 1-2% of human 
organism’s hemoglobin is present in methemoglobin form; if this scale is about 10% 
symptoms of languor and concentration disturbance will be observable; 50% of 
methemoglobin is lethal.  Nitrite poisoning is really rare in adult population because a special 

enzyme transforms back the methemoglobin 
to hemoglobin (Figure 3); however babies 
are highly endangered because in early age 
the methemoglobin reductase is not working 
adequately yet. Therefore the babies’ 
nutriments and drinking water must not 
include nitrate or nitrite in even trace 
amount because in lack of medical help 
anoxic state (“blue baby” disease) is 
probably deadly.  

Another problem related with nitrite 
presence is the formation of nitrosamines 

and nitrosamides. These carcinogen N-nitroso compounds are particularly evolved in the 
acidic media of stomach through reactions of amides and amines with nitrite [2].  

 
Figure 3. Structure of hemoglobin and 

methemoglobin [6] 

 

8. REGULATIONS 
 

Because of the above environmental and physiological dangers controlling the nitrate 
and nitrite emissions and monitoring their concentration in foods and waters is important 
and required. Regulations, decrees and limit values exist to avoid the unnecessary, dangerous 
or harmful application of these compounds. The directives and regulations of the EU assign 
fertilizing parameters, limit values for drinking waters, vegetables, meat products etc., and 
lay emphasis on the protection of nitrate sensitive regions (areas where nitrates can easily 
reach drinking water bases). Unfortunately national rules not always correspond to the 
international requirements.  

 

9. CONCLUSIONS 
 

Fast and effective solving of environmental problems caused by anthropogenic nitrite 
and nitrate is difficult task because of its complexity. The only long-term solutions seem to be 
the reasonable fertilizing and the adequate wastewater treatment. The environmental and 
medical risk can only be reduced with controlled emissions and international co-operation. 
Nitrate and nitrite pollutions are critical however often hidden problems of nowadays that 
should be taken much more serious. 
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Abstract: 

Despite of the well-known health-damaging consequences, 40-45% of Hungarian adult population is 
smoking. Numerous publications reported presence of NOx gases in tobacco smoke [1, 2] that can be 
transformed to destructive nitric acid in the human organism. The origins of these dangerous gases are 
the nitrogen compounds of vegetal proteins or – in other opinions – nitrates and nitrites from oxidizer 
additives. We determined the nitrate content of different types of cigarettes and detected 5-30 mg 
nitrate in 1 gram tobacco. It is doubtful how nitrate is generated into cigarettes because it is not 
included on the list of the licensed tobacco additives [3]. 
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1. INTRODUCTION 
 

Tobacco smoke is very complex mixture with over 4000 identified constituents – 
included lots of hazardous – harmful, toxic, carcinogen and mutagen – compounds. NOx 
gases are one fraction of these compounds and by transforming to nitric acid during the 
burning process they can cause serious injury in the tissues of the lungs and in other mucous 
membranes. We tried to verify that the sources of these NOx gases are – at least partly – 
nitrates and nitrites. We determined nitrate content of 20 different tobacco products 
according to the Hungarian standards’ colorimetric methods [4].  

 

2. MATERILAS AND METHODS 
 

Each sample was made from one cigarette’s tobacco amount (~0.5-0.6 g) that was 
mixed with 20 cm3 distilled water at 300 revolutions per minute then filtered with paper 
filter. Ideal soaking time (5 minutes) was measured by sharing the tobacco content of a single 
cigarette to about 0.1 g portions (Figure 1.) because of the relatively high differences between 
nitrate concentrations of the cigarettes from same box (Figure 2).  

The nitrate measurements are based on the reaction of sodium salicylate and nitric acid 
(issued from the reaction of nitrate and cc. sulphuric acid) that results a yellow nitro-
compound of which’s absorbance is proportional to nitrate concentration in the sample. 
During the procedure after 1 cm3 0.03 M sodium salicylate was added to 5 cm3 of the sample, 
water was evaporated on water bath at 95°C. The dry residual was wetted with sulphuric acid, 
and after 10 minutes the solution was diluted with 30 cm3 distilled water, finally the medium 
was alkalized with 7 cm3 10 M sodium-hydroxide. Then the volume was completed to 50 cm3 
with distilled water and in one hour we measured the absorbance of the solution 
spectrophotometric at the wavelength of 410 nm. The exact nitrate concentrations were read 
from a calibration graph, recorded with different concentrations of potassium nitrate 
solutions (Figure 3). 
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Figure 1. Changing of tobacco’s nitrate content in relation of soaking time (Bond Street, red) – the 

tobacco content of a single cigarette was shared to 7 portions (~0.1 g). 
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Figure 2. Changing of tobacco’s nitrate content in relation of soaking time  

– samples were made of entire tobacco content of 6 cigarettes of same brand. 
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Figure 3. Calibration graph of nitrate determinations 
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3. RESULTS 
 

However results varied between comparatively wide limits (6.1-29.5 mg/g), presence of 
nitrate was general; nitrate was detected in every examined tobacco product. One cigarette’s 
average content was 10 mg nitrate. Concentrations of cigar and pipe tobaccos were similar to 
the cigarettes’ results.  The results are summarized in Figure 4.  
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NO3
- content (mg/g)

Helikon, blue
Helikon, green

Marlboro, silver
Bond Street, grey

Philip Morris
Gauloises Blondes
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Sophiane, blue

Bond Street, red
L. D.

Corvina (pipe tobacco)
Sophiane, green

Bond Street, blue
Viceroy, grey

Pall Mall, orange
Lucky Strike, silver

Figure 4. Nitrate content of tobacco products 
 

4. CONCLUSIONS 
 

Both nitrate accumulation (as a consequence of chemical fertilizing) and burning 
booster additives (e.g. potassium nitrate) are possible sources of the tobacco products’ nitrate 
content. The second assumption seems to be confirmed by the fact that nitrate concentration 
of tobacco solution is permanent after 5 minute of soaking; nitrate content of the vegetal cell 
can not be solved so fast without some kind of cell destructive mechanism. This inference can 
be justified if we examine the nitrate content of the cigarettes from the same box: the high 
differences (~30%) can be explained with the unbalanced distribution of the oxidizer nitrate 
compounds sprayed on tobacco leaves or added to the pickle. Considering the above it is very 
notable that nitrate compounds are not included in the list of permitted additives of tobacco 
products [3]. 
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Abstract: 

Rock-Eval (RE) pyrolysis was designed for petroleum exploration to determine the type and quality of 
organic matter in rock samples. The aim of our work was to present new fields of application of the RE 
pyrolysis for assessing the proportion of the organic components of different thermal stabilities, and 
also to apply this method for characterization of organic matter dynamics in polluted sediments, soil 
and paleosoil profiles. 
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1. INTRODUCTION 
 

The geological organic matter is present in the atmosphere, in the water, in the soil,  in 
the recent sediments and in the rocks equally. Organic matter of sediment rocks is studied 
comprehensively, but we have less knowledge from geochemical of organic matter in soils 
and recent sediment, although it should be justified because of mass and the important role 
in the global carbon cycle. 

SOM plays a significant role in the CO2 content of atmosphere and  in controling of 
global earth temperature. Wearing-away of rocks and pedogenesis processes are influenced 
by SOM. Adsorption characteristic of organic matter in soils and recent sediments  determine 
the mobility of organic and inorganic pollution thus effects the quality of water in surface and 
groundwater. 

SOM is not homogenous but is a mixture of many organic matters with different chemical 
compositions and physical qualities. This chemically and kinetically heterogeneous material 
comprises a mixture of plant and microbial residues of various compositions and with different 
decomposition rates, as well as their transformation products, in addition to refractory, long-
residence-time macromolecular organic substances (kerogen, black carbon). Humification of 
biopolymers is determined by those environmental parameters (relief, climatic conditions), which 
define soil types too.  

RE pyrolysis was designed for petroleum exploration to determine the type and quality 
of organic matter in rock samples. Nevertheless, this technique can be used for bulk 
characterization of the immature organic matter in soil samples and recent sediments.  

Either aim of our work was to examine the soil conditions of an archeological site. This 
study is restricted to introduction of new investigation methods in paleosoil examination, 
using the example of the Neolithic archeological site. For determination of the original soil 
type of the examined area we adopt sedimentological, micromorphological and pedological 
investigations as a first step. For supplement this we made an attempt to apply a new method 
for characterization the soil organic matter.  
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2. MATERILAS AND METHODS 
 

Samples were collected from the A and B horizons of chernozem braun forest soil from 
West-Hungary and we analyzed buried paleosoil samples from an archeological site from 
North-Eastern Hungary. The development of the soil horizon was finished in the Neolithic 
Age, when the soil was covered so the evolution of the soil horizon broke off. After this period 
the soil transformed a transition form of soil and sediment. Accordingly reconstruction the 
original type of the soil is possible only by complex analysis. 

We described the soil profile, measured the content and distribution of grain size, the 
content and relative proportion of organic matter and carbonate. For sedimentological 
analysis the composition and distribution of grain size we applied Micromeritics SediGraph 
5000ET X-ray sedimentograph. Applied method for measure content of organic matter and 
carbonate was Dean-method the “loss on ignition” [1]. The measured parameters were 
depicted on profile diagrams for evaluation purposes. 

The Rock Eval data of the soil samples were determined with Delsi Oil Show Analyzer 
(Hetényi et al., 2005). The following parameters can be obtained from one single 
measurement: S1 amount of thermovaporized free hydrocarbons - present in the rock as free 
or adsorbed compounds - expressed in mg HC/g of rock. S2 the current potential of a rock 
sample, represents the total amount of oil and gas a source rock can still produce during 
subsequent complete thermal maturation in an open system. (expressed in mg HC/g of rock). 
Tmax the temperature (oC) which is recorded for the maximum of the S2 peak varies as a 
function of the thermal maturity of the organic matter. TOC (total organic carbon) content 
(expressed in weight %) is defined as the sum of the pyrolysed organic carbon content and 
organic carbon residue content. HI (hydrogen index) is defined as carbon normalized S2 and 
expressed in mg HC/gTOC. PI (production index) S1/S1+S2.  

The experimental conditions of Rock-Eval pyrolysis were chosen that all of the 
hydrocarbonaceous compounds yielded by soil organic matter are recorded as one single peak. 
Pyrograms of our samples can be described by a combination of four elementary Gaussian 
components: F1, F2, F3 and F4. These four components are related to major classes of organic 
constituents differing in origin and their resistance to pyrolysis: labile biological constituents (F1), 
resistant biological constituents (F2), immature non-biotic constituents (F3) and a mature 
refractory fraction (F4). F1/F2 ratio illustrate the relative evolution of the two ’”bio-
macromolecule” classes. The log[(F1+F2)/F3] index quantify the degradation of immature OM 
[2].  
 

3. MATHEMATICAL DECONVOLUTION 
 

In an immature organic matter, like soil, a wide range of components may be present 
simultaneously and each of them is represented by a Gaussian curve on the pyrogram (S2 
peak) with characteristic mean (M) and standard deviation (σ) values. Each pyrogram is a 
complicated overlap of several normal distributions curves. In order to define discrete 
components of the multicomponent mixture, the pyrogram has to be decomposed 
mathematically. The well-known normal distribution curve is symmetric to the mean having 
one inflexion point on each side. A composite curve, may exhibit complicated shape with 
several inflexion points along it. It can be assumed, that in case of this special class of 
composite curves a mean value of at least one component falls within the interval of the two 
smallest inflexion points. This feature was utilized during the recursive decomposition 
algorithm applied in the project.  

The first step is smoothing the originally rough pyrogram using moving average 
method. Moving the window and calculating the means over the whole temperature range 
result in a smooth data distribution of equal density. After several loops a 5ºC interval was 
found large enough to get pyrogram without unrealistic peaks and ditches. 
In the second step of the procedure numerical derivation was fulfilled twice to get the 
inflexion points of the smoothed composite curve. Without using an effective smoothing 
algorithm, there is no chance to get inflexions of real meaning. Afterwards, the two smallest 
inflexion points (Ti,1, Ti,2) were chosen, which surround the mean (Mi) in question. In the next 
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step a two-dimensional search of (Mi, σi) was carried out using a Monte Carlo type simulation 
by computing numerous data pairs so that 

                                                          Mi ∈ (Ti,1, Ti,2), and                                                                  (1) 
                                     σi ∈ (1/(S2Ti,1 )2Π ,), (1/(S2Ti,2 )2Π ,),                                                  (2) 

where S2Ti,j denotes S2 values at Ti,j temperatures. 
Finally, each (Mi, σi) pair was used for calculating model S2 curves, and a least square 

best-fit algorithm is applied to get the best Mi and σi among them. Best model curve is 
determined when ε is minimized so that 
                                                          ε=Σ(S2observed – S2calculated)2,                                                          (3) 
where summation goes from 180°C up to Ti,1 in each case. 

After subtracting the model curve from the original S2 composite curve, the process was 
repeated recursively to the residuum from the second step (numerical derivation) [3]. 

 
RESULTS AND DISCUSSION 
 
Tmax values of approximated Gauss curves belong three category: original biopolymers 

(180-340oC), partially docomposed biopolymers (340-420oC), humic substances (420-
600oC). Calculated values are in accord with measured series of stepwise Rock-Eval analyses. 
Consequently, we can estimating the poportion of original biopolymers well.  

We use a modified application of Rock-
Eval pyrolysis approach for estimating 
the proportion of the components with 
different thermal stability and the 
measure of humification. On a 
pyrogram each unique organic matter 
is represented by a normal distribution 
curve with characteristic mean and 
standard deviation. As a consequence, a 
pyrogram is a sum of numerous single 
Gauss curves what can be decomposed 
using a proper algorithm. In order to 
calculate possible composite curves, 
first the uncertainty of mean and 
standard deviation of RE measurement 
was determined by 20 independent 
runs. On this basis using a Monte Carlo 
type simulation 1000 different 
realizations were calculated. The 
envelope of all these curves defines the 

stripe what is the typical “fingerprint” of the SOM in question. We examined four chernozem-
brown forest soil samples. We accepted  that  the unknown sample belongs into the specified soil 
type if it’s pyrogram concide 90% with the soil type's envelope (Fig. 1). This method should be 
suitable for define soil type of „unknown” samples [4]. 

 

Figure 1. Steps of SOM “fingerprint” analysis

On buried soil’s study we have to pay attention to the processes which passes off after 
the coverage of soil. Soil life breaks off; ventilation stops or decreases and the accumulated 
sediments increase the pressure. These processes are able to change the original properties of 
the soil therefore only time-independent, steady-state characteristics are adequate for 
pedological-morphological description. These are texture, type of soil structures, fabric and 
porosity. We applied Rock-Eval Pyrolysis to get new details of soil organic matter, which can 
indicate the soil type. Mathematical decomposition of the S2 peaks was used to determine the 
rate of partially decomposed biopolymers, humic substances. The rate of organic carbon 
accumulation and decomposition rate of biopolymers were interpreted as function of 
environmental effects.  
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Figure 2. Profile of the monolith and the measured parameters

 

Figure 3. Functionalities of the four constituents (a), (b), (c), (d) and diagrams factors 
versus depth. (Ellipces do not represent confidence intervals, but are for guidance.) 
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All measured parameters from RE Pyrolysis and pedological analysis were depicted on 
profile diagrams for evaluation purposes (Figure 2). The results of the analysis indicate an 
obvious mobilisation process, which worked downwards the profile, and leads to the 
formation of a clay accumulation zone within the profile. This shows strong hydromorphic 
effect in the soil. 

According to relationship between (a) stabile bio-macromolecules (F2) and immature 
geo-macromolecules (F3); (b) labile bio-macromolecules (F1) and refractory geo-
macromolecules (F4); (c) relationship between components F1, F2, F3 and (d) F1+F2, F3 and 
F4 components three zones can be well separeted. Consequently the horizons prognosticated 
by pedological description are identifiable from RE details as well.  

Every measured parameters (all measured and calculated values from Rock Eval 
pyrolysis and pedology routine) were fed into SPSS 11.0 programme. The Factors were 
composed of strong correlated parameters. As following step we depicted these ones versus 
depth (put back in the original soil profile). Factor 1 involves clay, S1, S2, Tmax and organic 
matter (measured by Dean method); Factor 3 contains sand and HI values (Figure 3). We can 
separate three point set in this way, which correlate with the pedological details. 

We compared pedological details with the results of Rock-Eval analysis. Consequently 
we can state, that the soil formed in an environment in which the effect of cyclical fluctuating 
water could influent the soil development. This phenomenon suggests determination the 
paleosoil as Fluvisol. We established Rock-Eval pyrolysis is suitable to soil classification. We 
found, it is able to provide new details to explanation paleosoil horizons.However results 
varied between comparatively wide limits (6.1-29.5 mg/g), presence of nitrate was general; 
nitrate was detected in every examined tobacco product. One cigarette’s average content was 
10 mg nitrate. Concentrations of cigar and pipe tobaccos were similar to the cigarettes’ 
results.  The results are summarized in Figure 4.  

 
CONCLUSIONS 
 
Rock-Eval pirolysis proved to be suitable for efficient examination of soil organic matter 

and estimation the measurement of humification. Further advantages, slight sample need to 
measure (0.1 g), doesn’t require preparation (if the sample is carbonate-free), fast measure 
(25 min.), and we can detect six parameters from one single measurement (S1, S2, TPI , TOC, 
Tmax, HI) which we can use perfectly in evaluations. We can escape the lengthy and many 
chemicals requiring laboratory separates. 

Rock-Eval pyrolysis is useable new method for determination paleosoil type, 
supplements the routinish classical measurement techniques. The method gives us excess-
informations compared to traditional organic matter measure. In the course of known type 
paleosoil pyrolysis can provide new details according to the former details. Rock-Eval 
pyrolysis is capable define parameters, which help determination of unknown paleosoil type 
and allow identify minor occurences within genetical horizons. Statistical evaluation of 
details assists the complex explanation of the measured values, accordingly determination of 
paleosoil type. 
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Abstract: 

An agricultural and environmental laboratory was founded within the framework of Baross Gábor 
Program in the summer of 2008 in Mórahalom, South-East Hungary, South Great Plain region. The 
primary aim of this initiative is making the countryside’s agriculture more effective and 
environmentally aware, and assisting the dynamic development of the region. The laboratory helps 
agricultural production – the primary financial source of the region’s villages – with analytical 
measures of soil and water samples, counseling about nutrient dosing, organized presentations, and 
cooperating with local enterprises and with another laboratory analyzing chemical residues in the 
produced crops. One significant deficiency was compensated by the establishment of SoilChem 
Laboratory – meeting the conditions set forth by directives of the European Union –, due to the lack of 
environmental laboratories in the region. 

Keywords: 
soil and water analyzing laboratory, agriculture, environmentally aware,  

food safety and technology network 

 
 
 

1. INTRODUCTION 
 

With the help of the Baross Gábor Program, conducted by the Homokkert Small-
regional Integration Public Company consortium a research and development network and a 
food safety and food technological subcenter has been set up in the South Great Plain region 
in Hungary. It is structured around up-to-date technological and metrological solutions and 
results cooperation of scientific institutions, researcher non-profit organizations and the 
entrepreneur sector. 

The micronetwork and the soil- and water analysis laboratory – coordinated by the 
Homokkert Public Company – provides agro-innovative services for the cooperatives and 
partner organizations (DATÉSZ Rt., Mórakert Cooperative). By doing so it improves the local 
products' competitiveness and the standard of nutrition and quality assurance. 
 

2. THE IMPORTANCE OF AGRICULTURE IN THE REGION 
 

45,000 people live in the area of Mórahalom, which is considered the center of the 
Homokhát Small-region. Most of the people work in agriculture, thus their living is exposed 
to the competitiveness of the vegetable and fruit grown by them. Agriculture uses 72% of the 
small-region's land. The rate of forests is high, resulted by the afforestation in the beginning 
of the last century. The rate of lawns is also high because of the previously existing vast 
meadows and mowing fields. However vegetable growing is typical in arable farming and in 
the garden cultivation branches and its economical importance is unquestionable, it occupies 
relatively small area from the region’s land. The volume of land used for pomology and 
vineyards shows the characteristics of sand farming. Non-cultivated lands and waste lands 
are the signs of uncertainty of farming and marketing and the disarrays about the ownership 
of the tenures (Figure 1). 
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Figure 1. Distribution of cultivation branches of the 

small-region’s area 

The integrators, the cooperatives 
and other significant economic 
operators have to make sure the 
compliance with the market 
requirements, which means producing 
clear, healthy and high quality 
products. The most significant such 
integrator is Mórakert Cooperative 
founded in 1995 and declared as the 
first fruit and vegetable producer 
realizer organization by the Ministry of 
Agriculture and Rural Development in 
2002. Its turnover and number of 
members has increased significantly in 
the last 10 years (Figure 2). 
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Figure 2. Growth of turnover and number of members of Mórakert Cooperative 

 

3. HOMOKKERT PUBLIC COMPANY 
 

The Hommokkert Small-regional Integration Public Company was corporated in 2000 
by 9 agrarian cooperatives and the local authority of Mórahalom. The company was 
comprising producer and marketing cooperatives until the conversion in 2004 when the 
main profile of the company changed and two strategical directions were developed in 
connection with the agricultural priorities. These focus on the improvement of the living and 
income conditions of the rural population. 

International connections 
The Homokkert Public Company cultivates good relations with international partners. 

Seeking the possibility of cooperation with neighboring countries and participating in 
common projects are important parts of the company’s activity. A recent collaboration was 
the establishment of a Borderland Commercial Center with Topolya and Temerin, two towns 
in Vojvodina, within the framework of an inter-regional project in 2008. The primary aim of 
this center is helping the cross-border trade of the agricultural products in the region. 

Profiles of the Homokkert Public Company 
On the one hand the main profile of the Company is encouraging alternative income 

activities – the so-called Renewable Energy Information Center was built in support of this 
objective – and on the other hand the research and development, innovation and innovation 
intermediation services. The Regional Food Safety and Technological Micronetwork needs to 
be highlighted here, which was set up in the framework of the Baross Program. The Network 
was evolved by the partnership of the Homokkert Public Company and Mórakert Cooperative 
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in Mórahalom, the DABIC Public Company in Szentes and the College of Kecskemét 
(Figure 3). Its goal is to establish an accredited institute complying with the international 
standards and placed near big producer-realizer cooperatives (e.g. Mórakert Cooperative).  

 
Figure 3. Centers of the Regional Food Safety and 

Technological Micronetwork 

Aims of regional food safety and 
technological micronetwork 
a) establishing a regional food safety and 

technological subcenter with the 
utilization of results and experiences of 
the regional center and network 
maintained by DABIC Public Utility 
Company  

b) founding an agrarian research 
workshop with the collaboration of 
acknowledged researcher-teachers with 
scientific degree and local experts, and 
developing an academic practicing 
section in connection with garden 
cultures and the safety of horticultural 
products 

c) establishing an experimental soil and 
water analyzing laboratory and the 
publication of results 

d) achieving experimental developments in relation with product innovation and changing 
production structure in vegetable, fruit and ornamental plant growing 

e) starting continuous horticultural research and development activity based on regional 
demands 

f) evolving a research and development and innovation micronetwork – with thousands of 
members - considering the specifics of producer-realizer cooperatives (TÉSZ) and the 
conditions of local product structure 

g) establishing a consultant network and educational activity 
h) experimental developing of analytical methods, e.g. for fast determination of chemical 

residues 
i) founding an agrarian research workshop that conduces to the production of high added-

value or new products (bioproducts, functional foods) with developing growing methods 
and technologies  

 

4. REASONABILITY OF MICRONETWORK 
 

Directives of the EU – Food safety 
Establishing and maintaining the Regional Food Safety and Technological 

Micronetwork is reasoned by directives and regulations of the EU.  In hygienic overseeing of 
food producing, the European Union put emphasis on supervision of producing environment 
instead of the former final product checking in the last years. Therefore application of new 
analytical methods is required. SoilChem Laboratory – part of Regional Food Safety and 
Technological Micronetwork – wishes to keep pace with this continuous vocational 
improvement. Developing analytical procedures to support the development of new 
technologies – that result healthy and safe food – is one of SoilChem Laborarory’s primary 
goals. Nowadays food safety is number one priority of agrarian economy: organizations in 
agriculture and food industry must correspond to the higher and higher requirements of food 
safety and environmental protection, and must meet the consumers’ increasing demands.  

Considering food safety regulation of the European Union, configuring quality 
insurance systems and helping producing activity at agrarian small and medium enterprises 
became indispensably necessary by now. In the interest of competitiveness of these 
enterprises preventive self-checking food safety systems must function effectively „from field 
to table”, ensuring the transparency of food chain. Successful food politic demands the 
absolute traceability of crops, food and their components. This enables the enterprises to 
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withdraw hazardous forage or food from the market in case of consumers’ health is 
endangered. Healthy and safe food can only be ensured by continuous monitoring of critical 
points of the producing process and by running quality insurance systems. It is reasonable to 
establish and upkeep accredited food safety and technological centers and subcenters, placed 
near farmers in the interest of quantitative and qualitative determinations of health-
damaging chemical and microbiological compounds. 

Functions of centers: 
Instrumental tests are indispensable to obtain knowledge of environmental factors and 

their impacts. Thus we can collect data that help us to intervene in the process of cultivation. 
Precision nutrition replenishment can be attained only in possession of the knowledge on the 
soil's current nutrition level. Therefore soil analysis is necessary both before and during every 
single cultivation process. More detailed information is needed of soil and irrigation water in 
case of horticultural crops (nutrient rate and quantity, harmful elements). 

a) monitoring chemical residues (pesticides, pharmaceutics etc.) of crops and food 
b) detection of metal pollutants (lead, cadmium, mercury, arsenic, aluminium, copper, 

zinc, nickel) in food of plant and animal origin 
c) determination of nitrate in vegetables susceptible for nitrate accumulation 
d) complete analysis of soil and water  
e) microbiological monitoring to increase the hygiene of food processing technologies  
f) forage-safety monitoring 
g) issue accredited certificates 

Economic advantages 
The building up of the Micronetwork is appropriate concerning its economic 

advantages as well.  The current international and domestic consumer habits seem to prefer 
products with known origin; customers appreciate the value derived from the specific 
circumstances of the production. Thus the quality advantages in the production lead to 
market advantages. With the characterization of agricultural and food industrial products 
grown on excellent soil, using adequate technology and defining the relating quality features 
and with the conscious perpetuation of these benefits these products can obtain market 
advantages. 
 

5. CONCLUSIONS 
 

The whole sector and region profits from the database of materials endangering food 
safety, building up and operation of preventive indication systems, meeting the requirements 
of identification and traceability, and applying new, conventional sampling methods. The 
Micronetwork's indirect economic effects can be measured in the improvement of 
competitiveness of the analyzed products, the prevention of the damages caused by loss of 
consumer trust, and the recognition of the network's trademark. 

The operation of SoilChem Laboratory as a service provider, accredited institute makes 
the non-profit investment self-supporting in the future.  
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Abstract 

Aim of this research was the removal of toxic and carcinogenic arsenate (AsO43-) ions from drinking 
water with different metals (Mg, Mn, Al, Fe) content layered double hydroxides (LDH). The efficiency 
of the MgAl LDHs in the arsenic removal is increased with increasing nitrate content in LDH. The 
basal spacing of LDH was decreasing with 0.085 nm after ion-exchange. The calcinated form of each 
adsorbent resulted less arsenic removal, but less dissolution of metal from the oxide compared to the 
uncalcinated LDH. Increasing the manganese content in the MnFe LDH resulted in enhanced arsenic 
removal efficiency. 

Keywords: 
arsenic removal, drinking water, layered double hydroxide, adsorption, calcination 

 
 
 

Introduction 
 

Arsenic is a human genotoxin and chronic exposure is associated with development of cancers, 
including skin cancer [1]. The inorganic arsenic forms are metabolically inhibitors. Arsenate (As5+) 
displaces the phosphate ion from the energy source ATP molecule, arsenite (As3+) bonds with 
sulfhydril group of the proteins (e.g. glutathione) and it inhibit their function. By United States 
Environmental Protection Agency (USEPA) 0.3 μg/kg/day sanitary threshold of arsenic was accepted 
on the basic of statistics data. The Europen and World Health Organization (WHO) limit of arsenic 
content of drinking warter is 10 μg/L. The arsenic accumulate in some groundwater and mineral by 
natural process [2, 3, 4, 5]. The arsenic atom displaces silicium, iron and aluminium atoms in the 
crystal latice and this fact causes the high arsenic content of minerals. In the Pannonian basin the 
arsenic accumulate in the Pleistocene sediments by the rivers and the subsurface flows [6]. This 
arsenic content resolving into the groundwater from the 100-300 m deep strata. In our days the 
arsenic contamination in the groundwater is serious problem all over the world [7, 8]. An estimated 57 
million people may be drinking high arsenic content water in Bangladesh and West Bengal, India. The 
strong antropogenic effect (e.g. mining, agriculture) is increasing the arsenic content of surface water, 
groundwater and soil [9]. The pH of groundwaters is between 6.5-9.5, the non-dissociated (H3AsO3) 
and monovalent anionic (H2AsO3-) natural forms of arsenite are and arsenate exits in anionic forms 
(H2AsO41-, HAsO42-) in this mildly alkaline range [10]. The arsenic forms and the geochemical 
components of groundwater determinate the applicable water treatment technology. In Hungary the 
removal of arsenic from drinking water with iron (III)-hydroxide is one of the current methods. The 
average efficiency is 60-80 % that can increase up to 95 % with optimized parameters. Granulated iron 
hydroxide (GEH) column is applied in numerous water plants. Goethite (FeOOH) and iron hydroxide 
are the component of GEH column. Arsenic removal efficiency of natural or synthetic iron oxides and 
hydroxides are examined in number of publications [11, 12, 13, 14]. T. Tuutijärvi et al. investigated the 
arsenate adsorption capacity of different size maghemite nanoparticles in a wide pH range [15]. Large 
advantage of these superparamagnetic is that the nanoparticles can be easily removed with magnetic 
field from treated water. Zero-valent iron particle removes arsenate and arsenite with high efficiency 
in natural groundwaters by adsorption, surface precipitation, and co-precipitation with various 
corrosion products [16, 17, 18]. Membrane processes (nanofiltration) are suited for arsenate release, 

ISIRR 2009 © copyright FACULTY of ENGINEERING - HUNEDOARA, ROMANIA 

http://www.vkkt.bme.hu/


 

ISIRR 2009 – 10th INTERNATIONAL SYMPOSIUM “INTERDISCIPLINARY REGIONAL RESEARCH” – 
ROMANIA – HUNGARY – SERBIA, 23‐24 April, 2009, Hunedoara 

 

but are not efficient by the arsenite content groundwaters [19, 20]. The arsenic removal is enhanced by 
the hybrid membrane treatments [21, 22].  The layered double hydroxides (LDH) are one group of 
layered structured minerals in the nature. The sheets of the layered double hydroxide are formed from 
divalent metal ions (M2+: Mg2+, Ca2+, Mn2+, Co2+) and trivalent metals ions (M3+: Al3+, Fe3+) and 
exchangeable anions (An-: CO32-, SO42-, NO3-, Cl-) compensate the positive surface charge between the 
layers ([M1-x2+Mx3+(OH)2]An-)x/n • yH2O). LDHs are applied as adsorber [23], catalyst [24], support in 
medicine [25], thin film component [26]. The positively surface charged LDH is suited for adsorb the 
negatively charged arsenic ion forms [27, 28, 29].  

 

Materials 
 
Magnesium nitrate hexahydrate (Mg(NO3)2 6H2O, puriss., Fluka), aluminium nitrate 

nonahydrate (Al(NO3)3 9H2O, puriss.), iron (III) chloride hexahidrate (FeCl3 6H2O, analytical grade, 
Reanal Hungary), manganese sulphate hydrate (Mn(SO4)  H2O, analytical grade), sodium hydroxide 
(NaOH, analytical grade), and sodium nitrate (NaNO3, puriss.) were used to prepare layered double 
hydroxide. Potassium iodide (KI, puriss.), ascorbic acid (C6H8O6 analytical grade), pyridine (C5H5N, 
analytical grade), potassium carbonate (K2CO3, puriss., MOLAR Hungary), and sodium borohydride 
(NaBH4, purum), silver diethyldithiocarbamate, Ag-DDTC (C5H10AgNS2, puriss., Fluka) were used for 
arsenic(V) determination. Arsenic removal measurements employed the natur arsenic content 
groundwater and aqueous solution of disodium hydrogenarsenate heptahydrate (AsHNa2O4 7H2O, 
puriss., Fluka). The model groundwater originates from Gyula, town of Békés Country, in Hungary 
(Table 1). 

Table 1 The chemical analysis of groundwater from Gyula 
Groundwater analysis 

 
07. 2005.  05. 2006. 

pH 
General hardness,°dH 

General hardnessa

Conductivity, µS 
Sodiuma

Potassiuma

Calciuma

Magnesiuma

Chloridea

Hydrocarbonatea

Sulfatea

Arsenica

Ammoniuma

Nitritea

Nitratea

Iron (II)a

Manganese (II)a

Borona

Total Phosphora

Alkalinitya

Dry mattera

COI 

8.33 
2.0 

- 
681 
100 
1.0 

10.0 
2.0 
27.7 
360 
7.7 

0.105 
- 
- 
- 
- 
- 
- 
- 
- 

396.6 
5.6 

8.69 
- 

17.0 CaO 
528 

- 
- 

9.2 
1.6 
- 
- 
- 

0.100 
0.60 

<0.01 
<0.07 
0.043 
0.010 
0.38 
0.56 
6.4 

- 
3.6 

a concentration in mg/L 

Methods 
 
Arsenic content was determined by silver diethyldithiocarbamate (Ag-DDTC) 

spectrophotometric methods. Reduction of As(V) by potassium iodide produced arsenic hydride 
(AsH3), which was transferred to the pyridine solution of Ag-DDTC by the generated carbon dioxide. 
The reaction of AsH3 and Ag-DDTC led to the formation of a colourful compound, whose absorbance 
was determined in an UVICON UV-VIS spectrophotometer (λmax=540 nm). XRD experiments were 
carried out in a Philips X-ray diffractometer (PW 1930 generator, PW 1820 goniometer) with CuK-α 
radiation (λ = 0.15418 nm), 40 kV, 35 mA. Basal spacing was calculated from the reflection angle using 
the Bragg equation. The amounts of Mg2+ and Al3+ ions constituting the octahedral layers of double 
hydroxides were determined in a Jobin Yvon 24 sequential Inductively Coupled Plasma-Atomic 
Emission spectrometer. For nitrate anion determination, nitrate (NO3-) ions were converted to yellow 
nitrobenzene to be determined by photometry [30]. Carbonate (CO32-) anions were determined by 
volumetric in the form of carbon dioxide. The amount of carbon dioxide was calculated by the gas law 
from the volume of the gas generated within the closed system [31]. 
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Synthesis of layered double hydroxides and oxides 
The salt of divalent ion (Mg2+ or Mn2+) and trivalent ion (Al3+ or Fe3+) were dissolved in 30 mL 

water at a M2+:M3+ molar ratio of 2:1. The MnFe LDH was synthesized at 1:1 and 0.5:1 molar ratios. 25 
g of sodium hydroxide and 20 g of sodium nitrate were also dissolved in 170 mL water. Under vigorous 
stirring, alkaline solution was added dropwise to divalent and trivalent ion content solution in 3 min. 
The slurry was stirred at 25 ºC for 20 minutes. The sediment was centrifuged, washed once with 
distilled water and centrifuged again; the product was then dried at 65 ºC. The pH of the MgAl-LDH 
dispersion was adjusted to 9.1, 9.6 and 13.1 using 0.1 M NaOH and 0.1 M HNO3. One portion of LDHs 
was calcinated in air atmosphere at 500 °C during 10 hours.  

Arsenic removal experiments in column  
We used both open ended glass tube (250 mm long and 22 mm diameter). The similar amount 

of adsorbent was top of the filter bad (fibreglass, 5.0 g ion-free sand, 5.0 g quartz with 270 mm 
diameter). The treated groundwater circulated with 33-42 mL /min flow speed by peristaltic pump. 
4.0 litre of groundwater was in the closed system and the residual arsenic concentration was 
determined every third hours. The treated groundwater was exchanged to fresh water then the arsenic 
concentration achieved the limit. The measured arsenic concentration stop indicated that the arsenic 
removal column saturated.  

 

Results and discussion 
   
In many places from Hungary arsenic content exceeds the health limit in drinking water. The 

arsenic content of water produced in commercially available sodas is illustrated in Fig. 1. In more than 
half of sodas from the Dél-Alföld arsenic content are above 10 μg/L, and in one of the samples is 10 
times of the limit. In Hungary all settlements should be 10 μg/L of the arsenic content in drinking 
water till 2009.  

In each of a series of 100 
ml aliquots of arsenic content 
solution and 0.01-0.1 g of the 
adsorbent was suspended; after 5 
min of intensive stirring, the 
adsorbent was removed by 
filtration. The equilibrium 
concentration of arsenic in the 
filtrate was determined. The 
specific excess adsorption of 
arsenic (nσ(v)) was calculated by 
the (1) equation where V is the 
total amount of water, c0 and ce 
are the initial and equilibrium 
concentrations, of arsenic 
respectively, and m is the mass of 
the adsorbent. 
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Figure 1. Arsenic content of different commercial sodas from 

Hungary 
nσ(v) = V (c0-ce)/m   (1) 

The 2:1 MgAl-LDH was investigated at 0.1 and 150 mg/ L arsenic initial concentration in 
distilled water. The As(V)-containing dispersed LDH particles were dried at room temperature after 
adsorption and studied by X-ray diffraction in an air-dry state (Fig. 2). When the amount of adsorbed 
As(V) increased, the basal spacing gradually decreases with 0.085 nm and this clearly indicates the ion 
exchange taking place between the LDH layers. The reason for the decrease in basal spacing with 
increasing arsenate content is that an increasing number of nitrate anions are exchanged in the 
interlamellar space and the incorporating As(V) species also displace water molecules.  

Different amount of 60 °C dried MgAl-, MnAl-, and MnFe-LDHs and the calcined adsorbents 
were added to the groundwater from Gyula. The groundwater was left in air atmosphere five days 
before the arsenic removal experiments in order to oxidise the total arsenite content to arsenate form. 
In case of the 2:1 MgAl-LDH at pH 13.1 the sample obtained nitrate/ carbonate ratio of 0.1, while the 
pH was 9.6 or 9.1, these values show 0.8 or 1.8. The molar ratio of Mg and Al ions constituting the 
octahedral layers was nearly 2:1 in the samples and could not influence the ion exchange of arsenate. 
The MgAl molar ratios are 1.91, 2.06 and 2.13 with increasing nitrate/carbonate molar ratio. Effect of 
nitrate/carbonate molar ratio between the layers was investigated by the 2:1 MgAl-LDH. The arsenic 
removal efficiency in percentage calculated by the (2) equation where c0 and ce are the initial and 
equilibrium arsenic concentrations. 

As removal (%) = [(c0-ce)/c0] 100                                                  (2) 
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The arsenic adsorption capacity is 
increasing with increasing nitrate content of LDH 
(Fig. 3). At the lowest 0.1 NO3-/CO32- ratio the 
adsorption capacity is less than 1.8 ionic ratio, 
because carbonate may be irreversibly bound. 
The explanation is that greater atmospheric 
carbon dioxide is dissolved during the synthesis 
of LDH at higher pH. When the type of metal ions 
at 2:1 molar ratio LDH sheets were changed than 
different specific arsenic removal efficiencies 
were obtained in the treated water (Fig. 4). The 
results show that the 2:1 composition MnAl-LDH 
is adsorbed 1.5 times more arsenic amount, than 
the MgAl-LDH at 0.5 g/L adsorbent 
concentration. The manganese content LDH was 
bound twice as much arsenate than the 
magnesium content LDH at larger amount of 
adsorbent (0.5 and 1.0 g/L). The most successful 
MnFe-LDH reduced the arsenic content below 
the limit value in the treated water with 0.5 g/L 
amount of adsorbent. Calcinations of the various 

etal ion containing LDHs decreased the 
efficiency of arsenic removal with less degree 
than the unheated adsorbent, on contrary to the 
literature [32, 33]. The adsorbed arsenic content 
decreases to one fourth through calcination at 1.0 

g/L MgAl content adsorbent. This 
difference decreases between the 
unheated and calcinated forms of 
MnAl and MnFe adsorbents. In case 
of 1.0 g/L of MnFe oxide 13 times 
more arsenic amount was removed 
from groundwater compared to that 
of MgAl oxide. One of the aims was 
the lower industrial cost; therefore 
LDHs were synthesized not only in 
distilled water, but in drinking water. 
The 2:1 MnAl-LDH adsorbent 
produced in drinking water removed 
the less on average 25% of arsenic 
from the treated water than in 
distilled water produced form (Fig. 
5). In the drinking water synthesized 
sample can contain other 
components (e.g. calcium, 
magnesium) from the drinking 
water so has less efficiency than the 
distilled water prepared LDHs. The 
most arsenate adsorbing MnFe-LDH 
was investigated in the groundwater, 
henceforward. The molar ratios of 
manganese and iron ions were 0.5 
and 1.0 during the preparations of 
LDHs. The different manganese 
containing dried powder sample was 
dosed to the fresh groundwater (> 1 
day) and the 5 days old 
groundwater.  
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Figure 2. XRD pattern of adsorbed arsenic 

containing 2:1 MgAl-LDH 
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Figure 3. Arsenic removal efficiency of 2:1 MgAl-LDHs at different 

nitrate/carbonate molar ratio in the groundwater (0.1 ■, 0.5 ■, 1.0 ■, 
g LDH /L) 
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Figure 4. Arsenic removal efficiency of several type of  2:1 LDHs and 

oxides in the groundwater (0.1 ■, 0.5 ■, 1.0 ■, g LDH /L) 
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Figure 5. Arsenic conc. in the groundwater after arsenic removal of 2:1 MnAl-LDHs 

 
The Fig. 6 and 7 show that the arsenic content was reduced in the treated water by increasing 

the manganese content in the calcinated adsorbent. The MnFe-LDHs adsorbed less arsenic species in 
the fresh groundwater through both the arsenite (As3+) arsenate (As5+) content. The arsenite can be 
removed more efficiently with MnFe oxides than the arsenate. It is noted that the calcinated samples 
remove less arsenate than the LDHs. There is not such a clear relationship between manganese 
content of adsorbent and arsenic removal efficiency of the unheated samples. Redissolution of 
manganese was calculated by the (3) equation where c is the manganese concentrations in the 
groundwater after the treatment and cmax is the maximum manganese concentration of samples. 

Mn redissolution (%) = (c /cmax) 100    (3) 
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Figure 6. Arsenic removal efficiency of several molar ratio of MnFe LDHs and oxides in the 

groundwater (0.10 ■, 0.25 ■, 0.50 ■, g LDH /L) 
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Figure 7. Arsenic removal efficiency of several molar ratio of MnFe LDHs and oxides in the fresh 

groundwater (0.10 ■, 0.25 ■, 0.50 ■, g LDH /L) 

ISIRR 2009 © copyright FACULTY of ENGINEERING - HUNEDOARA, ROMANIA 



 

ISIRR 2009 – 10th INTERNATIONAL SYMPOSIUM “INTERDISCIPLINARY REGIONAL RESEARCH” – 
ROMANIA – HUNGARY – SERBIA, 23‐24 April, 2009, Hunedoara 

 

3.5 6.87.7
17.9

34.2

100.0

20.0

51.7

17.5

0.0

20.0

40.0

60.0

80.0

100.0

120.0

0.5:1 1:1 2:1 0.5:1 1:1 2:1

unheated calcinated

Mn:Fe molar ratio

M
n 

re
di

ss
ol

ut
io

n 
(%

)

0.2>                0.2>                0.2>

 
Figure 8. Redissolution of manganese from several molar ratio of MnFe LDHs and oxides after arsenic 

removal (0.10 ■, 0.25 ■, 0.50 ■, g LDH /L) 

Redissolution of manganese from the unheated LDHs was increased in proportion to the 
increase of the solid at the same manganese-iron ratio (Fig. 8). The molar ratio of the manganese-iron 
was resulted in a greater degree of redissolution of manganese in the treated water at a given amount 
of investigated adsorbent. Manganese migration is negligible in the arsenic content calcined samples. 
Therefore, the health-damage of manganese migration could be abolished by the calcination. 

207

23

91

23

61

90

0

50

100

150

200

250

GEH 7 PIROL 11 FILTER 4 FERMA 16 MTM 15 BIRM 15

6.5 9.9 11.5 13.8 13.0 13.0

2:1 MnFe-LDH content (w /w %)

A
s 

ad
so

rp
tio

n 
ca

pa
ci

ty
 ( 

 g
/g

)

 
Figure 9. Arsenic adsorption capacity of several bearers at similar 2:1 MnFe-LDH content 
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Figure 10. Arsenic adsorption capacity of GEH and sand bearers at different 2:1 MnFe-LDH content 

 
The 2:1 MnFe-LDH precipitated onto the surface of different solid bearer. We investigated the 

effect of seven different bearers on the arsenic removal of LDH. The MnFe-LDH content bearers were 
loaded in the glass column. The groundwater was circulated, thus the measured arsenic concentration 
of the treated water increased below the health limit. In the similar LDH content bearer the GEH 
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adsorbed the most amount arsenate (207 mg/g) and half of this amount was adsorbed by FILTER 4 
and BIRM 15 bearer (Fig. 9). The MTM 15 bearer adsorbed 61 mg arsenic/g from the groundwater. 
The PIROL 11 and FERMA 16 are the least arsenic removal columns. The GEH without LDH adsorbed 
94 mg/g and 41.3 w/w% LDH 69 mg arsenic/g, respectively (Fig. 10). Larger amount of surface LDH 
inhibited the efficiency, because the LDH particles entirely cover the surface of larger size GEH 
particles and fill the pores of the bearer. The arsenic removal of indifferent sand bearer was also 
investigated. The adsorption of arsenate enhanced with increasing MnFe-LDH on the indifferent sand 
bearer. The 0.8 w/w% LDH content sand bearer column was regenerated with 100 mL of 5 mol/L 
concentration calcium chloride solution.  The 0.2 w/w% of adsorbed arsenic content left for the 
column after six hours circulation. The arsenic saturated FERMA bearer was tried to regenerate with 1 
mol/L concentration sodium chloride solution. The removal of arsenic from the column didn’t exceed 
the 1.0 w/w% in this case. The 6.5 w/w% LDH content GEH was regenerated by 1.0 L of 1.0 mol/L 
sodium hydroxide. Half of arsenic content of column can be removed after one hour of treatment and 
further 5-10 % in the next hour. 

 

Conclusion 
  
Our aims were efficient arsenate removal and production of a cheap adsorbent for industrial 

application as the syntheses of LDHs were carried out in air atmosphere. When the LDH is synthesized 
at low pH (pH ~9) value in air atmosphere that little carbonate content and better arsenic adsorber the 
product will be. The MnFe-LDH at different metal content LDHs adsorbs the most arsenate from the 
groundwater at same metal molar ratio in the layers. The calcination of MnFe-LDHs decreases the 
arsenate removal but the binding of arsenite enhance and it dissolves the resolution of manganese 
from the solid phase. The type of bearer influences the arsenic removal at the column experiments. 
The best arsenate adsorbent GEH has optimal LDH content by the arsenic release. Sodium hydroxide 
can be used to regenerate of the LDH content columns.  
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ABSTRACT 

Phenol and substituted phenols are toxic organic pollutants commonly present in industrial water 
streams, especially in wastewater of chemical and pharmaceutical industries. However, the phenolic 
compounds in water can be natural origin, especially some Hungarian thermal water contains these 
materials. The effective removal of these toxic pollutants from wastewater is an important task of the 
environmental technology. 
The treatment of phenol in aqueous solutions has been generally carried out by oxidation of molecular 
oxygen from the air, at elevated pressure in the presence of catalysts (CWAO: catalytic wet air 
oxidation). However, the development of CWAO technique is a continuous work to find the proper 
reaction conditions (oxidant, catalyst, etc.). Our task has been to study the applicability of iron 
containing materials with different structure in the oxidative treatment of phenolic wastewaters. 
The catalyst samples (Fe-ZSM5 zeolite, Fe-MCM41 mesoporous silicate, Fe,Mg,Al-mixed oxide and 
supported Fe2O3) either were synthesized in our laboratory, or natural materials were used after 
thermal pretreatment (bauxite ore and red mud). XRD and BET adsorption methods were used for 
characterization of the catalysts. A recirculating bubble reactor was utilized to perform the oxidation of 
phenol in different origin waters. The reaction was followed by the determination of chemical oxygen 
demand (COD). 
All the catalyst samples tested have reasonable activity in the air oxidation at ambient temperature, 
however, the efficiency can be improved by using of ozone. The obtained results proved the 
enforceability of the cheap mineral catalysts besides the expensive synthetic ones. 

Keywords: 
phenol, catalytic wet air oxidation, Fe-MCM-41, Fe-hydrotalcite, red mud 

 
 
 

1. INTRODUCTION 
 

Increasing interest for the environment is making it necessary to develop effective techniques to 
treat industrial waste waters containing compounds that are toxic to aquatic life. Phenol and 
substituted phenols are of particular interest because these toxic organic pollutants commonly present 
in industrial water streams, especially in wastewater of chemical and pharmaceutical industries. 
Moreover, phenol and its derivatives are powerful bactericide which prevents them from being treated 
in classical sewage processing plants even at concentrations as low as 50 mg/l [1]. Thus, phenolic 
aqueous effluents must be specially decontaminated before being biologically treatment. The effective 
removal of these pollutants from wastewater is a problem with great practical importance and interest. 

In the present years, the treatment of phenol in aqueous solutions has been generally carried out 
by oxidation of molecular oxygen from the air at elevated pressure [2]. These are the so called “wet air 
oxidation: WAO" processes. The rate and efficiency of oxidation can be enhanced by the increasing of 
temperature and by the optimization of pH, however, the solubility of oxygen decreases at higher 
temperatures. The prosperous solution is decreasing of temperature, however, it could be achieved by 
application of catalyst. Nowadays, the investigation and development of catalysts, which would have 
high activity for oxidation of phenols and related compounds in aqueous solutions under mild 
conditions, are the objective of many studies in the wastewater treatment [3,4]. 

One of the most promising catalyst family for phenol oxidation is the transition metal 
containing micro and mesoporous materials [5-7].  
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The hydrotalcite type materials are layered double hydroxides (LDH) and their structures is very 
similar to that of the brucite [Mg(OH)2]. For LDH-s an isomorphous substitution of Mg2+ by a trivalent 
element (generally aluminum) occurs in the brucite-like network and this replacing generates a 
positive charge in the brucite layer. The positively charged Mg-Al double hydroxide sheets are charge 
balanced by anions residing in the interlayer sections. During the synthesis of LDH both of magnesium 
and aluminum can be changed many bivalent or trivalent cations respectively resulted in materials 
with different character. LDH and LDH originated materials have many practical applications such as 
catalysts, adsorbents, anion-exchangers, stabilizers, etc. because of their relatively high surface area, 
basic properties, high metal dispersion and stability [8]. 

The MCM-41 material is a well-known member of the recently discovered mesoporous 
molecular sieves M41S family which possesses a regular hexagonal array of uniform pore openings 
with a broad spectrum of pore diameters between 1.5 and 10 nm [9]. 

As oxidation catalyst the  system is well-known in the Fenton type reactions in 
which H

++ ↔ 32 FeFe
2O2 is the oxidation agent [10]. 

Recently, development of catalysts based on waste materials is an issue of great interest, because 
of two environmental objectives could be achieved simultaneously: (i) reuse the waste materials and 
(ii) the saving of raw materials, such as catalyst precursors [11]. After a proper pretreatment as 
possible waste material the „red mud” can be considered as hydrodechlorination catalyst. The red mud 
is a by-product in the manufacture of alumina using Bayer-process that contains mainly oxides of iron, 
aluminum, titanium, silicon, calcium and sodium. In Hungary the annual red mud production is over 
one million tons in the last decades. The environmental danger of red mud originates from the high 
alkalinity, and from the very fine-graining. The mixed oxide from red mud could be possible 
alternative of commercial scale catalysts implied for hydrodechlorination reactions [12]. 

In this paper we present the study on the preparation and application in air and ozone oxidation 
of phenol over Fe-containing synthesized (hydrotalcite, MCM-41) or natural origin catalysts (red mud 
and bauxite after heat treatment) at ambient temperature working on atmospheric pressure. 

 
2. EXPERIMENTAL SECTION 

 
Catalysts 
The Al/Fe-mixed oxide was synthesized by coprecipitation from aluminum nitrate and iron 

nitrate solutions followed by calcination at 500 oC for four hours, and the alumina supported iron 
oxide was prepared by impregnating γ-Al2O3 with iron nitrate solution followed by heat treatment at 
500 oC. 

The Fe/Al/Mg-hydrotalcite (MII/MIII = 2, and MIII: 0.9 Al and 0.1 Fe) was prepared by 
coprecipitation at constant pH = 10 ± 0.2 of an aqueous solution of Mg(NO3)2, Al(NO3)3 and Fe(NO3)3 
with a solution of NaOH and Na2CO3. 

The Fe-ZSM-5 zeolite catalyst was prepared by solid state ion-exchange starting from the 
synthesized H-ZSM-5 and FeCl3·5 H2O. 

The Fe-MCM-41 specimen was prepared from sodium silicate, CTMA-Br and Fe(NO3) solution at 
pH 12. The crystallization was carried out at 373 K for 2 days followed by calcination at 823 K for six 
hours. 

The red mud utilized for catalyst preparation was the original waste from the Ajka Aluminum 
Industry of Hungary. The wet red mud was filtered, dried at 100 oC followed by calcination at 500 oC 
for four hours. The average composition of the Hungarian red mud is displayed in Table 1. 

Table 1: The average composition of Hungarian red mud 
Al2O3 16-18 wt% CaO 0,5-3,5 wt% 
Fe2O3 33-48 wt% V2O5 0,2-0,3 wt% 
SiO2 9-15 wt% P2O5 0,5-1 wt% 
TiO2 4-6 wt% CO2 2-3 wt% 
Na2O 8-12 wt% S 0.15-0.30 wt% 
MgO 0.3-1 wt% F 0.10-0.15 wt% 

 
All the catalyst samples were heat treated at 400 oC for two hours before the use in the oxidation 

reaction. The catalyst samples were characterized by XRD, N2 adsorption IR-spectroscopy and TEM. 
 

Methods 
The oxidation of phenol was carried out in a recirculating laboratory bubble column reactor (Fig. 

1). 
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Figure 1: The experimental setup for oxidative treatment of phenol containing waters 

 
In the bubble column reactor air at atmospheric pressure or ozone containing air (also at the 

same pressure) was used as flowing gas phase. The rate of the gas flow was constant: 50 dm3/h, and 
the reaction was carried out at ambient temperature. 

The reaction was followed by the determination of Chemical Oxygen Demand (COD) using the 
operative Hungarian Standard, No: MSZ 448-20. 
 

3. RESULTS AND DISCUSSIONS 
 
Characterization of the catalysts 
The X-ray diffractograms of the hydrotalcite and the hydrotalcite origin Fe-Mg-Al mixed oxide, 

Fe-ZSM-5 and Fe-MCM-41 samples prove the expected crystallinity, while the XRD data of bauxite 
and red mud are very complicated correspond to the complex structure of these materials.  

The BET surface areas and pore diameters could be calculated by the evaluation of N2 
adsorption isotherms, the date are presented in Table 2. The Fe content of the catalysts were 
determined by X-ray fluorescence method. 

Table 2: : Characteristics of the catalysts 
Catalyst sample Average pore 

diameter (Å) 
Character of the 

pore 
BET surface area 

(m2/g) 
Fe content 

(w/w%) 
Fe/Al/Mg-mixed 

oxide 180 wide 135 1.0 

FeZSM-5 5.5 narrow 335 4.13 
Fe-MCM-41 36 wide 964 1.5 
Fe2O3/Al2O3 - wide 103 2.5 

Bauxite, calcined - none 2.5 14.0 
red mud, calcined - none 37 35.0 

 
Oxidation measurements 
In the first stage the catalysts were tested in a well determined reaction, namely in the oxidation 

of phenol solution in distilled water (concentration: 2000 mg/L), at ambient temperature, where the 
pH of the solution was 4.6. The reactions were run for four hours, with sampling and COD 
determination hourly. As oxidant air or ozone was applied, the latter was produced using an 
OZOMATIC Modular type ozone equipment. The data can be seen on Figure 1, lines A and B.  

Considering the data it could be established, that using air the oxidation efficieny is low (under 5 
%), and by charge of ozone the activity could be increased significantly, but the extent is also low.  

To regard the catalyst it could be appointed that the efficiency of the cheap, iron oxide base 
materials near to activity of the synthetic samples, nevertheless their surface area is significantly less.  

In the next measurements the solutions were stabilized using a phosphate-borax buffer solution 
of pH 6.8, and the reactions were run similarly as earlier. The results obtained can be seen in Figure 1, 
lines C and D. 
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Figure 2: Catalytic oxidation of phenol in water with: a) air, B) ozone, C) air by buffering, 
d) ozone by buffering; Catalysts: 1.red mud, 2. Fe2O3/Al2O3, 3. bauxite, 4. Fe-ZSM-5, 5. Fe-hydrotalcite, 

6. Fe-MCM-41 
 

To summarize the results obtained for synthetic waste water: the demolition of phenol could be 
achieved with relatively high efficiency. Choosing the optimal pH, the oxidation by ozone is proper, 
first of all in the presence of the synthetic, porous catalysts. Nevertheless, the activity of the natural 
origin catalysts with iron oxide content are less, these achievements are enough high to the demolition 
of the organic pollutants. 

In the initial stage the oxidation was fast, however, after four hours a saturation could be 
observed. This behavior can be explained by the formation of stable intermediates which oxidation is 
hindered. The identification of these compounds, as well as the determination of the mechanism of the 
oxidation is an another task. 
 

4. CWAO treatment of phenolic thermal water 
 

Additional studies were carried out with used (cooled) thermal water from Szentes (souteast 
Hungary). The pH of this water 8.6 and its COD is 90 mg/dm3. The investigations were emphasized to 
utilize the natural origin catalysts, while for treatment of large amount of water – considering the 
economical conditions – the application of these materials posesses fundamental importancy. 

The results obtained can be seen on Fig. 3 and 4. In the reaction by air (Fig. 3) the tendency of 
efficiency curves is close to saturation for two hours, which indicate the formation of stable 
intermediates. These compounds could react with the radicals or could inhibit the active centers of the 
catalyst. To determine of these intermediates or steps is important for the clarifying the mechanism of 
the reaction, moreover for thr optimization of the reaction conditions as well. 
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Figure 3: Oxidative treatment of used thermal water (COD: 90 mg/dm3) in the presence of iron oxide 

base catalysts, oxidative agent: air 

ISIRR 2009 © copyright FACULTY of ENGINEERING - HUNEDOARA, ROMANIA 



 

ISIRR 2009 – 10th INTERNATIONAL SYMPOSIUM “INTERDISCIPLINARY REGIONAL RESEARCH” – 
ROMANIA – HUNGARY – SERBIA, 23‐24 April, 2009, Hunedoara 

 

0

0,1

0,2

0,3

0,4

0,5

0 1 2 3 4
time, hour

de
co

m
po

si
tio

n 
ef

fic
ie

nc
y

5

bauxite
red mud
Fe2O3/Al2O3

 
Figure 4: Oxidative treatment of used thermal water (COD: 90 mg/dm3) in the presence of iron oxide 

base catalysts, oxidative agent: ozone  
 

Using ozone as oxidative agent, the decomposition efficiency increased in a large extent, and the 
saturation character could be observed only in the case of bauxite. Theoretically, this method is proper 
for removing of organic pollution in industrial scale. Considering the economical aspects, however, the 
utilization of ozone is too expensive for the treatment of the high amount of thermal water. Therefore, 
the development of catalytic air oxidation is the important task. 
 

5. CONCLUSIONS 
 

The mesoporous Fe-MCM-41, Fe/Al/Mg-mixed oxide and the microporous Fe-ZSM-5 zeolite are 
promising catalysts for the treatment of toxic wastewater containing phenol or other poisonous 
organic materials. Highest activity could be produced in the presence of Fe-MCM-41.  

Considering the technological aspects the application of Fe-MCM41 would be prosperous 
because of the higher specific activity, however, from the economic point of view the application of the 
much less expensive natural catalysts (red mud or bauxite) could be suggested. 
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ABSTRACT: 

The sorption isotherms of a symmetrical disazo direct dye with symmetrical structure on a mercerized 
cotton were determined at 60o, 86o and 96oC. In order to find out the best sorption model of the 
considered dyes, a theoretical study was also performed. The experimental data obtained from the 
dyeing process was fitted by non-linear and linear regression analysis to the classical Freundlich, 
Langmuir and Nernst isotherms. Better statistical results were obtained in the case of the Freundlich 
sorption model.  

KEY WORDS: 
Direct dyes, dyeing theory, adsorption isotherms, Nernst model, Freundlich model, Langmuir model 

 
 
 

1. INTRODUCTION 
 

The textile dyeing equilibrium of the direct dyes on cellulose fibres presents a great 
interest, but a general model which could offer complete explanations of the dye–cellulose 
fibre sorption was not reported yet [1-4].  

The dye adsorption at equilibrium represents the maximum possible sorption from the 
dyebath, under certain conditions. From the final dye equilibrium concentrations, sorption 
isotherms are obtained, most of them corresponding to the Freundlich and Langmuir 
equations [1].  

In the Freundlich model (equation 1) the dye is considered as being contained in an 
internal phase of volume V of the fibre [1].  

[ ] [ ]xsCFKfC ⋅=                          (1)  

where:  
[C]f represents the dye concentration in the fibre at equilibrium, in mol/kg dry fibre, and  
[C]s represents the dye concentration in solution at equilibrium, in mol/L;  
KF is the equilibrium constant, and x is a sub-unitary power.   

The Nernst adsorption isotherms (equation 2) are considered as a limit case of 
Freundlich and Langmuir adsorption isotherms [5]. 

[ ] [ ]sCPKfC ⋅=             (2)  

The Langmuir isotherm (equation 3) has been obtained from kinetics considerations 
[4]. The basic assumption is related to the idea that the dye adsorption takes place on 
independent fixed sites, in monomolecular layer and all the adsorption positions are 
equivalent energetically. 

[ ] [ ] fS
1

LK
sCfS

1

fC
1

+⋅
⋅

=            (3) 

where Sf is the saturation value in mols/kg fibre and KL is the equilibrium constant.  
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Some authors reported that the Langmuir model offers a better interpretation of the 
direct dye cellulose sorption than the Freundlich one [2-3, 6-9]. 

In this present work, an experimental and theoretical study of the sorption of one 
disazo direct dye with symmetrical structure on a cellulosic substrate was performed. The 
aim of this study was to establish the best sorption model of the considered dye. For this 
purpose, the equilibrium sorption data of the studied dye were fitted by non-linear regression 
analysis to the Nernst, Freundlich and Langmuir sorption models.   

 

2. THE STUDY  
 

General 
All the chemicals were purchased from Merck Co, Aldrich Chemical Co and Reactivul 

Bucureşti.  
The dye used in this study was a disazo direct dye derived from 4,4’-

diaminobenzanilide. The coupling component was resorcinol. The dye was synthesized, 
purified by several recrystallizations from distilled water and characterized by means of 
electronic spectra (VIS) and mass spectroscopy (MS-FAB) and its homogeneity was 
determined by thin layer chromatography (TLC). 

Electronic spectra were recorded on a Cecil CE 7200 spectrophotometer. Mass spectra 
were recorded on a Nermag R 10-10 spectrometer, from nitrobenzylalcool and glycerol as 
matrix. The TLC data were taken from silica gel plates (Merck 60F-25) and i-
propanol/methylethylketone/NH4OH 25%=4:3:3 (v:v:v) as eluting system. 

In the experimental study of the dye sorption on a cellulosic substrate, samples of 
mercerized cotton (100 %) were used. The samples were soaked in a bath with a liquor ratio 
of 20:1 at 80oC for 60 minutes, rinsed with distilled water and air - dried.  

 

Procedures 
Synthesis of resorcinol ←4, 4’-diaminobenzanilide→ resorcinol  
A suspension of 11.5 g 4,4'-diaminobenzanilide (0.05 mol), 70 ml water, 26 ml (0.27 

mol) 35% HCl and 50 g ice was bis-diazotised by the direct method [10].  
11.4 g (0.1 mol) of resorcinol were dissolved in a solution containing 0.5 g sodium 

acetate in 90 mL water. The solution was cooled to 5oC and was added dropwise to the 
solution of bis-diazonium salt obtained above, in a 45 minutes period. The temperature of the 
reaction mixture was kept around 5oC and the pH of the reaction was maintained around 8.5 
by addition of 0.5 mol/L Na2CO3 aqueous solution. The mixture was stirred for three hours at 
5-10oC. The dye was precipitated by salting out with natrium chloride and was separated by 
vacuum filtration. The yellow disazo dye was obtained in 88% yield.  

Samples of the synthesized dye, free of sodium chloride were obtained by dyeing cotton 
fabric in boiling solutions containing 5 g of dye in 250 mL water. After rinsing the dyed 
fabrics, the dye was extracted using solutions of 50-60% aqueous pyridine. The extracts were 
then evaporated, giving a dye free of salts.  

 

Dyeing system and measurements 
The dyeing processes were carried out in round flasks, equipped with a stirrer, a 

condenser and a thermometer. The dyeings were made at three temperatures, namely 60o, 
86o and 96oC (± 1oC). The cotton samples weight in every case was near 70 mg (±0.1 mg). The 
liquor ratio was 150:1. The initial dyebath concentrations of the studied dye varied from 0.15 
g/L to 5 g/L. Sodium chloride concentrations in the dyebath were in every case 6.84.10-2 
mol/L.  

The time necessary for reaching equilibrium for each dye and each dyeing temperature 
was evaluated in a series of preliminary experiments.  

The dyed cotton samples were removed from the hot dyebath and rinsed for about 30 
seconds in ice water to remove the adhering dye liquor. The dye was extracted from the dyed 
samples with 25% aqueous pyridine at 80oC. The molar extinction coefficients were 
determined at one wavelength from the Lambert-Beer law.  
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The dye concentrations in the dyebath as well as the extracted dye from the substrate 
were recorded spectrophotometrically, using a Specord M40 UV-VIS spectrophotometer. 
Other details on the dyeing system can be found in references [6-9].  

In order to find out the model which describes best the sorption of the studied dyes on 
mercerized cotton, the experimental data thus obtained were fitted to the classical Nernst, 
Freundlich and Langmuir sorption models by nonlinear regression analysis. For this purpose, 
the STATISTICA software [11] was used. 

The standard deviation (expressed in [%]) of the experimental values obtained for the 
concentration of the dye on the substrate (Cf) from the calculated ones) was calculated 
according to equation (4).  
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where the suffixes "exp" and "calc" refer to experimental and calculated values, respectively; 
suffix "i" refers to the number of sorption data.  

Figure 1 presents the Freundlich dye adsorption isotherm at 60o, 86o and 96o.  
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Figure 1. Freundlich adsorption isotherm at 60o (      points and large interrupted fitting line),  

86o (      points and continuous fitting line) and 96o (        points and small interrupted fitting line) 
 

3. DISCUSSIONS  
 

In the present study, the sorption isotherms of a symmetrical disazo direct dye on 
mercerized cotton were determined at 60o, 86o and 96oC. The studied dye (I) contains 4,4’-
diaminobenzanilide as diazo component and resorcinol as coupling component.  

CONHNN N NHO

OH

OH

HO

5

 
               Dye I 
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The dye was prepared in a two steps procedure, as shown in Scheme 1.   

CONHH2N NH2 CONHN2 N2
+ +

Cl
- -

Cl

CONHNN N NHO

OH

OH

HO

1

2

I  
Scheme 1 

1. NaNO2, HCl, 0oC, 1 hour, 2. Resorcinol, 1:2 molar ratio, pH = 8.5-9, 5-12oC, 3 hours. 
 

The bis-diazotization of 4, 4’-diaminobenzanilide was carried out by the direct method, 
in aqueous HCl solutions.   

The coupling step was conducted at a pH value of 8.5-9, and with a 2-3% excess of 
coupling component. The progress of the coupling reaction was monitored by the usual way 
(drop reaction) and by thin layer chromatography (TLC), when the formation of dye I was 
examined. Dye I was obtained with overall high yields and was characterized by means of VIS 
spectra and negative (-) FAB – MS spectroscopy. Dye homogeneity was examined by TLC. 
The chromatographic mobility (Rf) of dye I was found equal to 0.76. The VIS spectrum was 
examined in the region of 350 to 800 nm. The spectra contain one maxim of absorption at 

about λmax= 435 nm ( L/g1
cm1ε = 52) in 0.1 mol/L aqueous NaOH solution. The molecular peak 

[MS(FAB-1)] was found at 468.45 m/z. 
The disazo dye I was further used in the experimental study of the dye sorption on 

mercerized cotton, as shown in Experimental section. Dyeings were carried out until 
equilibrium was reached, at three different temperatures and in presence of sodium chloride.  
The experimental equilibrium dye concentrations in fibre [C]f and in solution [C]s were fitted 
to equations (1) and (2) by nonlinear regression analysis and to equation (3) by linear 
regression analysis, in order to provide the best model of sorption of the studied dye on 
cotton.  

The values of the thermodynamic parameters KF, KL respectively Sf have been evaluated 
by means of nonlinear least squares fit of experimental sorption data to respective equations 
(1, 2), respectively by linear regression fit of experimental sorption data to equation (3) for 
KP. The multiple regression coefficient (R) and the standard deviation (SS) calculated by 
equation (4) were used as statistical criterions in the regression analysis.  

The thermodynamic data and the statistical results obtained for the studied dyes are 
presented in tables 1, 2 and 3.   

 
TABLE 1 

Thermodynamic data and statistical results of the sorption on mercerized cotton  

of dye I according to equation [ ] [ ]xsCFKfC ⋅=  (Freundlich model)*   

T [oC] KF  [L/lg] x R SS [%] 
96 0.411 0.37 0.949 11.59 
86 0.238 0.27 0.979 6.6  
60 0.199 0.23 0.977 9.3  

              
*KF represents the Freundlich partition constant; x- the subunitary power;  
  R- the multiple regression coefficient and SS-the standard deviation. 

 
 
 
 

ISIRR 2009 © copyright FACULTY of ENGINEERING - HUNEDOARA, ROMANIA 



 

ISIRR 2009 – 10th INTERNATIONAL SYMPOSIUM “INTERDISCIPLINARY REGIONAL RESEARCH” – 
ROMANIA – HUNGARY – SERBIA, 23‐24 April, 2009, Hunedoara 

 

TABLE 2 
Thermodynamic data and statistical results of the sorption on mercerized cotton 

of dye I according to equation [ ] [ ]
f

S
1

LK
s

C
f

S
1

fC
1 +⋅

⋅
=  (Langmuir model)* 

T [oC] S1 [mol/kg] KL [L/mol] R SS 
96 0.041 10050.96 0.920 24.63 
86 0.041 50252.52 0.703 27.62 
60 0.046 125002.3 0.579 27.39 

 

*S1 represents the saturation value; KL - Langmuir partition constant;  
  R –the multiple regression coefficient and SS-the standard deviation 

 
TABLE 3 

Thermodynamic data and statistical results of the sorption on mercerized cotton  
of dye I according to equation [ ] [ ]sCPKfC ⋅=  (Nernst sorption model)* 

T [oC] KPx10-2 [L/mol] R SS 
96 13.63 0.883 10.49 
86 15.09 0.864 32.09 
60 17.19 0.866 62.84 

                        
 * KP - Nernst partition constant;  
    R- the multiple regression coefficient and SS-the standard deviation.  

 

Comparing the obtained data presented in Tables 1, 2 and 3 it could be seen that for the 
studied dye, overall high values of R respectively low standard deviation (SS) values were 
obtained for the Freundlich sorption model as compared to the classical Nernst and 
Langmuir models. 

 

4. CONCLUSIONS  
 

The equilibrium sorption isotherms of a symmetrical disazo direct dye on cotton were 
determined at three temperatures and one sodium chloride concentration.  

Experimental data were fitted to the standard known adsorption isotherms of Nernst, 
Freundlich, and Langmuir by nonlinear regression. The results indicated best statistical 
values in the case of the Freundlich sorption model. 
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ABSTRACT: 

The results for the synthesis of a disazo dye with symmetrical structure derived from 4, 4’-
diaminobenzanilide and its inclusion complexes (IC) with α- and β-cyclodextrins is reported. The free 
azo dye was prepared by the bis-diazotisation of 4,4’-diaminobenzanilide and the coupling reaction of 
the obtained bis-diazonium salt with alkaline solutions of the salicylic acid. The free azo dye and its 
inclusion complexes with α- and β- cyclodextrins were purified by gravity and flash column 
chromatography. Further, UV-VIS, FTIR and thin-layer chromatography (TLC) studies of the 
synthesized compounds were performed.  

KEYWORDS: 
Azo dye, Cyclodextrins, Inclusion complexes 

 
 
 
 

1. INTRODUCTION 
 

Cyclodextrins (CD) are macrocyclic compounds built from glucopyranose units linked 
by α-(1,4)-glycosidic bonds. CD can be obtained by enzymatic degradation of starch; in this 
process compounds with 6-12 glucopyranose units per ring are produced. Depending on the 
enzyme and the way in which the reaction is controlled, the main product is α, β or γ-
cyclodextrin (6, 7 and 8 glucopyranose units, respectively). 

Cyclodextrins can form inclusion complexes with a large number of organic molecules, 
a property that enables them to be used in a variety of different textile applications [1]. 
Through the incorporation, the physical and chemical proprieties of the “guest” compounds 
are changing. Their toxicity is lower, and they became biodegradable [2].  

Azo dyes represent a major group of all the synthetic dyes and have extensive 
applications in textile industry, paper industry, additives, food, cosmetics and pharmaceutic 
industry [3]. The encapsulation of the disazo dye with cyclodextrins is a procedure that has 
been investigated as a method of controlling their stability, solubility and aggregation. It was 
found that rotaxane structure offers the protection of the dye which is encapsulated inside 
the cavity of the cyclodextrin, without forming covalent bonds [4].  

In this work, the synthesis of a disazo dye and its inclusion complexes in α- and β-
cyclodextrins is presented.  

 

2. THE STUDY 
 

The chemicals used in this study were of analytical grade and were obtained from 
Merck Co., Aldrich and Chimopar Bucharest. 4,4’-diaminobenzanilide was synthesized 
according to reference [5]. 

The thin layer chromatographic (TLC) data were taken from silica gel plates (Merck 
60F-254) using isopropanol: methyl-ethyl-ketone: ammonia 25% = 4:3:3 as eluting system 
for the free azo dyes, respectively buthanol-ethanol-water = 4:3:5 as eluting system for their 
inclusion complexes. 

For the gravity and flash column chromatography we used silica gel (Merck) as 
stationary phase and buthanol-piridine-water = 3:3:3 and buthanol-ethanol-water = 4:3:5 as 
eluting systems. 
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The FTIR spectroscopy was recorded on JASCO FT/IR -4200 from KBr pellets. 
The UV-VIS spectra were recorded on a Cecil CE-7200 spectrophotometer from 1 mol/L 

NaOH aqueous solutions for the free disazo dyes, and from aqueous solutions in the case of 
the inclusion complexes. 

General mode of synthesis of the azo dye AS 
0.06 g 4,4'-diaminobenzanilide (0.26 mmol) was bis-diazotised using the direct method 

of diazotization, in mineral acid solution, with natrium nitrite. The reaction was maintained 
at 0÷5 0C for 1 hours and the pH in the range of 0.5÷1 [8]. The bis-diazonium salt thus 
obtained was coupled in a 1:2 molar ration with alkaline solutions of the salicylic acid (dye 
AS). The pH of the reaction mixtures was maintained in the range of 8.5÷9 by periodic 
addition of Na2CO3. The obtained dye was separated by filtration and was purified by gravity 
and flash column chromatography. 

General mode of synthesis of the azo dyes/cyclodextrins complexes 
0.06 g 4,4'-diaminobenzanilide (0.26 mmol) was bis-diazotised by the direct method. 

To the bis-diazonium salt thus obtained, aqueous solutions of the corresponding 
cyclodextrins (α, and respectively β) were added dropwise. The reaction mixture was 
maintained under vigorous stirring at 0÷5 0C for 30 minutes. The encapsulated bis-
diazonium salt was subjected to the coupling reaction with alkaline solutions of salicylic acid 
in the case of the β-cyclodextrin. In the case of the synthesis of the α-cyclodextrin complexe, 
the alkaline solution of salicylic acid was added to the encapsulated bis-diazonium salt. The 
coupling reaction was monitored by the conventional method and by TLC. The reaction 
mixture was maintained under stirring at 7.5÷8 pH, at 20 0C for 2 hours. The final products 
were separated by centrifugation and the rotaxane complexes were isolated by evaporation 
from the supernatant.  

The synthesized dyes and their inclusion complexes were purified by gravity and flash 
column chromatography and were characterized by thin-layer chromatography (TLC), FTIR 
and UV-VIS spectroscopy. 

 
3. DISCUSSIONS 
 

The first step of this work was to prepare the disazo dye with structure (I), and further 
its complexes with α- and β-cyclodextrins. 

N=N OH

COOH

OH N=N CONH

HOOC

 
I 

From previous work [6], it was noticed that the bis-diazotization of 4,4’-
diaminobenzanilide occurred with better yields when the direct method of bis-diazotisation is 
used. The temperature was maintained in the range of 0÷5oC and the pH of the mixture 
around 1. In the coupling step, 3 % excess of coupling component was used. In order to avoid 
the formation of undesirable by-products, the bis-diazonium salt was quickly added to the 
alkaline solution of the coupling components and the pH was maintained and adjusted in the 
range of 8÷9 by periodic addition of Na2CO3.  

For the preparation of the inclusion complexes of the model dye (I) with α- and β-
cyclodextrins, a simple procedure using the hydrophobic effect to direct rotaxane formation 
was developed. According to this procedure, 4, 4’-diaminobenzanilide was bis-diazotizated by 
the direct method, and to the bis-diazonium salt thus obtained, an aqueous solution of α- and 
then β-cyclodextrin was added. The symmetric coupling reaction of the encapsulated bis-
diazonium salt with alkaline solution of the coupling component (salicylic acid), in the case of 
the α-cyclodextrin, was obtained by 2 methods: firstly, the encapsulated bis-diazonium salt 
was added to the alkaline solution of the coupling component (SA) as described in reference 
[7]. Secondly,  the alkaline solution of the coupling component is added to the encapsulated 
bis-diazonium salt. In the case of the β-cyclodextrin the encapsulated bis-diazonium salt was 
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subjected to the coupling reaction with alkaline solutions of salicylic acid. Further, the 
coupling reaction of the encapsulated bis-diazonium salt with salicylic acid was carried-out.  

It was noticed that when the bis-diazonium salt is added to the alkaline solution in the 
presence of α-, respectively β-cyclodextrin, the solution immediately turns yellow. Thin layer 
chromatography reveals the formation of the rotaxane, respectively the non-rotaxanated dye, 
which is rather insoluble in water and can be separated from the rotaxane by centrifugation.  

The progress of the coupling reaction was monitored by the usual way (drop reaction 
with an alkaline solution of 1-amino-8-hydroxy-3,5-naphthalene disulphonic acid and with 
the diazonium salt of p-nitroaniline) and by TLC.  

The synthesized dyes and their inclusion complexes were purified by gravity and flash 
column chromatography, and were characterized by thin-layer chromatography (TLC), FTIR 
and UV-VIS spectroscopy. The results are shown in Table 1 and Figure 1. 

 
Table 1.  

Yields of reaction, chromatographic mobilities Rf, and spectrophotometric properties of the disazo dye 
I, non-encapsulated dye and rotaxane complexes. 

 
 

 

*Silicagel plates, iso-propanol:methy-ethyl-ketone:ammonia 25% = 4:3:3 as eluent of the 
synthesized dyes, respectively eluent: buthanol: ethanol: H2O = 4: 3: 5 of the rotaxane 
complexes.  

Dye and dye_CD η [%] Rf* λmax ** [nm] lgε 
AS 82 0.88 441 1.8 

AS_α-CD 13 0.65 269 2.3 
AS_β-CD 23 0.68 355 1.9 

**λmax – wavelenght of maxim absorbance, from dye solution in 1 mol/L NaOH, respectively 
aqueous solutions in the case of the inclusion complexes, CECIL 7200 spectrophotometer. 
 
The FTIR study: KBr pellets, for the disazo dye and inclusion complexes are showed a 

difference among the initial α- and β-cyclodextrins, free disazo dye and its complexes. IR: for 
α-CD was found: OH, 3403 cm-1; CH2, 2925 cm-1; CH, 1337 cm-1; COC, 1079 cm-1; for β-CD: 
OH, 3383 cm-1; CH2, 2927 cm-1; CH, 1337 cm-1; COC, 1079 cm-1; for dye SA: OH, 3377 cm-1; 
CH, 1590 cm-1; CO, 1635 cm-1; for SA/α-CD complex: OH, NH, 3438 cm-1; CONH, 2241 cm-1; 
N=N, 1414 cm-1; CO, 1641 cm-1; CH, 1561 cm-1; COC, 1021 cm-1; and for SA/β-CD complex: 
OH, NH, 3425 cm-1; CONH, 2241 cm-1; N=N, 1415 cm-1; CO, 1638 cm-1; CH, 1576 cm-1; COC, 
1030 cm-1.  

In Figure 1 the UV-VIS spectra for the disazo dye, cyclodextrins and inclusion 
complexes are shown. The absorption spectra in the 200÷700 nm region of the disazo dye 
and cyclodextrins were comparated with inclusion complexes, and differences in the spectra 
were observed. It was noticed that both obtained inclusion complexes show a hipsochromic 
shift of their absorptions maxima in comparison to the free azo dye (SA). 
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Figure 1. The UV-VIS spectra for the diazo dye, ciclodextrins and inclusion complexes 
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4. CONCLUSIONS 
 

Two inclusion complexes of a symmetrical disazodye with α- and β-cyclodextrin have 
been obtained and characterized by UV-Vis spectra, FTIR and Thin Layer Chromatography. 

The direct route to a rotaxane encapsulated azo dye will facilitate investigations into 
consequences of chromophore encapsulation. 
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Abstract: 

In this paper we introduced the ellipsometrical measurements of steel OLC-45 after thermochemical 
treatment. We obtained the optical constants and the film thickness of nitrated case formed on the 
steel surface after thermochemical treatment. This nitrated case and the metallic substrate have 
different mechanical properties because of the metallic nitride formed. 
The correlation between the optical properties and the mechanical properties of metallic surfaces allow 
to correctly decide upon the optimal thermochemical treatment settings for a certain type of steel. 

Keywords: 
ellipsometry, optical constants, thermochemical treatment, nitriding steel 

 
 
 
 

1. INTRODUCTION 
 

The thermochemical treatment of the metallic surface forms films with special 
properties, which differ from those of the metal. 

Ellipsometry is an optical study of metal surfaces of a special smoothness. It allows us 
to obtain the optical properties of the solid surfaces and of the surface films formed on the 
solid surfaces from a change in the state of light polarization that is reflected on the surface 

[1,3,6]. 

 
Figure 1. Light reflection on a metal 

covered by an optically absorbent film 

Figure 1 presents the model of the metal 
surface coated with a film formed by the superficial 
thermochemical treatment, which reflects a 
monochromatic radiation. 

 The fundamental ellipsometry equation 
links the measurable angles Δ and Ψ to the optical 
constants of the substrate ss k,n , the superficial 

film thickness df and the optical constants of the 
superficial film ff k,n : 

( )ssfff00
i k,n,d,k,n,,,nfetg λϕ=Ψ Δ                                                 (1) 

In order to know the optical properties of the film formed on the surface after 
thermochemical treatment it is necessary to know the optical constants sn  and sk  of the 
substrate [1,6]. 

They are determined by a measurement of the angles 0Δ  and 0Ψ , for the metal, before 
the thermochemical treatment. The optical constants of the substrate are obtained by solving 
the equation: 

( )ss00
i

0 k,n,,,nfetg 0 λϕ=Ψ Δ                         (2) 
The films formed on the surface of steel are optically absorbent so that both the 

thickness df and the optical constants fn   and  fk  must be determined. 

If the superficial film with complex refractive index fff kinn~ ⋅−=  is optically 
absorbent, the relationship described by (1) does not allow the determination of three 
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unknown: df, fn  and fk  by a single pair of Δ and Ψ  parameters, measured at a single angle 
of incidence. 

The graphical methods are commonly used to determine the three sizes df, fn  and fk  
by means of the ellipsometric measurements: 

 at two or more different incidence angles; 
 at two or more wavelengths; 
 for two or more incidence media with different refractive indices [1,2,6]. 

Reference literature presents in detail the technique for processing the data resulting 
from experimental measurements [1,4,6]. 

If the optically absorbent superficial film thickness is greater than a minimum value dm, 
then radiation is absorbed in the superficial film and does not reach the Σ23 interface. In this 
case angles Δ and Ψ do not depend on the film thickness. They remain constant as can be 
observed in Figure 2. From Δf and Ψf we obtained the optical constants of the superficial film 
as bulk material. The minimum film thickness from which Ψ and Δ remain constant depends 
on the optical constants of the superficial film. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2  Δ and  Ψ angles versus the thickness of an optically absorbent film formed on the metallic 
surface. 

The ellipsometry relationship expressed by (1) no longer allows the determination of the 
thickness df  of the superficial film. From the relationship: 

( )ff00
i

f k,n,,,nfetg f λϕ=Ψ Δ        (3) 

we can only determine the optical constants fn  and fk   based on the ellipsometrical angles 
at one angle of incidence. 

In relation (1) it is assumed that the superficial film has an arbitrarily chosen value, but 
greater than dm. 
 

2. EXPERIMENTS 
 

The surface of steel samples OLC-45, was polished and then burnish extra-brightly with 
aluminum oxide burnishing powder. Before the ellipsometrical measurements for the 
determination of the optical constants, the metal surface of the freshly polished samples was 
washed in a jet of distilled water to remove impurities and then it was washed with absolute 
ethanol. 

The thermochemical treatment of steel samples was performed in an ion-nitriding 
furnace for 8 hours. The samples were then washed by the method described above, before 
the ellipsometrical measurements of the film that was formed. 

The ellipsometrical angles Δ and Ψ through which we determined the optical constants 
of the surfaces were measured by means of a photoelectric ellipsometer in PCSA assembly 
(polarized, compensatory, surface, analyzer) with an accuracy of 0.10. 

The calculations were made with the help of our own computer program based on the 
calculation developed by McCrackin [6].  
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3. RESULTS AND DISCUSSION 
 

There were two methods used for determining the thickness and the optical constants 
of the surface films. 

In one of the methods, we used the optical 
constants of the substrate with which it can draw 
the theoretical curves Δ= f (Ψ) for various possible 
values of the optical constants of the film formed 
by thermo chemical treatment [2]. 

Figure 2 shows the appearance of these 
curves. 

The optical constants have values between 

fn =1.5 ÷ 3.0 respectively fk = 0.75 ÷ 1.5. 
Thus, we determined the approximate values 

of the optical constants of the superficial film. The 
error of this determination depends on the 
accuracy of the graphical representation and of the 
reading of the graph. 

Another method for determining the 
thickness and the optical constants of superficial 
films uses a set of two ellipsometrical 

measurements for metal covered with the surface film, at two different incidence angles: 60 ° 
and 70 ° [5]. 

 
Fig. 2 The theoretical curves Δ=f(Ψ) for 

superficial optical absorbent film. 

( )ssfff010
i

1 k,n,d,k,n,,,nfetg 1 λϕ=Ψ Δ                       (4) 

( )ssfff020
i

2 k,n,d,k,n,,,nfetg 2 λϕ=Ψ Δ                (5) 
 The results of the measurements, the optical constants and the superficial film 
thickness are shown in Table 1. 

For nitride layers whose thickness is larger than 100 nm the ellipsometrical 
measurement determines only the optical constants of the layer, by means of equation (3). 
 

Table 1. The ellipsometrical angles measured and the optical characteristics of the metal and of the 
superficial film obtained by ion-nitriding of OLC-45 steel 
Metallic substrate Nitriding steel 

Sample 
0ϕ 0ϕsk fksn fnΔ Ψ Δ Ψ  d    f 

- deg. deg. deg. - - deg. deg. deg. - - nm 
60 152,07 28,72 

1 70 118,45 29,35 2,32 3,18 
70 124,92 20,35 

3,46 2,46 22 

60 147,39 28,72 
2 70 119,01 29,85 2,30 3,26 

70 118,42 22,06 
3,4 2,48 15 

 
4. CONCLUSIONS  

 

The determination of the optical constants and the surface film thickness require at 
least two ellipsometrical measurements at different incidence angles or wavelength or by 
using different incidence media with different refractive indices. 

The optical characteristics of optical absorbent films can be obtained by rather 
laborious graphical methods. 

If the superficial films have the thicknesses greater than 0.1 μm, it is not possible to 
determine the thickness by the ellipsometrical method. The optical constants determined 
from the Δ and Ψ ellipsometrical angles correspond to the bulk metallic nitride. 

The correlation between the optical properties of films formed after thermo chemical 
treatment and the mechanical properties of the metals allow an optimal treatment to be 
applied to particular steel. 
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Abstract: 

The used optical method is based on the roughness metallic surface model, which supposed one 
superficial inhomogeneous film. This is considered a mixture of the basic metal and the air. 
For this film, the thickness, the amount of the metal per unit area of the surface and the weight 
fraction of the metal in the film are determined by the ellipsometric method. These values for Cu, Ni 
and steel allow the determination of the roughness leveling depth. 

Key words: 
ellipsometry, roughness, superficial film 

 
 
 
 

1. INTRODUCTION 
 

As a result of mechanical processing of metallic surface arise rupture of the crystal 
lattice and the formation of a transitional layer composed of amorphous crystalline areas of 
metal and impurities from the processing method [1,3].  

Impurities existing on the rough surface can be removed by washing the area with 
various solvents, and transition layer will have properties intermediate two adjacent medium. 

As well it should polish, metal surface has a roughness that can be characterized by 
mean deviation of the roughness to the median line: 

∫ ⋅−=
l

l 0

1 dxmyRa         (1) 

Median line taken as a reference is characterized by roughness leveling depth Rp taken 
to the outside line of profile or to the inside line of it:  

∫ ⋅=
l

l 0

1 dxyRp         (2) 

y is coordinate of a point of the profile diagram to the inside line, m=Rp coordinate of the 
average line to the inside line and  is the measured length [4]. l

In the case of the minute surface, use of mechanical feeler is limited by the size of pick-
up. 

Ellipsometric method, based on variation of the polarization of light when reflected on 
the surface between two media, can be used to characterize roughness of metal surfaces [2]. 
By this method can determine the thickness and optical properties of superficial films on 
metal surfaces with an accuracy of the order hundredth of nanometer. 

The method used is based on a model of the rough metallic surface as in Figure 1. 
Rough surface may be resembled with a superficial film made from a mixture of metal (with 
the index of refraction ñ and density ρ) and the immersion medium (with the index of 
refraction n0 and density ρ0), as in Figure 1. 

Refraction index nf and thickness df of the film can be determined by ellipsometric 
readings based on the optical model of the superficial intermediate film, shown in Figure 1, 
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Figure 1. Model of rough surface resembled with a transition layer  

 

 The weight fraction of the metal in the film: 

0

0
~ rr

rr
f f

−

−
=         (3) 

and the amount of the metal per unit area of the surface: 
fdm fff ⋅⋅= ρ        (4) 

on determine from these optical values. 
 In this relationship ρf represents film density calculated with the phrase: 
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r0, r~  and rf are the specific refractions of immersion environment (air), metal, and the 
superficial film: 
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 Model shown in Figure 1 shows that the product between density of metal ρ and 
roughness leveling depth Rp is equal to the amount of metal per unit area of the film: 

pf Rm ⋅= ρ         (7) 

2. EXPERIMENTAL PART 
 

Measurements of the roughness of metal surfaces of copper, nickel and steel OLC-35 
were carried out. 

Samples of metallic copper, nickel and steel OLC-35 were cut to size 45x22x5 (mm), 
then were polished with glass paper grain size 12. Samples were burnish extra-bright before 
measurements with abrasive metallographic paper to grain M14, then with the burnishing 
powder of aluminum oxide "Presi 2" Italy. The samples were washed with absolute ethanol. 

Metallic surface roughness was measured with a profilograph "Profilograf-201”. For 
accounting of roughness we used the M system, which uses the median line of profile for the 
baseline [6]. Calculated physical and statistical parameters for the effective profiles were: the 
roughness leveling depth Rp  and average deviation of roughness Ra reported to the median 
line. 

Ellipsometric measurements were made with a photoelectric ellipsometer IFTAR (PCSA 
assembly) using monochromatic light with wavelength λ = 546.1 nm, at the angle of incidence 
φ0= 70°. 

 

3. Results and Discussion  
 

 In Figure 2 shows, for example, profile diagram recorded for the surface of a sample of 
nickel. 

Table 1 are given values of Rp and Ra for metal surfaces studied, calculated from profile 
diagram recorded. The calculations were made using a computer one’s own program in 
Matlab language. 
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Figure 2. Profile diagram for nickel 

 

Table 1 
Metal l  Rp Ra

- µm µm µm 
Copper 60 0.026 0.022 
Nickel 350 0.010 0.004 

Steel OLC-35 60 0.010 0.004 
  

 Ellipsometric measurements and optical values calculated for rough superficial film, 
based on optical model shown in Figure 1, are presented in Table 2. To calculate optical 
values for superficial film were used optical constants of metal, and ellipsometric quantities 
measured at incidence angle φ0= 70°  and wavelength λ = 546.1 nm. 
 All calculations were performed using a software own, based on the McCrackin program 
for processing ellipsometric measurements [5]. 

Table 2 
optical constants of metal 

n k 
ρ Δ Ψ df nfMetal 

- - g/cm3 grd. grd. nm - 
Copper 0.82 2.21 8.93 74.47 35.51 345,6 0.98 
Nickel 1.79 3.30 8.90 97.56 35.37 23.4 1.25 

Steel OLC-35 2.54 3.42 7.86 98.44 32.03 11.5 2.12 
 

 Were calculated the weight fraction of the metal in the film f and the amount of the 
metal per unit area of the surface mf , according to the relations (3) and (4), using the optical 
values nf and df calculated for rough superficial film.  
 Levelling depth of roughness Rp , shown in Table 3, was calculated according to the 
relationship (7).  

Table 3 

Metal df f mf ρ 
optic
pR  mechanic

pR  

 nm - mg/cm2 g/cm3 µm µm 
Copper 34,6 0.50 0.0031 8.93 0.035 0.026 
Nickel 23.4 0.84 0.0077 8.90 0.009 0.010 

Steel OLC-35 11.5 0.97 0.0076 7.86 0.010 0.010 
  
 It notes that in general there is a pretty good correlation between the leveling depths of 

roughness, optically determined (by ellipsometric measuring)  and the same, 

mechanically determined (with profilograph) . Differences that may arise due to the 

fact that the base length of profil graph is of the order tenth of a millimeter while the optical 
surface of the metallic sample examined has an area with radius of about 2mm. Differences 
may occur because of errors due to limitations imposed by the size of profilograph pick-up. 

optic
pR

mechanic
pR
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4. CONCLUSIONS    
 

 For characterization of micro-roughness of metal surfaces ellipsometric method, based 
on modifying of the polarization of light reflected from the solid surfaces, is used. This 
method has an accuracy of the order tenth of a nanometer can provide information about the 
structures of various films on solid or liquid surfaces. The method does not require direct 
contact with the measured area and requires approximately 20 minutes measuring time. 

Although a simple ellipsometric measurement not allow determination of roughness 
(expressed by the mean deviation of the roughness Ra to the median line taken as reference), 
it provides very valuable information about areas in terms of roughness. Levelling depth of 
roughness Rp determined by the optical measurement can be used later as middle reference 
line for calculating the roughness. 

Ellipsometric measurements at several angles of incidence, or to different states of 
polarization of radiation, may provide additional information that can be used to characterize 
the roughness of surfaces.  
 Ellipsometric method can be used only for highly polished solid surfaces, reflecting 
specular light. 
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Abstract: 

The transmittance values measured in IR specular external reflection (RS) or internal reflection (ATR) 
spectra can be used to determine the optical constants of solid surfaces or dielectric films laid on solid 
substrates. 
To obtain the optical constants of polystyrene films laid on steel we used Kramers-Kronig analysis. In 
this case, the optical constants are obtained from IR external reflection spectrum recorded at a single 
incidence angle. The transmittance measured and the phase shift angle obtained by Kramers-Kronig 
integral, are used in this case. 
Using Kramers-Kronig analysis offers the advantage of processing a large volume of data. 

Keywords:  
Reflection-absorption, optical constants, IR spectra, Kramers-Kronig analysis, dispersion analysis 

 
 
 

1. INTRODUCTION  
 

  The study of reflectance spectra of films deposited on solid surfaces allows the 
determination of thickness and optical constants of these: refractive index n and absorption 
index k.  
 In order to determine the optical constants of polymer films one can use the specular 
external reflectance spectra or the internal reflectance spectra. If the polymer film deposited 
on the metal is thick, it can be treated as a bulk material. The reflectance spectrum recorded 
is not influenced by the substrate. 
  The reflection and transmission of radiation on solid surfaces are expressed by the 
complex reflection coefficient ( )θ= iexpr~r~  and the complex transmission 

coefficient ( )θ= iexpt
~

t
~

. They depend on the complex refractive index of the film  

and on the angle of incidence. 

= −%n n ik

 Reflectance, denoted by R represents the ratio of the reflected radiation intensity Ir and 
the incident radiation intensity Io and it is equal to the square complex reflection coefficient: 

R=r2=
2

r~ . 

 Transmittance, denoted by T represents the ratio of the transmitted radiation intensity 
It and the incident radiation intensity Io and is equal to the square complex transmission 

coefficient: T= t2=
2

t
~

. 

 For thick films (with thickness higher than 50 μm), the optical constants are 
determined from the specular reflectance spectra (RS) or from the attenuated total 
reflectance spectra (ATR). You can use the reflectances R1 and R2 measured at two angles of 
incidence or the reflectance R at one angle of incidence and θ angle measured across the 
whole spectral domain [4,8,14]. This is possible by Kramers-Kronig analysis, using integral: 

( ) ( )
∫
∞

ν
ν−ν
ν

π
ν

=νθ
0

2
i

2
i

i d
Rln

                               (1) 

 From reflectance R and angle θ, the complex refractive index is determined, for normal 
incidence: 
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( )
θ−+
θ⋅−−

=−=
cosR2R1

sinR2iR1
iknn~                (2) 

In case of specular reflection from the polymer thin films deposited on metals (with 
thickness less than 10 μm), the reflected radiation  contains two components: one reflected 
from the air-film interface (Ir intensity) and one reflected by the film-metal interface (It 
intensity), after having crossed twice the polymer film, as shown in Figure 1. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1. The specular reflection of radiation for 
thin films deposited on metals 

 The reflectance due to reflection at the air/film interface is about 5% since the refractive 
indices of polymers is less than 1.5 in the middle-IR spectral domain. The reflection at the 
polymer/metal interface is much higher and the reflectance is about 99%. The radiation 
reflected from the polymer/metal interface and crossing twice the polymer film is thus about 
95% of the incident radiation intensity. It is almost 20 times more intense than the reflected 
beam to the air/polymer interface. For this reason, this spectrum is a reflection-absorption 
spectrum (or a transflectance spectrum). It is similar in terms of quality to the transmission 
spectrum of the polymer film. 

This spectrum can be processed to obtain optical constants n and k [9].    
It is necessary to know the transmittance ( )νT  along the whole spectral domain and by 

means of the Kramers-Kronig relationship the θ angle is determined [12.13]. 

( ) ( )
∫
∞

πν+ν′
ν−ν′
ν′

π
ν

−=π+νθ
0

22
d2d

Tln
Pm2         (3) 

 Transmittance T and θ angle are related to the complex refractive index by the 
relationship: 

( ) ( ) δδ−
θ

−−+
=

i2i2
i

e1n~e1n~
n~4

eT          (4) 

where:  depends on the thickness dc/dn~2 fπν=δ f of the film [3]. 
Dispersion analysis is another way of obtaining the optical constants of thin films 

deposited on metal surfaces. This method can be more flexible than the Kramers-Kronig 
relations as it can be applied to a more complicated geometry. 

Dispersion analysis is based on building an appropriate model for calculating the 
dielectric and optical properties of this model. The best known is the Drude-Lorentz damped 
harmonic oscillator model [11] for the complex dielectric function: 

( ) ∑ νγ−ν−ν

ν
+ε=νε ∞

j j
22

j0

2
pj

i
     (5) 

It describes the optical response of a set of harmonic (damped) oscillators. Here ∞ε  is 
the so-called "high-frequency dielectric constant”, which represents the contribution of all 
oscillators at very high frequencies. Parameters pjν , ojν  and jγ  are the “plasma” frequency, 

the transverse frequency (eigenfrequency) and the linewidth (scattering rate) respectively of 
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the j -th Lorentz oscillator. Reflectance R or transmittance T can be obtained from the 
theoretical model of the complex dielectric function. The spectra of these optical magnitudes 
are compared to those experimentally determined. The model parameters are continuously 
adjusted to fit the theoretical values with the experimental data measured. For the reflection-
absorption spectra, the theoretical transmittance and the experimental transmittance are 
compared. When the differences between the theoretical and experimental spectra are 
minimal, the parameters fitting process is stopped. 

Suppose, we have a set of N experimental data points {xj, yj, σj} (j = 1,...., N), that we 
want to fit. Here, xj is the data coordinate, yj is the data value and σj is the data error bar.  
Next, we take a model, which calculates the model value y = f (x, p1,...., pM) for a set of M 
internal parameters. 

So-called Levenberg-Marquardt algorithm is used to minimize the amount 

( ) ( )M1
2

2
N

j j

Mjjj2 p,....p
p....p,xfy

χ=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

σ

−
=χ ∑         (5) 

is used. 
The fitting process stops when the stopping criterion is fulfilled [10]. 
In the case of the internal reflection at angles of incidence greater than the critical 

angle, the radiation is totally reflected on the surface film. The evanescent-wave penetrates 
into the superficial thin film. The depth of radiation penetration into the superficial film is 
given by the relationship: 

2
f0

22p
nsinn2

d

0
−ϕπ

λ
=          (5) 

The depth of penetration is a measure of how far radiation penetrates into the sample in 
an ATR experiment, calculated as the depth at which the electric field of the evanescent wave 
has decreased to 37% of its original value. 

Figure 2 presents the model of the internal reflection on thin films (with thickness df 
less than the depth of penetration dp) deposited on metal mirrors. 

 
Figure 2. The attenuated total reflection from thin film deposited on metal surface 
 

The radiation that penetrates through the polymer film as well as an evanescent wave, 
is reflected on the polymer/metal interface and it crosses the polymer film again. In this case, 
the internal reflectance spectra of thin films resemble more the transmission spectra and 
have a much different aspect, as compared to those recorded for thick films [4,6]. In the case 
of thin film, absorption bands are not displaced or distorted, if the incidence angle is close to 
the limit. The spectrum recorded is influenced by the nature of the substrate. 

In order to determine the thickness of the surface films, one may use only the external 
reflectance spectra. For this, it is necessary that the film should have even thickness and that 
it should have values comparable to the wavelength of the radiation. Interference fringes may 
occur between the radiation reflected from the interface air/film and one that reflects the 
film/metal interface and crossing the film 2 times. The interference fringes are missing in 
case of  internal reflection [4]. 

2. EXPERIMENTS 
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Thin films of polystyrene (PS) were obtained by depositing a solution of polymer 
dissolved in toluene on the surface of OLC-35 steel. Reducing the solvent evaporation rate 
allows us to obtain a film with an even thickness. The low concentration of polymer in the 
solvent allowed us to obtain thin films with thickness less than 1μm. Then, the metal sample 
coated with polymer was heated to 5000C, in order to evaporate all traces of solvent. The 
metallic surfaces used as substrates were obtained by grinding and polishing. 

IR reflectance spectra were recorded using the specular reflection device of the UR-20 
spectrograph. 

In order to obtain the optical constants of the polymer film, the reflection-absorption 
spectra were processed using the RefFIT software [10]. 

  

3. RESULTS AND DISCUSSION 
 

The IR reflection-absorption spectra recorded at incidence angles of 20 and 55 degrees 
are shown in Figure 3. The diagram shows the spectral ranges 500-850 cm-1 and 2400-3360 
cm-1, which contain absorption bands corresponding to the C-H stretching vibrations of 
aromatic nucleus [2]. 

 
Figure 3. The  reflection-absorption spectrum of polystyrene deposited on steel, recorded for 

20 and 55 degrees angles of incidence 
It is noted that changing the angle of incidence does not alter significantly the 

transmission spectrum of polystyrene. Reflectance R and transmittance T depend very little 
on the incidence angle, as can be observed in Figure 1.  

Because the thickness of the superficial film is less than 1μm, the interference fringes 
are not present in the recorded spectra. For the same reason the recorded spectrum is a 
reflection-absorption (transflection) one. 

The spectrum obtained can be processed to obtain the optical constants n (refractive 
index) and k (absorption index). 

In order to improve the accuracy of the dielectric function, both R-A spectra recorded at 
incidence angles of 20 and 55 degrees were simultaneously fit. We also used the refractive 
index of polystyrene nf = 1.57 ellipsometrically determined for λ = 562.5 nm [7] and the value 
nf = 1.5842 for λ = 633 nm [1]. 

The refractive index spectrum obtained by dispersion analysis of reflection-absorption 
spectrum for polystyrene deposited on steel is shown in Figure 4. 

Absorption index k has a spectrum very similar to the absorption spectrum. The values 
of the absorption coefficient are low so that it can be concluded that polystyrene is almost 
transparent and in the IR range. In this spectrum the positions of the absorption bands do 
not show deviations from the positions of the absorption bands in the reflection-absorption 
spectrum. It can also be noticed that the intensity of absorption bands decreases at higher 
frequencies. The wavenumbers corresponding to the model used are about 5 cm-1 higher than 
those of literature [2]. 
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Figure 4. The refractive index spectrum for polystyrene deposited on steel 

 
Figure 5. The absorption index (extinction coefficient k) spectrum for polystyrene deposited on steel 

 

4. CONCLUSIONS 
 

The IR reflectance spectra for thin films (with thickness less than 1μm) are reflection-
absorption spectra in which transmittance T is recorded. The reflection-absorption spectrum 
for polymer films is very similar in terms of quality to the transmission spectrum. 

The dispersion analysis of the reflection-absorption spectra is more accurate and easier 
than the Kramers-Kronig analysis. Kramers-Kronig analysis is used mainly for superficial 
thick films or for bulk material. 

Simultaneous fitting of several datasets of different types related to the superficial film 
leads to obtaining correct values for optical constants n and k. 

The internal reflectance spectra for thin films, deposited on metals, with thickness less 
than the depth of penetration at angles of incidence greater than the critical angle are the 
reflection-absorption spectra and not the attenuated total reflectance spectra. They have the 
same look as the transmission spectra and can be used to determine the optical constants of 
the superficial film. 

 
 
 

 
REFERENCES 
[1] Ay F., Kocabas A., Kocabas C., Aydinlia A. and Agan S.,Appl. Phys., 96(2), p.7147, 2004 
[2] Bădilescu S., Giurginca M., Toader M. and Tălpuş V., „Spectroscopia în infraroşu a polimerilor 

şi auxiliarilor”, Ed. Tehnică, Bucureşti, 1982; 
[3] Borondics F., Kamarás K., Nikolou M, Tanner D.B., Chen Z.H., and Rintzler A.G., Physical 

Review B, 74, p.045431, 2006; 
[4] Harrick N.J., „Internal Reflection Spectroscopy, Wiley, New York, 1967; 
[5] Jacob W., von Keudell A., and Schwarz-Selinger Th., Braz. J. Phys., 30 (3), 2000; 

ISIRR 2009 © copyright FACULTY of ENGINEERING - HUNEDOARA, ROMANIA 



 

ISIRR 2009 – 10th INTERNATIONAL SYMPOSIUM “INTERDISCIPLINARY REGIONAL RESEARCH” – 
ROMANIA – HUNGARY – SERBIA, 23‐24 April, 2009, Hunedoara 

 

[6] Jitian S., Annals of the Faculty of Engineering Hunedoara, 3(5), p.140, 2001; 
[7] Jitian S. and  Chifu E., Studia Univ. Babeş-Bolyai, Chemia, XXXI(2), p.69, 1986; 
[8] Kiyoshi Yamamoto, „Optical Theory Applied to Thin Films”, Ph. Thesis, Case Western Reserve 

University, 1994; 
[9]     Koichi Nishikida, Etsuo Nishio and Robert W. Hannah, „Selected Applications of Modern FT-

IR Techniques”, Kodansha Ltd, Tokyo, 1995; 
[10] Kuzmenko A.B., „Guide to Reffit: software to fit optical spectra”, 2004, available online at: 

http://optics.unige.ch/alexey/reffit.html; 
[11] Kuzmenko A.B., Review of Scientific Instruments, 76(8), pp. 083108.1-083108.9, 2005; 
[12] Nilsson P.-O., Applied Optics, 7(3), pp. 435-442, 1968; 
[13]     Palmer K.F. and Williams M.Z., Applied Optics, 24(12), p.1788, 1985; 
[14] Vettergren V.I., Smirnova N.S. and Chmel A.E., Zhurnal Prikladnoi Spektroskopii, 22(2), 

p.352, 1975; 
 
 

ISIRR 2009 © copyright FACULTY of ENGINEERING - HUNEDOARA, ROMANIA 



 

 

 

MATHEMATICAL MODEL FOR THE BLOOD FLOW  
IN CAPILLARY VESSELS 

 
1  Sonia PETRILA,  Balazs ALBERT  2

 
1. “Tiberiu Popoviciu”Informatics Highschool, Cluj-Napoca, ROMANIA 

2. University “Babes-Bolyai”, Cluj-Napoca, ROMANIA 
 
 

 
Abstract: 

In this paper we develop an original model for the blood flow in capillaries. In the first approach the 
Stokes system is accepted for the blood flow in capillaries and the fluid is considered to be 
incompressible. The vessels’ walls have a linear elastic and permeable behavior. For the second model 
a non-Newtonian, rheological model for the blood flow, with a non-constant viscosity coefficient, is 
used, the walls of the capillaries being linearly elastic, permeable and porous.  

Key words: 
blood flow in capillary vessels, Newtonian-model, rheological model, elastic permeable porous walls. 

 
 
 

1. INTRODUCTION 
  

The most important aspect of the blood flow in capillaries is to supply “with food” the 
living cells of the organs and to remove the byproducts from every cell. The capillary vessels 
are built so that molecules with different dimensions can penetrate through the tissues in the 
surroundings of the capillaries in both ways. Generally capillaries are considered as tubes 
with very thin and porous walls, through which the transport of certain substances are 
realized. The presence of these pores and the small diameter of the capillaries distinguish 
these types of vessels from the others. Due to this reduced diameter and the slow character of 
the flow we can neglect the non-stationary (pulsating) aspect connected to the rhythmical 
pumping of the blood by the heart. Furthermore we can neglect the inertial (convective) 
aspects connected to the viscosity of the blood. Moreover the permeable (porous) character of 
the capillaries is dominating the elasticity of the vessels’ walls. 
 

 2. NEWTONIAN MODEL FOR THE BLOOD FLOW IN CAPILLARIES 
 

 The first model we propose accepts for the blood flow in thin vessels the Stokes system 
for incompressible fluids, taking into consideration that the Reynolds number is small. 
Implicitly it is accepted that the blood is homogenous, the viscosity is constant, the flow has a 
laminar character and there are no exterior field forces. 
 The vessels’ walls have a linear elastic and permeable behavior and the fluid (substance) 
change through these walls, very small in volume, respects the Starling hypothesis [7]. This 
classical hypothesis, which was checked experimentally later by many researchers (Mauro 
[3], Meschia [4], etc.), maintains the fact that the mass debit through this kind of capillary 
wall is proportional with the pressure difference between the exterior and the interior of the 
capillary tube. Moreover, using the results of Beavers and Joseph [1], it is accepted the 
existence of a slip condition, along the permeable surface, which is “covered” by a porous 
media, an essential condition confirmed also experimentally. 
 For simplification we accept the axi-symmetric character of the flow, the axis of 
symmetry being Oz. Using the cylindrical coordinates ),,( zr θ , the motion domain will be, at 
every time t: 
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where R and L are the (initial) radius and the length of the tube respectively, η  is the elastic 

displacement of the wall )},0(),,({)( LztzRrt ∈+=≡Σ η at the considered moment. 

 Noting by the velocity components of the blood in the directions z and r 

respectively, by p the pressure while by

),( vu
μ  the dynamic viscosity coefficient, the motion 

equations (Stokes) and the continuity equation becomes 
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 For the boundary conditions, noting by p  the average of the pressure values given in 
the respective section, we get: 
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 is the Beavers-Joseph slip condition, where β is the slip parameter, 

while k is the specific permeability of the porous media, )( ν−= pKv  is the consequence of 

the Starling law, where K is the constant permeability of the wall, while ν (built by the 
interstitial and osmotic pressure) is a given constant. Concerning to  and  they are the 

arterial and venous pressure, both supposed constants. 
ap vp

 Reffering to the elasticity of the capillary wall, accepting the linear elastic membrane 
model, the radial component of the stress can be expressed by the radial displacement η , 
such that: 
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where h is the thickness of the membrane, E the Young modulus,σ the Poisson coefficient, 

mρ is the density of the capillary wall, while is the reference pressure in the 

”unperturbed” state, supposed to be constant (the above mentioned p is in fact ). 
refp

refpp −
 It is obvious that on a this kind of elastic wall the kinematic condition for the continuity 
of the pressure, evaluated on the deformed interface )(tΣ , must be satisfied, namely 

)),,((),( ztzRv
t

tz ηη
+=

∂
∂  and .0)),,(( =+ ztzRu η  (10)  

These conditions together with the previous Beavers-Joseph and Starling conditions 

lead to )( γη
−=

∂
∂ pK

t
 and 0=

∂
∂
r
u

 for η+= Rr  respectively. 
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Concerning the dynamic condition, it implies the continuity of the stress along the 
deformable interface (wall). As the constitutive law accepted in this case is that of the 
Newtonian fluid, we must have along )(tΣ  

,]][2])[[( rrref Tpp =⋅−− enDT μ  (11)  
which leads to 

,
2)(1)1(]][2])[[( rrref T

tR
pp =

∂
∂

++⋅−−
ηημ enDT  (12)  

on , at any time t. )(tΣ
 

3. RHEOLOGICAL NON-NEWTONIAN MODEL 
 
 In the previous model the blood was investigated as a Newtonian fluid and the system 
of equations was the Stokes system. Now we accept for the blood a rheological non-
Newtonian representation with a non-constant viscosity coefficient. All the other 
assumptions (non-stationary character, incompressibility, homogeneity, linear elasticity, 
porosity of the wall) are the same, like in the previous model. The Starling hypothesis and the 
Beavers-Joseph slip condition are also fulfilled. 
 We accept again the axi-symmetric character of the blood flow in the capillary tube, the 
axis of symmetry being Oz. Using the cylindrical coordinates ),,( zr θ , the motion domain 

will be, at every time t, )},,0( ),2,0[   ),,(/),,{()( LztzRrzrt ∈∈+<≡Ω πθηθ  where R, L, 

),( tzη  and have the same meaning as in the previous model. )(tΣ
  In the meridian plane const=θ if and are the components of the velocity in z and 

r directions, if p is the pressure (evaluated to a reference pressure ), then in the absence 

of the exterior forces, the mass conservation principle (continuity equation) can be written as 

zu ru
refp

0)(1
=
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+
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z
uru

rr
z

r . (13)  

 Concerning  the flow equations they are obtained from the general Cauchy motion 
equations, where for the stress tensor we accept the following representation (rheological 
model for blood) 

,)(2)]([ 2 DIT RBCs
p

p ηη
η
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γ
λ +++

∂
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+−= K&&
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K
 (14)  

where D is the rate of strain tensor while I the unity tensor, p the physical pressure, while 

RBCη  is given by (the Cross model):  
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)(1 1

*
0 γλη
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η
η &

&
K+≡

+
= − pnRBC k

. (15)  

with 
2/1

24I=γ& , being the second invariant of the rate of strain tensor D, 2I sη  the plasma 

viscosity, pη and  the viscosity coefficients of the blood, *
0η α  the ”relaxation time”, k is a 

time constant for the shear thining behavior, n  the shear thining index, α  the mobility 
parameter, while the function 

 ),
)(1

(1)( 1

*
0

pnk
K η

γ
η

λ
γ −

+
= −&

& for 0>λ  (16)  

is the so called normal function in the variable γ& , which measures the variation of 
deformation. 
 For sake of simplicity we denote  

RBCspsK ηηηηγλγη +≡++= )()( && , 
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 These evolution systems are completed by the boundary conditions which express both 
the presence of a pressure gradient along the Oz axis (in accord with the rhythmical pumping 
of the blood in vessels) and the elastic character of the permeable, porous wall, more 
precisely  

0=
∂
∂

r
uz  and 0=ru  for 0=r , (19)  

z
z u

r
u

K
β

−=
∂
∂  and )(K ν−= pur  for ),( tzRr η+= , 

(20)

(the first relation in (20) expresses the Beavers-Joseph slip condition with the slip 
parameter β  while K is the specific permeability of the porous media, meantime 

)(K ν−= pur is the consequence of the Starling law, with K the constant permeability of the 

wall,ν ,built by the interstitial and osmotic pressure, supposed to be fixed and a a given 
constant), while for the pressure we have 

mp
a

tp +=
)cos(ω  for 0=z , where , 0>a (21)  

mp
La
tp +

+
=

)cos(ω  for Lz = , where , 0>a (22)

where )(
)(

0 ξf
R

drrf
p

R

m ≡= ∫ , f is a primitivable  and derivable function according to r, with 

a maximum for and a minimum for 0=r η+= Rr . It can be remarked that 
Lzz

pp
==

>
0

 at 

any time of the motion (0, T). 
 Observations: These boundary conditions on the “edges” 0=z  and Lz = of the 
capillary are in accord with the acceptance of a representation for the pressure of the type 

)()cos( rf
za
tp +

+
=

ω
, namely of a pressure gradient (in the cylindrical reference rz ee rr  , ) under 

the form rz erfe
za
tp rr )(
)(
)cos(grad 2

′+
+

−=
ω

. If 0)0( =′f and 0)),(( =+′ tzRf η we have 
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),(2 grad
)(
)cos(grad

tzRrOz
p

za
tp

η

ω
+=

=
+

−= , in accord with the motion of the pressure in the 

interior of the capillary. 
 On the other hand accepting for the capillary wall the linear elastic membrane model, 
the radial component of the membrane’s stress is expressed by the radial displacement η  as 
follows 
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=  (23)

where h is the thickness of the membrane, E the Young modulus,σ the Poisson coefficient, 

mρ is the density of the capillary wall while is the reference pressure in the ”unperturbed” 

state. It is evident that this stress must coincide with the stress generated by the blood on the 

same radial direction, namely 

refp

rr TenT =⋅=
rrr

T , which represents the relation for determining 

f (the pressure) or ),( tzη . 
 At the same time the kinetic condition must be satisfied on the elastic wall, 
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 but also 0) ),,(( =+ ztzRuz η , what leads to )),,((K νη
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and  0=
∂
∂

r
uz for η+= Rr  respectively. 

 It can be remarked that the last relation, together with 0) ),,(( =+ ztzRuz η , implies 

 in the whole a surrounding of the elastic wall while the conditions 0=zu 0=
∂
∂

r
uz and 

for the axis 0=ru 0=r  show that zzeuu rr
=  depends only on z and t so that we have a 

pulsating flow along the axis Oz, which “calms down” on the elastic wall ( ) where the 
exterior imposed pressure will have a minimum. At the same time from 
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. This last evaluation for 
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 permits us to make precise the condition on the capillary wall (linear elastic 

membrane), namely the expression of the “equilibrium” condition rr Ten =⋅
rrT  in cylindrical 

coordinates. More precisely if we note by  
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the equilibrium condition becomes   
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what provides an equation to determine the deformation of the capillary wall, namely ),( tzη , 
so that the whole set of unknowns of our problem can be determined. 
 

4. CONCLUSIONS 
  

In this paper we elaborated an original mathematical model for the blood flow in 
capillary vessels. First we presented a model where the blood was accepted as a Newtonian 

ISIRR 2009 © copyright FACULTY of ENGINEERING - HUNEDOARA, ROMANIA 



 

ISIRR 2009 – 10th INTERNATIONAL SYMPOSIUM “INTERDISCIPLINARY REGIONAL RESEARCH” – 
ROMANIA – HUNGARY – SERBIA, 23‐24 April, 2009, Hunedoara 

 

fluid. In the second approach we extended the model to a more general rheological (non-
Newtonian) blood behavior which stands closer to the realistic phenomena. 

The previous model will be approached numerically in another paper where we will also 
consider a more general behavior for the blood.  
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Abstract: 

In this paper, taking into consideration the rheological Cross model, we elaborate a three dimensional 
axi-symmetric numerical model for the blood flow in thin vessels with adequate algorithms. First we 
consider the vessel wall to be rigid than we take into account the elastic and porous behavior of this 
wall what leads to a more realistic approach of the problem. 

Key words: 
rheological Cross model, blood flow in thin vessels, elastic porous walls. 

 
 
 

1. INTRODUCTION 
 

In the proposed model, set up in this work, we accept for the blood flow a rheological 
non-Newtonian representation with a non-constant viscosity coefficient. The blood is 
considered to be a homogenous fluid, the flow has a laminar character and there are no 
exterior field forces. The walls of the vessels have a linear elastic, permeable and porous 
behavior. For the blood flow in the vessel we also accept an axial symmetry (Oz being the axis 
of symmetry). Using the cylindrical coordinates ),,( zr θ , the motion domain will be, at every 

time t, )},,0( ),2,0[   ),,(/),,{()( LztzRrzrt ∈∈+<≡Ω πθμθ  where R and L are the (initial) 
radius and the length of the tube(vessel) respectively, μ  is the elastic displacement of the 

wall )},0(),,({)( LztzRrt ∈+=≡Σ μ at the considered moment.  
 

2. NUMERICAL MODEL FOR THE BLOOD FLOW IN THIN VESSELS 
 

This model is based on the rheological Cross model, where the viscosity coefficient for 
the blood is not constant and can be written as follows 

ns k −+
+= 1

*
0

1
)(

γ
η

ηγη
&

& , (1)  

where sη  is the plasma viscosity, 
2/1

24I=γ& , being the second invariant of the rate of 

strain tensor D (D is the rate of strain tensor),  the viscosity coefficient of the blood and k 

is a time constant for the shear thining behavior. 

2I
*
0η

 In the absence of the exterior forces we can write for the continuity equation 

0)(1
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∂
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+
∂
∂

z
uru
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z

r , (2)  

where and are the components of the velocity in z and r directions respectively. For the 
flow equations we use the general Cauchy motion equations, where we accept for the stress 
tensor the following representation 
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ISIRR 2009 © copyright FACULTY of ENGINEERING - HUNEDOARA, ROMANIA 



 

ISIRR 2009 – 10th INTERNATIONAL SYMPOSIUM “INTERDISCIPLINARY REGIONAL RESEARCH” – 
ROMANIA – HUNGARY – SERBIA, 23‐24 April, 2009, Hunedoara 

 

where where D is the rate of strain tensor while I is the unity tensor, p the physical pressure 
and RBCη  is given by the Cross model 

nRBC k −+
= 1

*
0

)(1 γ
η

η
&

, (4)  

with n   the shear thining index, α  the mobility parameter, while the function 
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= −&

& for 0>λ , (5)  

is the so called normal function of the variable γ& , which measures the variation of 
deformation. 
 Using the above mentioned Cross model, the continuity equation and the Cauchy 
motion equations, expressing the tensor D and the other involved operators in cylindrical 
coordinates, we arrive to the following three dimensional axi-symmetric system 
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where u is the radial velocity (in direction r), v the axial velocity (in direction z) and p is the 
pressure, while 
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 These evolution systems are completed by the boundary conditions which express both 
the presence of a pressure gradient along the Oz axis (in accord with the rhythmical pumping 
of the blood in vessels) and the elastic character of the permeable, porous wall 

0=
∂
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r
uz  and 0=ru  for 0=r , (10)
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r
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K
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 and )(K ν−= pur  for ),( tzRr μ+= , 
(11)  

In the first relation of (11) the Beavers-Joseph slip condition is expressed with the slip 
parameter β  while K is the specific permeability of the porous media, meantime 

)(K ν−= pur is the consequence of the Starling law, with K the constant permeability of the 

wall, ν  is built by the interstitial and osmotic pressure, supposed to be fixed, and a is a given 
constant. 
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 We have calculated the case of the rigid 
wall and numerical tests have been effectuated 
for a vessel with radius 100μm. It was used 
the finite difference method (to simplify the 
program on a right angle domain), with 
separate nodes for u, v, p.  

The evolution in time was made with the 
Adams-Basforth-Crank-Nicholson method 
with implicit part for the Laplacian and 
explicit part for the non-linear components. 
Thus, at every time step a huge linear system is 
to be solved but with a sparse matrix. It is 
necessary to work with small time step 

(dt=0.0001) for assuring the numerical stability. The algorithm presents some oscillations of 
the calculated solution but these don’t disturb the stability. The work efficiency is acceptable 
(15000 time steps in about 2 hours). The attached figure 1 presents the evolution of the 
longitudinal velocity in the centre of the vessel for oscillating input and output pressure. 

 
Figure 1. Evolution of the central axial velocity 
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(12)

 
3. NUMERICAL MODEL FOR THE ELASTIC WALLS 

 

 One step further we use the presented mathematical model in the case 
when the elasticity and the porosity of the vessel wall are also considered.  
The data used for the numerical algorithms were achieved experimentally by 
C. Balan [1]. 
 We have worked with a small vessel segment of radius  and 

length of . The blood parameters of the proposed model 

are: , , 

m410−

m410*4 −

PasS
310−=η Pas1*

0 =η 100=k , 2.0=n , 100=λ , 50=α , the mass 

density is . We considered an oscillatory pressure 3/1060 mkg
Pastpin )2cos(15010100 π+= on the input boundary ( ) and a constant 

pressure on the output boundary

0=z
Papout 10000= . The permeability constant 

is  and the osmotic pressure is 510*5 −=K 9900=ν . On the axis of 
symmetry we imposed the axial symmetry requirements and on the tube 

walls the Beavers-Joseph condition [2] and the permeability condition (Starling law [5]) 
)(K ν−= pur . 

 
Figure 2. The 

velocity field at 
time t=1 

 
Figure 3. The r-displacement of the wall at points 

P1, P2 and P3 
Figure 4. The WSS at point P2 
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On the attached figures some results of the numerical experiments are presented: on 
figure 2 the velocity field at the moment 1=t , on figure 3 the r-displacement (in the direction 
of the radius) of the wall at points P1, P2 and P3, on figure 4 the wall shear stress 

( )(
r
u

z
uWSS zr

∂
∂

+
∂
∂

=η  evaluated at P2 is shown. 

 

4. CONCLUSIONS 
 

 In this paper by considering a more general rheological model for the blood flow in thin 
vessels, with adequate numerical algorithms and solvers, we got some results for the 
longitudinal velocity in the case of the rigid vessel wall. Considering the elastic, porous 
behavior of the wall we obtained other results for the velocity field, for the r-displacement of 
the wall and for the wall shear stress (WSS).  
 In the future we will try to elaborate other numerical algorithms for reducing the 
calculation time and to eliminate completely the oscillating behavior.  We also mention that 
this implemented rheological model can be easily set up, adjusting the parameters to obtain a 
better correspondence with the physical measurements. 
    The completed model can be applied for stenotic arteries, even in the 3-D case (axi-
symmetric). 
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Abstract 

In this paper we generalize the one-dimensional exponential distribution, considering a 
continuous and twice differentiable extension of the truncated discontinuous probability 
density of exponential distribution. 
Theoretical statements are in agreement with numerical analysis of data sets, calculations 
being performed in MathCAD package. 
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Abstract 

In this paper we emphasize the notion of skew-evolution semiflows, considered a generalization of 
semigroups, evolution operators and skew-product semiflows, which arise in the stability theory. We 
define and characterize a particular case of trichotomy, called the H-trichotomy, which is useful in 
describing the behaviors of the solution of evolution equations. We emphasize the fact that the 
trichtomy, introduced in finite dimensions in [1] and [5], is a natural generalization of dichotomy. A 
similar concept for stability was studied for evolution operators in [2]. This paper considers also other 
asymptotic properties, as exponential growth and decay, stability and instability. 
Mathematics Subject Classification: 34D09 

Keywords: 
evolution equation, skew-evolution semiflow, H-trichotomy 

 
 
 

1. INTRODUCTION 
 

The concept of skew-evolution semiflows arises in the theory of evolution equations, which, 
as well as the theory of optimal control, is an important tool in describing processes derived from 
engineering or economics. The dynamical systems that study the real life phenomena are complex 
and the identification of appropriated mathematical models is difficult because in the case of 
systems described by partial differential equations the state space is often of infinite dimension. It 
is interesting to reconsider the definitions of asymptotic properties for differential equations by 
means of skew-evolution semiflows. In what follows, we will consider a more general case for 
asymptotic behaviors that not involves necessarily exponentials, but, instead, properly defined 
functions. Let us define the set Γ of all continuous functions *RR:H ++ → . We will denote by Θ  

the set of all functions ++ →RR:f  with the property that there exists a constant R∈μ  such that 
te)t(f μ= , 0t ≥∀ , with the subsets +Θ  and −Θ , for positive, respectively negative values of μ . By 

Ψ  is denoted the set of continuous functions ),1[R:h ∞→+  defined such that, for all H Γ∈ , 

there exist a function Θ∈f  and a constant k > 0 with the properties 
)t(H)st(kf)s(h −≤ , 0s,t ≥∀  and )st(H)s2(h)t2(h +≤ , 0s,t ≥∀ . 

Remark 1.1. The set Ψ is not empty, as we can consider 
te)t(f)t(h ν==  and t2e)t(H ν= , ν >0, 0t ≥ . 

We will emphasize the notion of skew-evolution semiflows by means of evolution semiflows 
and evolution cocycles, as introduced by us in [4]. They naturally generalize notions as operators 
semigroups, evolution operators or skew-product semiflows. A skew-evolution semiflow depends 
on three variabiles, contrary to a skew-product semiflow, which depends only on two, and, hence, 
the study of asymptotic behaviors for skew-evolution semiflows in the nonuniform setting arises 
as natural, relative to the third variabile. In this paper we will also consider the definitions and 
characterizations of some asymptotic properties, by means of the set of functions Θ , Γ  and Ψ . 

 

2. SKEW-EVOLUTION SEMIFLOWS 
Let us consider (X, d) a metric space, V a real or complex Banach space , *V  its topological 

dual and B(V) the family of linear V-valued bounded operators defined on V. The norm of vectors 
and operators is ⋅ .  
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In what follows, we will denote Y = X×V and we will consider the set 
{ }.0t|tR)t,t(T 00 ≥≥∈=  By I is designed the identity operator on V. 

Definition 2.1. A mapping XXT: →×ϕ  with the properties: 

(s1) x)x,t,t( =ϕ , XR)x,t( ×∈∀ + ; 

(s2) )x,t,t())x,t,s(,s,t( 00 ϕ=ϕϕ , T)t,s(),s,t( 0 ∈∀ , Xx ∈∀  
is called evolution semiflow on X. 
Definition 2.2. A mapping )V(BXT: →×Φ  with the properties: 
(c1) I)x,t,t( =Φ , XR)x,t( ×∈∀ + ; 

(c2) )x,t,t()x,t,s())x,t,s(,s,t( 000 Φ=ΦϕΦ , T)t,s(),s,t( 0 ∈∀ , Xx ∈∀  
is called evolution cocycle over the evolution semiflow ϕ . 
Definition 2.3. The mapping  

YYT:C →× , )v)x,s,t(),x,s,t(()v,x,s,t(C Φϕ= , 

where ϕ  is an evolution semiflow on X and the mapping Φ  is an evolution cocycle over ϕ , is 
called skew-evolution semiflow on Y. 

The next example emphasizes a skew-evolution semiflow generated by a system of 
differential equations. 
Example 2.1. Let us consider the system of differential equations 

⎪
⎪
⎩

⎪
⎪

⎨

⎧

−=

+=

−=

⋅

⋅

⋅

.z)tcos2(z

w)2tcost(w

u)3tsint2(u

 

Let us define the spaces X = R+ and V = R3, which is endowed with the norm v  = 

|v1|+|v2|+|v3|, where v=(v1,v2,v3)∈  V.  
The mapping  

++ →×ϕ RRT: , )x,s,t(ϕ = t - s + x 
is an evolution semiflow on R+.  

The mapping  
)V(BXT: →×Φ , )v)s,t(Z,v)s,t(W,v)s,t(U()v,v,v)(x,s,t( 321321 =Φ , 

where U(t, s)=u(t)u-1(s), W(t, s)=w(t)w-1(s), Z(t, s)=z(t)z-1(s), T)s,t( ∈∀  and u(t), w(t) and z(t), 
where t ∈ R+, are the solutions of the given system of differential equations, is an evolution 
cocycle over the evolution semiflow ϕ  on the metric space R+. We obtain that C = ( Φϕ , ) is a 
skew-evolution. 

The following asymptotic behaviors of skew-evolution semiflow are useful in characterizing 
the property of H-trichotomy, as well as their characterizations.  

Definition 2.2. A skew-evolution semiflow C = ( Φϕ , ) is said to have exponential growth 

if there exists a nondecreasing function ),1[R:g ∞→+  with the property ∞=
∞→

)t(glim
t

 such that: 

v)x,t,s()st(gv)x,t,t( 00 Φ−≤Φ , ∀ T)t,s(),s,t( 0 ∈ , ∀ Y)v,x( ∈ . 

Proposition 2.1. A skew-evolution semiflow C = ( Φϕ , ) has exponential growth if and 

only if there exist some constants 1M ≥  and 0>ω  such that: 

v)x,t,s(Mev)x,t,t( 0
)st(

0 Φ≤Φ −ω , ∀ T)t,s(),s,t( 0 ∈ , ∀ Y)v,x( ∈ . 

Proof. Necessity. Let 0tst 0 ≥≥≥  and n be the integer part of the real number t - s. We obtain 
successively 

≤−Φ≤≤−Φ≤Φ v)x,t,nt()]1(g[...v)x,t,1t()1(gv)x,t,t( 0
n

00  

v)x,t,s(Mev)x,t,s(Me 0
)st(

0
n Φ≤Φ≤ −ωω , 

for all T)t,s(),s,t( 0 ∈ and all Y)v,x( ∈ , where we have denoted M = g(1) > 1 and 0Mln >=ω . 

Sufficiency. It is obtained immediately if we consider uMe)u(g ω= , 0u ≥ .          

Definition 2.3. A skew-evolution semiflow C = ( Φϕ , ) is said to be with exponential decay if 

there exists a nondecreasing function ),1[R:g ∞→+  with the property ∞=
∞→

)t(glim
t

 such that: 



 

ISIRR 2009 – 10th INTERNATIONAL SYMPOSIUM “INTERDISCIPLINARY REGIONAL RESEARCH” – 
ROMANIA – HUNGARY – SERBIA, 23‐24 April, 2009, Hunedoara 

 

ISIRR 2009 © copyright FACULTY of ENGINEERING - HUNEDOARA, ROMANIA 

v)x,t,t()st(gv)x,t,s( 00 Φ−≤Φ , ∀ T)t,s(),s,t( 0 ∈ , ∀ Y)v,x( ∈ . 

Proposition 2.2. A skew-evolution semiflow C = ( Φϕ, ) has exponential decay if and only if 
there exist some constants 1M ≥  and 0>ω  such that: 

v)x,t,t(Mev)x,t,s( 0
)st(

0 Φ≤Φ −ω , ∀ T)t,s(),s,t( 0 ∈ , ∀ Y)v,x( ∈ . 

Proof. Necessity. Let 0tst 0 ≥≥≥ . There exists a natural number n such that. We have following 
relations 

≤+Φ≤≤+Φ≤Φ v)x,t,ns()]1(g[...v)x,t,1s()1(gv)x,t,s( 0
n

00  

v)x,t,t(Mev)x,t,t(Me 0
)st(

0
n Φ≤Φ≤ −ωω , 

for all T)t,s(),s,t( 0 ∈ and all Y)v,x( ∈ , where we have considered the constants M = g(1) > 1 and 

0Mln >=ω . 

Sufficiency. It follows immediately for uMe)u(g ω= , 0u ≥ .                               
 

3. ON THE PROPERTY OF H-TRICHOTOMY 
 

A general concept of exponential trichotomy is emphasized in this section.  
Definition 3.1. A mapping P:Y→Y given by P(x,v)=(x, P(x)v), where P(x) is a projection on Yx = 
{x} ×  V and x ∈  X, is called projector on Y. 
Definition 3.2. A skew-evolution semiflow C = ( Φϕ, ) is said to be H-trichotomic if there exist 

some mappings N1, N2, N3: *
++ → RR  and three projectors families {Pk}k ∈{1,2,3} such that 

following conditions hold: 
(t1) for each projector Pk, k∈{1,2,3}, the relation  

)x(P)x,s,t()x,s,t())x,s,t((P Φ=Φϕ  

holds for all T)s,t( ∈  and all x ∈ X; 
(t2) for all x ∈  X, the projections P1 (x), P2 (x) and P3(x) satisfy the conditions 

P1 (x)+P2 (x)+P3 (x)=I and Pi(x)Pj (x)=0, for all i, j ∈ {1,2,3}, i ≠  j; 
(t3) following inequalities  

( 1
3t ) v)x(P)x,t,s()s(Nv)x(P)x,t,t()t(H 10110 Φ≤Φ ; 

( 2
3t ) v)x(P)x,t,t()t(Nv)x(P)x,t,s()s(H 20220 Φ≤Φ ; 

( 3
3t ) v)x(P)x,t,s()t(H)s(Nv)x(P)x,t,t( 30330 Φ≤Φ  and 

v)x(P)x,t,t()s(H)t(Nv)x(P)x,t,s( 30330 Φ≤Φ , 

hold for all T)t,s(),s,t( 0 ∈ , for all Y)v,x( ∈  and all H Γ∈ . 

Remark 3.1. In the particular case H(t) = teν , t ≥  0, ν  > 0, the exponential trichotomy for 
skew-evolution semiflows, defined and characterized by us in [3] for evolution operators, is 
obtained in a nonuniform setting. 
Remark 3.2. (i) A projector P on Y with property (t1) is also called invariant relative to the skew-
evolution semiflow C = ( Φϕ , ); 
(ii) If three projectors families {Pk}k ∈{1,2,3} satisfy relations (t1) and (t2) of Definition 3.2, they are 
usually said to be compatible with the skew-evolution semiflow C. 

In what follows, we will denote a skew-evolution semiflow Ck = ( k,Φϕ ), k∈{1,2,3}, where 

v)x(P)x,s,t(v)x,s,t( kk Φ=Φ , T)s,t( ∈ , Y)v,x( ∈ . 
Example 3.1. Let us consider the skew-evolution semiflow given in Example 2.1. 
We obtain for the evolution cocycle )V(BXT: →×Φ following relations 

=)v,v,v)(x,s,t( 321Φ  

)ve,ve,ve( 3
s2t2ssintsin

2
s2t2scostcostsinstsint

1
s3t3ssin2tsin2scoss2tcost2 −++−−+−+−+−+−−=  

Let us define the projectors P1(x,v)=(v1,0,0), P2(x,v)=(0,v2,0) and P3(x,v)=(0,0,v3). As 
following relation holds 

2t cos t - 2s cos s - 2 sin t + 2 sin s - 3t + 3s ≤  -t + 5s + 4, ∀ (t, s) ∈ T, 
we have that 

1111 v)s(Nv)x(P)x,s,t()t(H ≤Φ , ∀ (t, s, x, v) ∈ T×Y, 
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where we have denoted t
1 e)t(H =  and 4s5

1 e)s(N += . 
According to the inequality 

t sin t – s sin s + cos t - cos s + 2t - 2s ≥  t – 3s - 2, ∀ (t, s) ∈ T, 
it follows that 

2222 v)s(Hv)x(P)x,s,t()t(N ≥Φ , ∀ (t, s, x, v) ∈ T×Y, 

where we have considered s3
2 e)s(H −=  and 2t

2 e)t(N +−= . 
Also, as 

- sin t + sin s + 2t - 2s ≤  2t – s + 1, ∀ (t, s) ∈ T, 
we have 

3333 v)t(H)s(Nv)x(P)x,s,t( ≤Φ , ∀ (t, s, x, v) ∈ T×Y 

and, as 
- sin t + sin s + 2t - 2s ≥  t - 2s - 1, ∀ (t, s) ∈ T, 

we obtain 

3333 vv)x(P)x,s,t()s(H)t(N ≥Φ , ∀ (t, s, x, v) ∈ T×Y, 

where, in both cases, we have denoted u2
3 e)u(H =  and 1u

3 e)u(N +−= . 

As a remark, we can consider, without any loss of generality, the function denoted H(t) = 
min{H1(t), H2(t), H3(t)}, 0t ≥ .  

It follows that the skew-evolution semiflow C = ( Φϕ , ) is H-trichotomic. 
The next main result of this paper can be considered as an integral characterization for the 

concept of H-trichotomy. 
Theorem 3.1. Let H Γ∈ and h Ψ∈ . A skew-evolution semiflow C = ( Φϕ , ) is H-trichotomic if 

and only if there exist some mappings M1, M2, M3: *RR ++ → , some functions Θ∈21 f,f and 
three projectors families {Pk}k ∈{1,2,3} compatible with C such that the skew-evolution semiflow C1 
has exponential growth and the skew-evolution semiflow C2 has exponential decay and such 
that following conditions hold: 

 (i) *
101

t

t

**
1 v)x(P)t(Mdv)x,,t()(h

)t(H
1

0

≤ττΦτ∫ ; 

(ii) v)x,t,t()t(Mdv)x,t,(
)(H

1
)t(h 022

t

t

020

0

Φ≤ττΦ
τ∫ ; 

(iii) v)x,t,s()t(Mdv)x,t,()s(f 0303

t

s

031 Φ≤ττΦ−τ∫ ; 

(iv) v)x,t,t()t(Mdv)x,t,()t(f 0303

t

s

032 Φ≤ττΦτ−∫ , 

for all (t,s), (s,t0) ∈T and all (x,v) ∈ Y, ** Vv ∈ with 1v * ≤ .  

Proof. Necessity. As the skew-evolution semiflow C is H-trichotomic, it implies that the relations 
(t3) of Definition 3.2 hold.  
(i) There exist a function −∈Θf  and a constant k > 0 with the property 

)t(H)st(kf)s(h −≤ , 0st ≥≥∀ . Let us denote te)t(f ν−= , 0>ν . We obtain  

v)x,t,s(e)s(Mv)x,t,s(
)t(H

)s(N
v)x,t,t( 01

)st(
101

1
01 Φ≤Φ≤Φ −ν− , 

for all T)t,s(),s,t( 0 ∈  and for all Y)v,x( ∈ , where we have considered the function ++ → RR:M1 , 

)u(h

)u(N
k)u(M 1

1 = . 

We obtain further  

*
101

**
1

t

t

)t(**
1

t

t

v)x(P)t(Mdv)x,,t(ekdv)x,,t()(h
)t(H

1

00

≤ττΦ≤ττΦτ ∫∫ τ−ν− , 
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where we have denoted )u(Mk)u(M 1
1

1
−ν= , 0u ≥ . 

(ii) There exist a function −∈Θf  and a constant k > 0 with the property 

)s(H)ts(kf)t(h 00 −≤ , 0ts 0 ≥≥∀ . Let us consider te)t(f ν−= , 0>ν . We have 

≤Φ≤Φ≤Φ −ν− v)x,t,t(e
)t(h

)t(N
kv)x,t,t(

)s(H

)t(N
v)x,t,s( 02

)ts(

0

2
02

2
02

0  

v)x,t,t(e)t(Mv)x,t,t(eee
)t(h

)t(N
k 02

)st(
202

)ts2()st(t

0

2 0 Φ≤Φ≤ −ν−−ν−−ν−ν , 

for all T)t,s(),s,t( 0 ∈ and for all Y)v,x( ∈ , where we have denoted the function 

++ → RR:M2 , u
22 e)u(kN)u(M ν= . 

(iii) and (iv) are obtained by a similar argumentation, according to Proposition 2.1 and 
Proposition 2.2. 
Sufficiency. (i) Let 1tt 0 +≥  and ]1t,t[s 00 +∈ . As H Γ∈  and h Ψ∈ , there exists a 

constant 0>α  such that )t(He)s(h )st( −−≤ α , for all T)s,t( ∈ . Then, as the skew-evolution 
semiflow C1 has exponential growth, according to Proposition 2.1, there exist some constants 

1M ≥  and 0>ω  such that following relations hold 

≤ττΦτΦ=Φ ∫
+

−αω+α−−αω+α− dv)x,t,(e,v)x,,t(ev)x,t,t(e,ve
1t

t

01
)tt(**

1
)(

01
)tt(*)(

0

0

00

≤ττΦτϕτΦ≤ −τω−
+

τ−α∫ dv)x,t,(ev))x,t,(,,t(e 01
)t(

1t

t

**
01

)t( 0

0

0

 

*
1101

t

t

**
01

)t( v)x(Pv)x(P)t(MNdv))x,t,(,,t(evM
0

≤ττϕτΦ≤ ∫ τ−α . 

By taking supremum relative to 1v* ≤ , we have 

v)x(Pe)t(Mv)x,t,t( 1
)tt(

0101
0−α−≤Φ , 

for all 1tt 0 +≥  and all  (x,v) ∈ Y, where ω+α= e)u(MN)u(M1 , 0u ≥ . 

On the other hand, for ]1t,t[t 00 +∈  and (x,v) ∈ Y, we obtain 

veM̂vMev)x,t,t( )tt()tt(
01

00 −α−−ω ≤≤Φ , 

where we have denoted ωα += MeM̂ . Hence, it follows that 

ve]M̂)t(M[v)x,t,t( )tt(
0101

0−α−+≤Φ , 

for all T)t,t( 0 ∈ and for all Y)v,x( ∈ . 
Further, if we consider  

)u(f)u(H =  and )u(f]M̂)u(M[)u(N 11 += , 

where +
ν Θ∈= ue)u(f  and 0u ≥ , we obtain relation ( 1

3t ).  

(ii) We have considered H Γ∈  and h Ψ∈ , hence there exists a constant 0>β  such that 

)t(He)s(h )st( −β−≤ , for all T)s,t( ∈ . As the skew-evolution semiflow C2 has exponential growth, 

according to Definition 2.3, there exists a nondecreasing function ),1[:g ∞→+R  with the 

property ∞=
∞→

)t(glim
t

 such that 

v)x,t,t()st(gv)x,t,s( 0202 Φ−≤Φ , ∀ T)t,s(),s,t( 0 ∈ , ∀ Y)v,x( ∈ . 

We will denote 

∫ ττ= βτ−
1

0

d)(geK . 

We obtain successively following relations 
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≤τΦ−τ= ∫
+

−τβ− dv)x,t,t()t(gev)x(PK 0020

1t

t

)t(
2

0

0

0  

v)x,t,t(e)t(Mdv)x,t,(e 02
)tt(

202

1t

t

)t( 0

0

0

0 Φ≤ττΦ≤ −β
+

−τβ−∫ , 

for all T)t,t( 0 ∈ and for all Y)v,x( ∈ . According to Definition 2.2, this relation is equivalent 
with 

v)x,t,t(e)t(M
K
1

v)xt,s( 02
)st(

202 Φ≤Φ −β , 

for all T)t,s(),s,t( 0 ∈ and for all Y)v,x( ∈ . 
If we take 

)u(f)u(H =  and )u(f)u(M)u(N 22 = , 

for −
ν− Θ∈= ue)u(f  and 0u ≥ , relation ( 2

3t ) is obtained. 
(iii) and (iv) can simmilarly be proved.                                                           
 

4. CONCLUSIONS  
 

In the last decades, a great progress concerning the study of asymptotic behaviors for 
evolution equations can be observed. The possibility of reducing the nonautonomous case in the 
study of evolutionary families or skew-product flows to the autonomous case of evolution 
semigroups on Banach spaces is considered an important way toward interesting applications. 
The study of the asymptotic behavior of linear skew-product semiflows has been used in the 
theory of evolution equations in infinite dimensional spaces. The approach from the point of view 
of asymptotic properties for the evolution semigroup associated to the linear skew-product 
semiflows was essential. Instead, in our study we have considered more general characterizations 
for the asymptotic properties of the solutions of evolution equations, described by means of skew-
evolution semiflows, which generalize the above notions. Also, the approach was not restrained by 
considering in the definitions exponentials. As a remark, in Definition 3.2 we have the definitions 
for H-stability, H-instability, H-growth and H-decay, characterized, respectively, by Theorem 3.1, 
which extends toward applications in engineering and economics the study of evolution 
equations.  
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Abstract: 

The paper presents the properties of exponential stability for stochastic evolution semiflow and 
stochastic evolution cocycles. Some characterizations which generalize classics results are also 
provided. 
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1. INTRODUCTION 
 

The problem of existence of stochastic semiflows for semilinear stochastic evolution 
equation is a non-trivial one, mainly due to the well-established fact that finite-dimensional 
methods for constructing (even continuous) stochastic flow break down in the infinite 
dimensional setting of semilinear stochastic evolution equations (cf. [3], [7], [8]). For linear 
stochastic evolution equation with finite-dimensional noise, a stochastic semiflow (i.e. 
random evolution operator) was obtained in [1]. 

In [5], is prove the existence of perfect differentiable cocycles generated by mild 
solutions of a large class of semilinear stochastic evolution equations (sees) and stochastic 
partial differential equations (spdes). 

In this article we consider the stochastic evolution cocycle over a stochastic evolution 
semiflow, and present the proprieties of exponential stability. 

We considered (X, d) metric space and denote V and U real Hilbert spaces. Let B(V ) be 
a Banach space of all linear and bounded maps . We denote the sets 

 and

VV:A →
}0tt,R)t,t{(T 0

2
0 ≥≥∈= VXY ×= . The mapping  given by P(x,v)=(x, 

P(x)v),  is an projector on Y, where P(x) is a projection on Y

YY:P →
Y)v,x( ∈∀ x = {x}×V, x ∈X. Let 

B(X) denote its Borel  σ -algebra. 
Assume (Ω ,F,P) is a complete probability space with a normal filter , i.e. F0tt }F{ ≥ 0 

contains the null sets in F and stst FF
>
∩= , for all , and let us consider a real valued {F0t ≥ t} - 

Wiener process {W(t)} , . 0t ≥
Definition 1. A stochastic process U)P,F,(:)t(W →Ω  is a Wiener process if and 

only if  where are real Wiener process, independents, which are the 

mean , where  is an orthonormal system of vectors 

from U. 

∑
∞

=

=
1i

ii e)t()t(W β )t(iβ

t))t((E i
2

i λβ = L,2,1i},e{, i
1i

i =∞<λ∑
∞

=

Definition 2. Let be X a Banach space. A stochastic evolution semiflow on X is a 
random field XXT: →Ω××ϕ  satisfying the following proprieties: 

(1) x),x,t,t( =ωϕ , for all (t, x) from T×X and Ω∈ω ; 

(2) Xx,T)t,s(),s,t(),,x,t,t()),,x,t,s(,s,t( 000 ∈∀∈∀ωϕ=ωωϕϕ , and . Ω∈ω
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Definition 3. A stochastic evolution cocycles on V, over an stochastic evolution 
semiflow , is a random field XXT: →Ω××ϕ )V(BXT: →Ω××Φ , with the following 
proprieties: 
(1) , andXR)x,t(,I),x,t,t( ×∈∀=ωΦ + Ω∈ω , 

(2) ,T)t,s(),s,t(),,x,t,t(),x,t,s()),,x,t,s(,s,t( 0000 ∈∀ωΦ=ωΦωωϕΦ Xx∈∀ , and Ω∈ω . 

Definition 4. An stochastic evolution cocycles Φ  has uniformly exponential growth if 
exist the constants  such that 0,1M >λ≥

T)s,t(,Me||),x,s,t(||E )st(2 ∈∀≤ωΦ −λ , Xx∈∀ and Ω∈ω .            (1) 
Definition 5. The stochastic evolution cocycles Φ  is called strongly measurable if for 

every  the mapping VXT)v,,x,s( ×Ω××∈ω ||v),x,s,t(||t Φ ω→  is measurable on [s, ). ∞
Definition 6. The mapping, VXVXT:C ×→Ω××× , definite by  

( )v),x,s,t(),,x,s,t(),v,x,s,t(C ωΦωϕ=ω ,             (2) 
where  is a stochastic evolution cocycles over an stochastic evolution semiflow , is called 
stochastic skew-evolution semiflow on Y. 

Φ ϕ

 

2. UNIFORMLY EXPONENTIALLY STABILITY 
 

Let be H]T,0[:F →Ω×  an stochastic process, then  represent 

the mean of stochastic process F, where P is the probability measure. If 
∫Ω ωΩ= )(dP)(F)F(E

( ))H,(L],T,0[CF 2 Ω∈  then 

∫∫ =
T

0

2
T

0

2 dt||)t(F||Edt||)t(F||E .               (3) 

For an process Wiener W(t) in rapport with the filter {Ft} we have 

 ∫∫ =
T

0

2

2T

0

dt||)t(F||E)t(dw)t(FE .              (4) 

 Definition 7. The stochastic evolution cocycles Φ  is said to be uniformly 
exponentially stable if for some positive constants 0,1N >ν≥  one has 

,||v),x,t,s(||ENe||v),x,t,t(||E 2
0

)st(2
0 ωΦ≤ωΦ −ν−                   (5) 

for all and ,VX)v,x(,T)t,s(),s,t( 0 ×∈∈ Ω∈ω . 

Lemma 8. The stochastic skew-evolution semiflow C=(ϕ , ), is uniformly 

exponentially stable if and only if  a no decreasing function 

Φ
),1[),0[:f ∞→∞ , with property 

, such that we have the relation: ∞=
∞→

)t(flim
t

,||v),x,t,s(||E||v),x,t,t(||E)st(f 2
0

2
0 ωΦ≤ωΦ−             (6) 

for all , and for all ,T)t,s(),s,t( 0 ∈ VX)v,x( ×∈ Ω∈ω . 

Proof. Necessity. If C=( ,Φ ), is uniformly exponentially stable, result from Definition 

7 that for . 

ϕ
t1eN)t(f ν−=

Sufficiency. Let be  and we denote t - s = [n]. Let N= f(1) > 1 and . 

That result: 

0tst 0 ≥≥≥ Nln=ν

2
0

)st(2
0

n2
0

1n

2
0

n2
0

2
0

||v),x,t,t(||ENe||v),x,t,t(||ENe||v),x,t,t(||EN

||v),x,t,ns(||EN||v),x,t,1s(||E)1(f||v),x,t,s(||E

ωΦ≥ωΦ≥ωΦ≥

≥ω+Φ≥≥ω+Φ≥ωΦ
−νν+

L
 

and so 
  ,||v),x,t,t(||ENe||v),x,t,s(||E 2

0
)st(2

0 ωΦ≥ωΦ −ν

for all , and for all ,T)t,s(),s,t( 0 ∈ VX)v,x( ×∈ Ω∈ω . 
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Thus the stochastic skew-evolution semiflow C=(ϕ ,Φ ), is uniformly exponentially 
stable. 

Theorem 9. Let be C=( ,Φ ), an skew-product semiflow with uniformly exponential 
growth, and is strong measurable. Then C is uniformly exponentially stable if and only if  

 a constant, such that: 

ϕ

0M ≥∃

2
0

t

2
0 ||v),x,t,t(||EMds||v),x,t,s(||E ωΦ≤ωΦ∫

∞

,             (7) 

for all , and for all ,T)t,t( 0 ∈ VX)v,x( ×∈ Ω∈ω .  

Proof. Necessity. Let be an stochastic skew-evolution semiflow C=(ϕ ,Φ ), uniformly 

exponentially stable. Then, for 0,1N >ν≥  we have from Definition 7, that 

,||v),x,t,t(||ENe||v),x,t,s(||E 2
0

)ts(2
0 ωΦ≤ωΦ −ν−                   (8) 

for all , and for all ,T)t,t(),t,s( 0 ∈ VX)v,x( ×∈ Ω∈ω . Then from integration of this 

inequality result:  

,||v),x,t,t(||MEdse||v),x,t,t(||NEds||v),x,t,s(||E 2
0

t

)st(2
0

t

2
0 ωΦ≤ωΦ≤ωΦ ∫∫

∞
−ν

∞

 

for all , and ,T)t,t( 0 ∈ VX)v,x( ×∈ Ω∈ω , where  . 1NM −ν=
 Sufficiency. For , and 1tt 0 +≥ ω  from Definition 4 we have 

  

||,v||||v||M'Mds||v),x,t,s(||E||v||'M

dsv),x,t,s()),x,t,s(,s,t(,vEe||v),x,t,t(||Ee1

2
0

t

t

2

00

t

t

)st(2
0

0

0

••

∗−ω−
ω−

≤ωΦ≤

≤ωΦωϕΦ≤ωΦ
ω
−

∫

∫
 

for all , and ,T)t,t( 0 ∈ VX)v,x( ×∈ Ω∈ω . So we have the relation 

 Ω××∈ω∀≤ωΦ YT),v,x,t,t(||,v||K||v),x,t,t(||E 0 , 

where ( ) ω−=+= ω−ω /)e1(c,c/Me'MK  . 
 Thus result that 

   

.||v||KMds||v),x,t,s(||EK

ds||v),x,t,s()),,x,t,s(,s,t(||E

ds||v),x,t,t(||E||v),x,t,t(||E)tt(

t

t

2
0

t

t

2
00

t

t

2
0

2
00

0

0

0

≤ωΦ≤

≤ωΦωωϕΦ=

=ωΦ=ωΦ−

∫

∫

∫

In conclusion we obtain the relation 
||v||)1M(K||v),x,t,t(||E)1tt( 2

00 +≤ωΦ+− , 

for all , and ,T)t,t( 0 ∈ VX)v,x( ×∈ Ω∈ω . 

Thus for function ),1[),0[:f ∞→∞ , with property ∞=
∞→

)t(flim
t

, definite by 

)1M(K
1t)t(f
+

+
= ,  

Result from Lemma 8, that C is uniformly exponentially stable.  
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Abstract: 
Modeling of real behavior of structural systems requires complex assumptions, which have, as 
consequences, nonlinear stress-strain state. One of the causes of nonlinear behavior is geometric 
nonlinearity. 
Determining of critical load parameter by standard bifurcation buckling solution is appropriate for 
solving stability problems if the longitudinal and lateral load ratio is small. In case that structure has 
large displacements, it is necessary to use incremental-iterative solution. The main advantage of this 
concept is possibility to verify changes in: loads, mechanical-reological properties of material, 
geometry of structural system, and modeling effect of those changes on structural behavior.  

Keywords: 
finite element method, geometric nonlinearity, buckling analysis 

 
 
 

1. INTRODUCTION 
 

A FEM linear model in some cases of numerical analysis of structural systems is not 
appropriate. Assumptions in linear analysis are simple and results may vary of close solution. 
Using simple FEM models, it is possible to achieve efficiency of analyses and calculations, but 
without adequate accuracy. Also, bearing capacity, adaptability and durability of structural 
system can be endangering.  

For modelling of real behaviour of structural system nonlinear stress-strain relation 
should be taken into consideration. The nonlinear analysis is more complex than linear 
analysis because: 

 during the load process deformations are not proportional, 
 after the effect of load,  model does not have original form, 
 for finite values of displacements, deformations and stresses principle of 

superposition can not be applied and 
 the stiffness matrix and load vector of loading can not be fully formed due to the 

fact that they depending on the final solution. 
 One of the causes of nonlinear behaviour is geometric nonlinearity, where relation 
between strains and displacement is nonlinear, but material has linear elastic properties.   

Geometric nonlinearity arises when deformations and/or displacements are large 
enough to significantly change geometry and position of the system. As a consequence of 
large deformation and/or displacement, relation deformation-displacement and equilibrium 
are nonlinear. Reaching the limit state in the geometric nonlinearity is loss of stability of 
structural system.  

Problems of geometric nonlinearity can be classified as continual nonlinearity (smooth 
nonlinearities). The characteristic examples of smooth nonlinearity are nonlinear behavior 
due to large displacements and/or deformations, elasto-plastic material properties, reological 
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properties of material, etc. Continual "smooth" functions are used for approximation of 
continual nonlinearity. 

Figure 1 show examples of large deformations and large displacements. For large 
deformations, changes in shape are significant and for large displacements, changes in 
translational and/or rotational position are significant. Procedures for solving such problems 
are numerous and implemented in the general computer FEM software.   

 

 
Figure 1. Examples of geometric nonlinearity: large displacements and large deformations 

 
2. FEM MODELING OF GEOMETRIC NONLINEAR BEHAVIOR  

 

For analyzing of geometric nonlinear phenomenon follow theories can be applied:  
 general geometric nonlinear theory, 
 geometric nonlinear theory in strict sense (second-order theory), 
 "linearized" second-order theory and 
 so-called "P-Δ" methods. 

The greatest accuracy of numerical solution can be achieved using general nonlinear 
theory and the lowest accuracy is obtained by applying "P-Δ" methods.   

Geometric nonlinear theory in strict sense assumed linear relations between 
displacements and deformations on deformed model of structures. This model is simple and 
because of quality approximation it can be used in modeling most of structural problems.  

According to "linearized" second-order theory equilibrium equations are linear. The 
widest application of this theory is in analyzing of so-called "bifurcational stability" of 
construction although in some cases solution is not adequate. The main disadvantage of this 
theory is analyzing of undeformed structure, what is particularly significant in problems of 
stability of structural systems with large displacements. 

The main problem in geometric nonlinear analysis is testing stability of structural 
system, i.e. determining of critical load. The critical load depends on the system topology 
(Figure 2), which may occur following cases:  

 due to increasing of load, stiffness of system increases, 
 after decreasing, stiffness of system is increasing, but it can be a point where 

buckling may occur  and 
 loss of stability is realized by suddenly transition to a new equilibrium branch 

("snap-trough" effect). 
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Figure 2. Topology of system and geometric nonlinear behavior 

 

Determining of critical load parameter by standard bifurcation buckling solution is 
appropriate for solving stability problems if the longitudinal and lateral load ratio is small. In 
case that structure has large displacements, it is necessary to use incremental-iterative 
solution.  
 

2.1. Linear buckling analysis 
 

Verification of stability in geometric nonlinear analysis is determining of critical load 
for which the tangent stiffness matrix of FEM model becomes singular. The critical load is 
obtained by solving homogeneous problem according to "linearized" second-order theory: 

[ ] [ ]( 00 =K+K G )λ                                                                  (1) 
where: 
[K0] – linear stiffness  matrix, 
[KG] – geometric stiffness matrix and  
λ - factor of critical load. 

Linear buckling analysis uses K  and K  based on the undeformed geometry0 G  of the 
structure, which is the main disadvantage of this theory. Because most buckling problems are 
nonlinear, the buckling analysis should be based on the tangent stiffness and incremental 
methods. 

 

2.2. Incremental geometric nonlinear analysis 
 

One of the methods for solving nonlinear problems is incremental methods. They use 
the tangent stiffness, which for single degree of freedom problem is the slope of the load 
versus displacement, kt=dF/du. Tangent stiffness matrix is obtained as the sum of linear and 
geometric stiffness matrix of FEM model. Incremental methods are based on the 
approximation of total load on a range of smaller part – increments. The incremental loads 
are added successively and in each increment they are linear. The solution of nonlinear 
problem is obtained as sum of all linear incremental solutions. Better quality of 
approximations can be achieved using a number of increments, but numerical efficiency can 
be reduced.  

In general case, nonlinear problem can be presented as: 
[ ]{ } { } 0=F+uK t λΔ          (2) 

 

{ } { } 0=F+P λ         (3) 
where: 
{P} – vector of generalized forces of FEM model and 
{F} – vector of load. 

Incremental vector of displacements is obtained: 

                                                                        (4)  { } [ ] { }FK=u iti λΔΔ 1
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where: 

                                                             { } { } { }i+ii uu=u 1Δ     (5)     

                                                               { } { } { }i+ii FF=F 1Δ                                                                 (6)     

                                                                    i+ii = λλλΔ 1     (7)            

The tangent matrix is formulated for the beginning of increment, and for the first 
increment is used linear matrix stiffness. 
        The incremental solution error is appearing because of linearization in each increment 
and it can be corrected by applying of some iterative procedures. The main advantages of 
incremental concept are step-by-step procedure which corresponds to the basic principles of 
FEM and possibility to verify changes in: loads, mechanical-reological properties of material, 
geometry of structural system, and modeling effect of those changes on structural behavior.  
 

3. NUMERICAL EXAMPLES 
 

As an illustration of previous consideration several numerical tests will be given. All 
examples are based on geometric nonlinear theory and "linearized" second-order theory. 
Figure 3 show FEM model of cantilever with rotation of fixed support.  

For Δϕ=+45o node 2 has displacements and 
according to "linearized" second-order theory it is: 
"v=L.Δϕ" and "u=0". According to incremental 
solution the high solution accuracy is achieved: 
"v=L.sinΔϕ" and "u=L-(cosΔϕ-1)". 

 
Figure 3. FEM model of cantilever - 
"linearized" second-order theory (A) 
and geometric nonlinear theory (B) 

In the next numerical test (Figure 4) shallow 
arch is analyzed. For iterative correction of 
incremental solution three methods were 
analyzed: Newton-Raphson iteration (NR), 
modified Newton-Raphson iteration (MNR) and 
method of initial stiffness (MIS). The results are 
shown in Table 1. 
 

                                          
 

 
Table 1. Load F for different methods of analysis 

 
Figure 4. Geometric nonlinear behaviour of shallow arch 

Load F (kN) 20 60 Fcr (kN) 
Fixed support ratio (%) 100 0 100 0 100 0 

Linear theory 10.53 14.93 31.59 44.78 / / 
"Linearized" second-order theory 10.88 15.78 34.96 53.41 587.2 346.8 

MIS 10.98 16.33 36.45 67.61 149.3 69.12 
MNR 10.98 16.33 36.44 67.61 149.2 69.10 
NR 10.98 16.33 36.44 67.65 149.2 69.10 

Exact solution 10.99 16.35 36.55 68.60 149.1 69.09 
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The differences in solution (up to 25%) occur because of changes of tangent stiffness 
matrix due to correction of geometry system. Incremental-iterative solution with 20 
increments provides greater accuracy than "linearized" second-order theory. Advantages of 
incremental solution occur when the ratio of critical load and applied load is high. Critical 
load is 69.09kN for fixed support ratio of 0% and 149.1kN for ratio of 100%. According to 
"linearized" second-order theory Fcr=346.75kN for 0% and Fcr=587.2kN for 100% ratio, 
which is too high error. 

Third numerical test illustrate disadvantage of "linearized" second-order theory. Figure 
5 show FEM model of frame with rigid and hinge interface condition between beam and 
column. The beam has 2I240 and column has I240 cross section. The material is assumed to 
remain linear elastic at all times, with E=210GPa. It will be analyzed critical load of a FEM 
model for "linearized" second-order theory (*) and for geometric nonlinear theory (**). 
 

 
Figure 5. Numerical test for critical load of FEM model 

 

The results of stability analysis of FEM models 
shows a difference in the buckling forms, as well as the 
value of critical force (Δ=244% for FEM model with rigid 
interface conditions and Δ**=340% for FEM model with 
hinge interface condition).  

Next numerical test, Figure 6, show FEM model of 
frame structure loaded by two vertical forces. On 
response diagram "load-displacement", Figure 7, load parameter Ldp=1 is the value of critical 
load when the structure, after hardening, loses stability. Response diagram illustrate linear 
relation between load and displacement up to ∼Pcr/2, which indicates an error if linear 
model is applied. 

 
Figure 6. FEM model of frame 

structure 
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Figure 7. FEM model and response diagram of frame structure 
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4. CONCLUSIONS 
 

 In this paper geometric nonlinearity problems were analyzed. Determining of critical 
load and stability verification of the structure through the different concepts were presented. 
For adequate FEM numerical analysis of structural system advantages and disadvantages of 
implemented mathematical models must be emphasized, because the results can be different.  

This paper emphasized advantages of incremental-iterative concept comparing to 
standard buckling analysis. The main disadvantage of incremental concept for adequate 
approximation is determining the size and number of increments.  Difficulties to determine 
the solution exactly without analytical or experimental solutions is also disadvantage of 
incremental concept.    
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ABSTRACT 

In [4] the author introduces the notion of pseudosubmeasure as generalization of the submeasure 
concept [2], and studies some proprieties of the pseudosubmeasure functions with values in a 
pseudometric space. 
The purpose of this paper is to develop an integration theory for these functions, with respect to a 
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1. PRELIMINARIES 
 

 The notions and the notations used here follow the paper [4]. 

 Let D be an ordered set with the smallest element d0 .On this set we define a mapping: 

2121 ),( dddd +→ with the following properties: 

(P1)   Ddddddo ∈∀+=+ ;0  

(P2)   Ddddddd ∈∀+=+ 211221 ,;  

(P3)   Dddddddd ∈∀+≤+⇒≤ ;2121  

 There exists a subset DD ⊆1 left directed such that 

(P4)   DdDd ∈∃∈∀ 11 ,  so that ddd ≤+ 11 . 
 
Definition 1.1. A pseudometric on a set X is a D-valued function DXXp →×: so that: 

(i)   yxdyxp =⇔= 0),(  

(ii)   Xzyxxypyxp ∈= ,,),,(),(  

(iii)   .,,);,(),(),( Xzyxyzpzxpyxp ∈+≤  

 A set X together with a pseudometric ρ  is called a pseudometric space and is denoted 

by ),,( DX ρ . 
 
Remark 1.2. Every uniform space (X,  ) is pseudosemimetrizable, [4]. 

 Let  be a ring (or algebra) of subsets of fixed set S. 
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Definition 1.3. A pseudosubmeasure on a ring )(S⊂  is a mapping  γ :  → D  such 

that: 
(S1)   (γ Ø 0) d=  

(S2)   ∈γ≤γ⇒⊆ FEFEFE ,),()(  

(S3)   ∈γ+γ≤∪γ FEFEFE ,),()()(  

 If γ  has the propert that =⇒= AdA 0)(γ  Ø, then mapping Dp →×: ; 

)(),( BABA Δρρ =  is a pseudometric on  invariant to translation Δ  (symmetric 

difference). 
 Let Iii D ∈→γ=Γ }:{  be a family of pseudosubmeasure on )(SP⊂  and consider 

the family },:{ 1, DdIfiniteKdK ∈⊆==ΩΓ ν , where }.,)(:(, KadAA idK ∈≤∈= γν  

Then there exist a FN-topology )(Γτ  on   so that )(Γ = )(,,,( Γτ∩Δ ) is a topical 

ring. Let ),,( DX ρ be a pseudometric space. 

By generalizing the model established in [3], we introduce an uniform structure on XS 
in the following way: To every DdIfiniteK ∈⊂= , ,we associate the set: 

  },}))(),((;{;),{()( KiddsgsfSsXXgfD i
SS

k ∈<≥ρ∈γ×∈=  

Then, the family },);({ 1 IfiniteKDddWk ⊂=∈  forms a base for an uniform structure 

Γ on SX . We denote ),()( Γ=Γ SS XX . The map SXf ∈  is a -step function if there 

exists niEXx ii ,...,2,1,, =∈∈  U
n

i
ijiji ESjiEExx

1
,Ø,,

=
=≠=∩≠  so that iEs∈∀  imply 

.,...,2,1,)( nixsf i ==   

The space of -step functions will be denoted by ( , X).  
 
Definition 1.4. The function SXf ∈  is Γ - pseudosubmeasurable if f belongs to the closure 

of  ( , X)  in )(ΓSX .  

We denote  by  [ , Γ, X] the set of these functions. 
 
Definition 1.5. Let }{ af be a generalized sequence in  [ , Γ, X]  and f ∈  [ , Γ, X]. If 

ff a → in )(ΓSX , then }{ af converges to f in Γ - pseudomeasures and we denote 

.ff r
a ⎯→⎯  

 

2. BASIC ASSUMPTIONS 
 

 Let S be a nonempty set, )(SP⊂  be an algebra of subsets of S and consider a family 

of pseudosubmeasures Iii D ∈→γ=Γ }:{ . 

 Let 3,2,1),,,( =iDX i
ii ρ  be three pseudometric abelian semigroups for which the 

addition is uniformly continous with respect to the pseudometric ).iρ  

In the sequel we consider an additive set function 0Ø)(,: 2 =μ→μ X  , and we will 

choose a family of pseudosubmeasures as it will be specified.  
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The maps which are to be integrated with respect to μ  will belong to SX 1  and the 

integral with take values in 3X  or its completion 3X̂ . 

 Suppose that a separate continuous bilinear map exists ·y),(;321 xyxXXX a→×  so 

that:  
i)  ),X(x0,0·y·0 21 Xyx ∈∈==  

ii)  ).,,,(,·y·y·y·y)·(y)( 222111221221112121 XyxXyxxxxxyxx ∈∈+++=++  

 Finally we suppose that μμ ,Γ  and the above bilinear map are chosen so that the 

following continuity axioms are satisfied: 
C1) For avery ∈F and every 3

1' Dd ∈  there exists 1
1' Dd ∈  with the following property: for 

any ,Nn∈  if  nidyx ii ,...,2,1,'),(1 =<ρ and }{ iE  is sequence of pairwise disjoint set from  

then: .)(),(
1 1

3 dFEyFEx
n

i

n

i
iiii <⎟

⎠

⎞
⎜
⎝

⎛
∩∩∑ ∑

= =

μμρ  

C2) For any .0)(lim,
Ø1 =μ∈

∈
→

ExXx
E
E

 

 

3. INTEGRABLE FUNCTIONS 
 

 Let  f ∈ ( , X) be a -step function. 

Definition 3.1. For E ∈ , the integral of  f on E is by definition ∫ ∑
=

∩=
E

n

i
ii EExfd

1
).(μμ  

 We denote by ),,,( 31 XXμΓ  the set of μΓ -integrable step functions. 
 

 
Theorem 3.2. (i)  Relatively to the operation ),()())(( sgsfsgf +=+  the space 

),,,( 31 XXμΓ is a subsemigroup of .3
1X  

(ii)  For SE∈ , the map ∫→
E

fdf μ  from ),,,( 31 XXμΓ to 3X  is additive. 

(iii) For ),,,( 31 XXf μΓ∈  the map E ∫ ∈=→
E

EfdEvEv ,)(),( μ  is an additive function. 

(iv) For ),,,( 31 XXf μΓ∈ ; 
0

lim
⎯⎯→⎯
ΓμE

v(E)= ∫ =
⎯⎯→⎯
Γ

EE
fd 0lim

0
μ

μ
 

 The proof follows from definition 3.1 and axioms C1 and C2. The extension of the 
integral from step functions to the arbitrary functions in SX 1  is based on the following result: 
 
Lemma 3.3. Let }{ af be  a generalized sequence from ),,,( 31 XXf μΓ∈ , which is 

Cauchy in ).(1 μΓ
SX For 

⎭
⎬
⎫

⎩
⎨
⎧
∫
E

df μα  to be a Cauchy sequence in X3 uniform with respect to E 

∈  it is necessary and sufficient that: 

a)  For any neightbourhood V of 0 in X3 there exists an index IfiniteK ⊂=,0α and Dd ∈ , 

so that : 0αα ≥  and KidEi ∈< ,)(γ imply ∫ ∈
E

Vdf μα  
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b) For sny neighbourhood V of 0 in X3 there exists and index 0α  and ∈F  so that 

∫ ∈
E

Vdf μα if 0αα ≥ and ., FSEE −⊂∈  

 
Proof. Necessity.  For any neighbourhood V of 0 in 3X  there exists a symmetric entourage 

W of the uniform structure from X 3  so that .)0(2 VW ⊆   

Let 0α  be so that Wdfdf
E E

∈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∫ ∫ μμ αα 0

,  for any E ∈  if .0αα ≥   

From Theorem 3.2., IV, it results that exists IfiniteKDd ⊂=∈ ,1  so that we have: 

∫ ∈
E

Wdf )0(
0
μα  if .,)( KidEi ∈<γ  

 Therefore ∫ ∈
E

Vdf μα  if 0αα ≥  and KidEi ∈< ,)(γ , that is the condition a).  

The condition b) is obtained by taking { }0)(:
0

≠∈= sfSsE α  . We have F ∈ , and 

∫ =
E

df 0
0
μα  for all E ∈  with FSE −⊂ . 

 
Sufficiency. Let W be a symmetric entourage for 3X  and let IfiniteK ⊂=,0α , 1Dd ∈  and 

F be chosen depending on the neightbourhood W(0) according to the conditions a) and b) 
simultaneously. For F and W, let entourage U from 1X  be chosen according to axiom 1C .  

We write: { } .,))(),((; ''' SFUsfsfSsF ∈∉∈=
αααααα

 

 Since αf{  is Cauchy in )(1 μΓ
SX there exists 01 αα ≥ so that KidFi ∈< ,)( 'αα

γ  for 

1
', ααα ≥ . For E ∈  in the semigroup 33 XX × , we can write: 

1
'222

)(\)(\

)(\)(\

,,)0()()0()0(,

,,,

'

'

'

'

'

''

'

'

'

ααμμ

μμμμμμ

αααα

αααααααα

αα

αααααα

≥++⊆+×+×∈⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

+⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
+⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

∫∫

∫∫∫∫∫∫

∩∩

∪∪∩∩

WWWWWoWWWdfdf

dfdfdfdfdfdf

FFEFFE

FFEFFEFEFEEE

 

 
Corollary 3.4. Let { }αf  and { }βg  be two generalized sequences from ),,,( 31 XXμΓ , 

convergent in )(1 μΓ
SX to the same function. 

 If 
⎭
⎬
⎫

⎩
⎨
⎧
∫
E

df ,μα and 
⎭
⎬
⎫

⎩
⎨
⎧
∫
E

dg μβ   are generalized Cauchy sequences in 3X  uniformly in 

∈E , then for any entourage W from 3X  there exists 0α  and 0β  so that if 0αα ≥ , 0ββ ≥  

it results that Wdgdf
E E

∈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∫ ∫ μμ βα , , uniformly in ∈E . 

 
Proof. Given a symmetric entourage 1W  from 3X  so that WWWW ⊆++ 2

1
2

1
2

1  we choose an 

entourage U from 1X  corresponding to 1W  according to axiom 1C .  
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We write { }}))(),((; UsgsfSsF ∉∈= βααβ . From the previous Lemma it results that 

there exits IfiniteKDd ⊂=∈ ,,, 00 βα  so that if ∈F  and 

,,)(,, 00 KidEi ∈<>> γββαα  E ⊂ S – F,   E ∈   we have ∫ ∈
E

Wdf )0(1μα  and 

∫ ∈
E

Wdf )0(1μβ  

 By hypothesis there exist if 01 αα ≥  and 01 ββ ≥  so that for 11 , ββαα >> , we have 

.,)( KidFi ∈<αβγ  Expressing the pair ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∫ ∫
E E

dgdf μμ βα ,   in the same way as in the proof of 

the sufficiency from Lemma 3.3., the result is obtained. 
 
Definition 3.5. The function SXf 1∈  is called μΓ - integrable of there exists a generalized 

sequence αf{  from ),,,( 31 XXμΓ } so that ff ⎯→⎯Γμ
α and 

⎭
⎬
⎫

⎩
⎨
⎧
∫
E

df ,μα
 is a generalized 

Cauchy sequence in 3X , uniformly in ∈E . Then the μΓ -integral is the element from 3X̂  

the completion of 3X , defined by: ∫∫ =
EE

dfdf μμ ααα lim . 

 From the Corollary 3.4 it results that above μΓ -integral is properly defined. We denote 

by ),,,( 31 XXμΓ  the set of μΓ -integrable functions from [ ]1,, XμΓ .  

It is obvious that ),,,( 31 XXμΓ ⊂ ),,,( 31 XXμΓ and the μΓ -integral restricted 

to ),,,( 31 XXμΓ  coincides with the μΓ -integral from Definition 3.1. 

 
Theorem 3.6. Relatively to the operation of addition the set ),,,( 31 XXμΓ  is a 

subsemigroup of SX 1  

(i) For ∈E , the mapping ∫→
E

fdf μ  of ),,,( 31 XXμΓ  in 3X̂  is additive: 

∫ ∫∫ ∈+=+
E EE

gfgdfddgf ,,)( μμμ ),,,( 31 XXμΓ  

(ii) For ∈f ),,,( 31 XXμΓ  the mapping ∫ ∈=→
E

EfdEvE ,)( μ  is additive: 

∑
==

=≠=∩=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ n

i
jii

n

i
i vjiEEEvEv

11

0)Ø(,,Ø),(U  

(iii) For ∈f ),,,( 31 XXμΓ  we have:   
⎯⎯ →⎯

=

∈EE

Ev 0)(lim
μΓ  

 The proof follows from Corollary 3.4. and the definition 3.5. 
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Abstract 

The paper gives solution in the distributions space D+′  for the boundary-value problems regarding the 

bending of the elastic rods on elastic foundation. The expression of the rod deflection is given with the 

help of the fundamental solution in D+′  of the operator which describes the rod bending. We admit 

that on the rod act uniformly distributed loads of intensity , as well as a concentrated load of value 

. We have considered a straight homogeneous elastic rod of finite length l , and with constant cross-
section, supported in point  and with elastic fixing in point 

q
P

O A . The rod lies on an elastic foundation 
of Winkler type. The deflection of the rod as well as the reactions in the rod ends is given. 

 
 
 
 

1. INTRODUCTION 
  

In solving the problem of the bending of the finite elastic rod on elastic foundation under 
the action of concentrated loads we come across difficulties owing to these concentrated loads and 
moments. 
 The general and unitary method to deal with the problems concerning discontinuous 
loading is the distribution theory. In the framework of this theory a single equation which 
contains the boundary and jump conditions is obtained. 
 The distribution theory was used in [2], [6], [7], [8] and [9] for analyzing beams with 
discontinuities. A bending problem with discontinuities in which the distribution theory isn’t 
systematically applied, being a combination between classical mathematical analysis and the 
distribution theory, is studied in [10]. In [2] and [6] using the distribution theory in a systematic 
manner we study the bending problem with discontinuities of a finite elastic rod on elastic 
foundation under the action of concentrated loads. 
 In this paper we study the bending of a straight homogeneous elastic rod of finite length, 
with constant cross-section, supported in the left end and with elastic fixing in the right end, 
which lies on an elastic foundation of Winkler type. 
 We determine the deflection of the rod as well as the reactions of the rod ends. The obtained 
result allows a global analysis of the influence of the each term: support, elastic fixing and the 
concentrated load. 
 

2. THE STUDY OF THE BENDING OF THE FINITE ELASTIC ROD 
  

Let be  a straight homogeneous elastic rod of finite length  and with constant cross-

section, supported in point O  and with elastic fixing in point 

OA ,l
A , which lies on an elastic 

foundation of Winkler type [1]. We admit that on the rod act uniformly distributed loads of 
intensity , as well as a concentrated load of value  applied in point q P (0, )c∈ l . 
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We shall denote by ( ), [0, ]v x x∈ l  the deflection of the rod. We denote by 

,x x
d d
dx dx

∂ = ∂ =
%

%  the derivative in classic sense and the derivative in distribution sense, 

respectively. 
 For a Winkler model, it is 
assumed that the reaction of the 
elastic foundation 

( ) [ ], 0,eq x x∈ l  exerted on the 

rod is proportional to its deflection 
at that point and is independent 
from the deflection of other parts 
of the foundation hence. 

( ) ( ) [ ], 0eq x kv x x= − ∈ l

 
Fig. 2.1. Elastic rod supported on an elastic foundation 

, , (2.1)

where  is called the rigidity coefficient of the elastic foundation. k
We shall denote by  the distribution (continuous linear functional) defined on the 

test functions space 

( )D′
( )D , which are indefinite derivable functions with compact support. 

We denote by ( )D D+′ ′⊂  the distributions from ( )D′  having the supports on [0, )∞ . 

We mention that the distributions from D+′  represent a convolution algebra without divisors 

of zero. We observe that [ ]
[ ]

( ), 0, ,
( )

0, 0, ,
v x x

v x
x

⎧ ∈⎪= ⎨ ∉⎪⎩

l
%

l
 represents a function type distribution from 

, because its support is in [0 . D+′ , ] [0, )⊂ ∞l

We denote by the symbol [ ]a  the jump of a certain value at point x a= . 

 Due to the way in which the rod is fixed the boundary conditions are 

2 2 2 2
1

(0 0) 0, (0 0) 0, ( 0) 0, ( 0) 0,
(0 0) 0, (0 0) 0, ( 0) 0, ( 0) ( 0).x x x x x

v v v v
v v v EI v k v

+ = − = + = − =
∂ + = ∂ − = ∂ + = ∂ − = ∂ −

% % % %l l
% % % % %% % % % %l l l

 (2.2)

 From the boundary conditions (2.2) we have 
[ ] [ ]0

0

(0 0) (0 0) 0, ( 0) ( 0) 0,

(0 0) (0 0) (0 0), ( 0) ( 0) ( 0).x x

v v v v v v

v v v v v v v v

= + − − = = + − − =

⎡ ⎤ ⎡ ⎤′ ′ ′ ′ ′ ′∂ = + − − = + ∂ = + − − = − −⎣ ⎦ ⎣ ⎦

l

l

% % % % % %l l

% %% % % % % % % %l l l
 (2.3)

 According to [2] for the deflection  we have the expression v%

0
3 3 3

0

23

0, [0, )

( ) ( ) ( ) ( ) ( )( ) 4 4 4 [0, ]
1 (0 0) ( ) ( ),

4

x

x

Vq Pu x t dt H x u x H x c u x cv x EI EI EI x
v H x u x

ω ω ω

ω

∉⎧
⎪
⎪ − − + − −⎪= ⎨ ∈⎪
⎪ ′+ +
⎪⎩

∫

l

%
l

%

 
(2.4)

where 4

4
k
EI

ω = . We mention that we introduce the real-valued functions 1 2 3, , , ( )u u u u C∞∈  

having the expression: 

(
( )

1
2

2
3

3

( ) cosh sin sinh cos ,
( ) ( ) 2 sinh sin ,
( ) ( ) 2 cosh sin sinh cos ,
( ) ( ) 4 cosh cos .

u x x x x x
u x u x x x
u x u x x x x x
u x u x x x

)

ω ω ω ω
ω ω ω
ω ω ω ω ω
ω ω ω

= −
′= =
′′= = +
′′′= =

 (2.5)

 We have 
4 4

3( ) ( ) 4 ( )u x u x u xω′= = − .  
 From here results 
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( ) ( )
( ) ( )

(4 ) 4 (4 1) 4
1

(4 2) 4 (4 3) 4
2 3 .

( ) 4 ( ), ( ) 4 ( ),

( ) 4 ( ), ( ) 4 ( )

k kk k

k kk k

u x u x u x u x

u x u x u x u x

ω ω

ω ω

+

+ +

= − = −

= − = −
  

 Because any natural number  can be written under the form 
, we have: 

4n ≥
4 , 0,1, 2,3;n k p p k= + = ∈

 Any 4n ≥  order derivative of the function ( )u C∞∈  represents a multiple of one of the 

functions , 1,u u u′= 2u u′′= ,  namely 3u u′′′=

( )
( )
( )
( )

4

4
1( )

4
2

4
3

4 ( ), 4

4 ( ) 4 1
( ) 1, 2,3,...

4 ( ) 4 2

4 ( ) 4 3

k

k

n
k

k

u x n k

u x n k
u x k

u x n k

u x n k

ω

ω

ω

ω

⎧ − =
⎪
⎪ − = +⎪= =⎨
⎪ − = +
⎪
⎪ − = +⎩

 
 

 Using the formula 
0 0

( ) ( )
x x

f x t dt f t dt− =∫ ∫  the deflection  can be written under the form v%

0 2
3 3 3

0

0 2
3 3 3 3

0

0, [0, )

( ) (0 0) ( )
( ) ( ) , [0, )

4 4 4

( ) (0 0) ( ) ( )
( ) , [ , ]

4 4 4 4

x

x

x

V u x v u xq
v x u t dt x c

EI EI

V u x v u xq Pu
u t dt x c

EI EI EI

ω ω ω

ω ω ω ω

∉

′ +
= − +

′ + −
− + + ∈

⎧
⎪
⎪
⎪⎪
⎨
⎪
⎪
⎪
⎪⎩

∫

∫

l

%
%

%
l

x c

∈
 

(2.6)

 We observe that in this relation of the deflection v  appear only two unknowns, namely: the 

reaction  in  and the rotation of rod to the right in point O , 

%

0V O (0 0)v′ +% . These unknowns as 

well as the unknowns  representing the reaction and moment in the , , ( 0A AV m v′ −% l ) A  as well as 

the rotation of rod to the left in point A , respectively, will be determined from the following 
conditions: 

0 2
0

( ) ( ) ( ) (0 0) ( ) 0q u t dt V u Pu c EIv u′− + − + +∫
l

%l l l =

=

=

=

)

, (2.7)

3
1 0 1 1 2

0

( ) ( ) ( ) (0 0) ( ) 4 ( 0) 0q u t dt V u Pu c EI v u vω′ ′⎡ ⎤− + − + + − −⎣ ⎦∫
l

% %l l l l , (2.8)

3 4
2 0 2 2

0

( ) ( ) ( ) 4 4 (0 0) ( ) 0Aq u t dt V u Pu c m EIv uω ω ′− + − + − +∫
l

%l l l , (2.9)

3 4
3 0 3 3 1

0

( ) ( ) ( ) 4 4 (0 0) ( ) 0Aq u t dt V u Pu c V EIv uω ω ′− + − − − +∫
l

%l l l , (2.10)

1 ( 0Am k v′= −% l , (2.11)

where  represents a proportionality factor. 1k
 The relations (2.7)-(2.10) was obtained from the condition that the support of the deflection 
should be [0 , namely su . , ]l pp [0, ]v =% l

 From the above system of equations we shall obtain the unknowns ,  and 

. 
0V , , ( 0A AV m v′ −% l )

(0 0)v′ +%

 We have the expression 

( ) ( )
( ) ( )

4
1 1 2 0 3 2 2 0

0 2 4 2
2 1 3 2

( ) ( ) ( ) 4 ( )

( ) 4 ( ) ( ) ( ( ) ( )

k b u b u EI b u u b
V

EI u u k u u u u

ω

ω

− + +
=

+ − −

l l l l

l l l l l 1 l
, (2.12)
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( ) ( )
( ) ( )

2 0 2 1 1 0 1
2 4 2
2 1 3 2

( ) ( ) ( ) ( )1(0 0)
( ) 4 ( ) ( ) ( ) ( ) ( )

EI b u b u k b u b u
v

EI EI u u k u u u uω
− + −

′ + =
+ − −

l l l l
%

l l l l l 1 l
, (2.13)

( ) ( ) ( )
( ) ( )

4
2 1 2 2 1 1 0 1 3 2 0 2

3 2 4 2
2 1 3 2 1

( ) ( ) ( ) 4 ( ) ( ) ( ) ( ) ( ) ( )
( 0)

4 ( ) 4 ( ) ( ) ( ( ) ( )
u bu b u u bu b u u b u b u

v
EI u u k u u u u

ω

ω ω

− + − + −
′ − =

⎡ ⎤+ − −⎣ ⎦

l l l l l l l l l
% l

l l l l l l
, (2.14)

( ) ( ) ( )
( ) ( )

4
2 1 2 2 1 1 0 1 3 2 0 2

1 3 2 4 2
2 1 3 2 1

( ) ( ) ( ) 4 ( ) ( ) ( ) ( ) ( ) ( )
4 ( ) 4 ( ) ( ) ( ( ) ( )

A

u b u b u u b u b u u b u b u
m k

EI u u k u u u u
ω

ω ω

− + − + −
=

⎡ ⎤+ − −⎣ ⎦

l l l l l l l l l

l l l l l l
, (2.15)

where 

3
0 3

1 1
2

2 1 2

3 2 3

( ) ( )
4

( ) ( ),

( ) ( ),
( ) ( ).

uq qb P

b qu Pu c

b q u Pu c
b qu Pu c

ω ω ω

ω

= − + −

= + −

= + −
= + −

l
l

l l

l l

l l

,u c

 (2.16)

 

3. CONCLUSIONS 
  

As it was pointed out in [2] the distribution theory represents the adequate framework 
to solve the boundary-value problems regarding the bending of the elastic rods on elastic 
foundation when we have external discontinuities (e.g. discontinuous loading) and internal 
discontinuities (e.g. owning to the mechanical properties). 

In this way the difference between continuous loads and discontinuous loads is vanish. 
The classical method of solving the problems in which appear discontinuities is the 

partition of the rod into segments (which have distinct mechanical and geometrical 
properties). We obtain a system of boundary (the ends of the segments rod) value problems 
so that the solution of the problem on each rod segment is continuous. To solve the problem 
with discontinuities we must take into account the continuity conditions at the interface of 
the rod segments. 

The obtained result allows a global analysis of the influence of the each term: support, 
elastic fixing and the concentrated load. 
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DENSITY OF POLYNOMIAL REPARTITIONS 
 

MAKSAY Stefan, STOICA Diana 
 

"Politehnica" University of Timisoara, Faculty of Engineering of Hunedoara, ROMANIA 
 
 

 
Abstract: 

The present note tries to use the results of mathematic shaping to determine some probability density 
of polynomial forms. After the determination of a regression curve by a degree previously given, aided 
by the method of the smallest squares, it will be selected from this curve a domain of definition in 
which this function will satisfy the conditions of being a probability density. 

Keywords: 
Probability density, Density of polynomial repartitions, coefficient of correlation 

 
  
 

1. PRELIMINARIES 
 

The present note tries to use the results of mathematic shaping to determine some 
probability density of polynomial forms. 

For example we will consider the following dates, in which the first line represent the 
independent variable x and second line represent the dependent variable y. 
 
1.663 1.791 1.81 1.864 1.905 1.912 1.976 2.009 2.111 2.135 2.162 2.172 2.183 2.197 2.238 

0.334 0.266 0.314 0.306 0.361 0.36 0.29 0.44 0.171 0.268 0.211 0.262 0.261 0.259 0.226 

 
To determine the regression curve of 3rd degree (g=3) will use the following MathCAD 

program [1] 

ORIGIN 1≡   g 3  TOL 10 5−:= :=

xT 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 1.663 1.791 1.81 1.864 1.905 1.912 1.976 2.009 2.111 2.135 2.162 2.172 2.183 2.197 2.238
=

 
yT 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 0.334 0.266 0.314 0.306 0.361 0.36 0.29 0.44 0.171 0.268 0.211 0.262 0.261 0.259 0.226
=  

n length x( ):=    i 1 n..:=
xm min x( ):=    xM max x( ):=
ym mean y( ):=    ym 0.289=
j 1 2 g⋅ 1+..:=    
Sj

i

xi( )2 g⋅ j− 1+∑:=

 

 ST 1.09 103× 525.332 254.647 124.186 60.957 30.128 15( )=

k 1 g 1+..:=    v 1 g 1+..:=

mk v, Sv k+ 1−:=   m

1.09 103×

525.332

254.647

124.186

525.332

254.647

124.186

60.957

254.647

124.186

60.957

30.128

124.186

60.957

30.128

15

⎛
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎠

=  

TLk

i

yi xi( )g k− 1+⋅∑:=

 

 TLT 34.754 17.235 8.607 4.329( )=

co m 1− TL⋅:=  
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resulting the coefficients of polynomial correlation 

coT 0.843− 4.14 6.637− 3.778(= )             (1) 

and also the regression curve equation is 
           (2) 778.3x637.6x14.4x843.0y 23 +⋅−⋅+⋅−=

which in the nodes has this values 

kk 1 g 1+..:=   
 

Sui

kk

co kk xi( )g kk− 1+⋅∑:=

SuT 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 0.311 0.325 0.327 0.329 0.328 0.327 0.321 0.315 0.282 0.271 0.257 0.251 0.244 0.236 0.206
=

 
 

For the polynomial regression of 3rd degree will be obtained the following values for the 
correlation coefficient and respectively for the deviation from the regression curve  

 r3 1 i

yi Sui−( )2∑

i

yi ym−( )2∑
−:=

  

,         (3) r3 0.615=

St3
1
n

i

yi Sui−( )2∑⎡⎢
⎣

⎤
⎥
⎦

⋅:=

 
.          (4) St3 0.051=

Next we will give attention to a domain on which to choose the expression of 
probability density. 

Distribution density must fulfill the conditions [2]:  

0)x(f ≥ , . ∫
∞

∞−

=1dx)x(f

Because 

xm

xM

x
kk

co kk x( )g kk− 1+⋅∑⌠
⎮
⎮
⌡

d 0.174=

,          (5)

 

using the next program we will determine the limits of a definition domain for a positive 
function, marked f3(x), restriction of the regression polynomial, so that the integral on this 
range will be equal with the unit 

var1 0.15:=     var2 0.8:=
Given  

xm var1−

xM var2+

x
kk

co kk x( )g kk− 1+⋅∑⌠
⎮
⎮
⌡

d 1  

tvar Find var1 var2,(:= )   tvar
1.28

0.141
⎛
⎜
⎝

⎞
⎟
⎠

=
.
 

We will obtain in this way the values 
tvar1 1.28=     tvar2 0.141=

for which 

xm tvar1−

xM tvar2+

x
kk

co kk x( )g kk− 1+⋅∑
⌠
⎮
⎮
⌡

d 1=

,          (6)

 

where 

xm tvar1− 0.383=   . xM tvar2+ 2.379=
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In conclusion, the expression of probability density of 3rd degree is 

f3 x( ) if xm tvar1− x< xM tvar2+<

kk

co kk x( )g kk− 1+⋅∑, 0,⎡
⎢
⎣

⎤
⎥
⎦

:=

,        (7)

 

and it’s graphic is show in figure 1 with the help of the adjoining program 
nrnod 1000:=    is 1 nrnod..:=

xvis xm tvar( )1− .35−
is 1−

nrnod 1−
xM tvar2+ .1+ xm tvar1− .35−( )−⎡⎣ ⎤⎦⋅+:=

 

0 0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25 2.5

0.33

0.67

1

1.33

1.67

2

f3 xv is( )

y

xv is x,  
Figure. 1 Probability density of 3rd  degree and the distribution of experimental points 

The expression of the repartition function is       

Ftrunc3 x( )

xm tvar1−

x

uif xm tvar1− u< xM tvar2+<

kk

co kk u( )g kk− 1+⋅∑, 0,⎡
⎢
⎣

⎤
⎥
⎦

⌠
⎮
⎮
⌡

d:=

,               (8) 
and it’s graphic is shown in Figure 2. 

   

wFtrunc3is Ftrunc3 xvis( ):=

0 0.5 1 1.5 2 2.5 3
0

0.25

0.5

0.75

1

1.25

1.5

wFtrunc3

xv  
Figure. 2  Repartition function for regression polynomial of 3rd degree 

5 1.25 2.5 6.25 10

1

0.5

0.5

1

Im ex3 t( )( )

Re ex3 t( )( )

t

 

Figure. 3 The real and imaginary part of the characteristic function 
for the probability density of 3rd  degree 
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The expression of the characteristic function is 

ex3 t( )

1−

6

xei t⋅ x⋅ if xm tvar1− x< xM tvar2+<

kk

co kk x( )g kk− 1+⋅∑, 0,⎡
⎢
⎣

⎤
⎥
⎦

⎡
⎢
⎣

⎤
⎥
⎦

⋅
⌠
⎮
⎮
⌡

d:=

       (9)

 

and it’s graphic is shown in figure 3.  
 

If we made a regression of 4th degree (g=4), we will use the program   

g 4:=     j 1 2 g⋅ 1+..:= Sj

i

xi( )2 g⋅ j− 1+∑:=  

k 1 g 1+..:=    v 1 g 1+..:= mk v, Sv k+ 1−:= TLk

i

yi xi( )g k− 1+⋅∑:=

 

 

co m 1− TL⋅:=   coT 42.345 332.126− 972.561 1.26− 103× 609.971( )=
from which results the regression polynomial of the following form 

971.609x1026.1x261.972x126.332x345.42y 3234 +⋅⋅−⋅+⋅−⋅=      (10) 
which in the nodes has the values 
 

SuT 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 0.333 0.282 0.293 0.328 0.348 0.35 0.354 0.343 0.269 0.251 0.235 0.232 0.229 0.229 0.254
=

 
 
For polynomial regression of 4th degree we will obtain the following values for the 

correlation coefficient and respectively for the deviation from the regression curve  

r4 1 i

yi Sui−( )2∑

i

yi ym−( )2∑
−:=

  

,                       (11) r4 0.736=

St4
1
n

i

yi Sui−( )2∑⎡⎢
⎣

⎤
⎥
⎦

⋅:=

 
.       (12) St4 0.044=

Because 

xm

xM

x
kk

co kk x( )g kk− 1+⋅∑⌠
⎮
⎮
⌡

d 0.171=

,        (13) 
it will determine the limits of the definition domain for regression density of 4th  degree. The 
program used is likewise with the one from previous case, and it will obtain 

tvar
0.15

0.374
⎛
⎜
⎝

⎞
⎟
⎠

=
  

   tvar1 0.15= tvar2 0.374=

resulting 

xm tvar1−

xM tvar2+

x
kk

co kk x( )g kk− 1+⋅∑
⌠
⎮
⎮
⌡

d 1=

           (14)

 

where 
xm tvar1− 1.513=  . xM tvar2+ 2.612=

In conclusion, the expression of probability density of 4th  degree is 

f4 x( ) if xm tvar1− x< xM tvar2+<

kk

co kk x( )g kk− 1+⋅∑, 0,⎡
⎢
⎣

⎤
⎥
⎦

:=

,      (15) 
and it’s graphic is shown in figure 4 
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nrnod 1000:=    is 1 nrnod..:=

xvis xm tvar( )1− .3−
is 1−

nrnod 1−
xM tvar2+ .3+ xm tvar1− .3−( )−⎡⎣ ⎤⎦⋅+:=  

1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3

1

2

3

4

5

6

f4 xv is( )

y

xv is x,  
Figure 4. Probability density of 4th  degree and the distribution of the experimental points 

The expression of the repartition function is 

Ftrunc4 x( )

0

x

uif xm tvar1− u< xM tvar2+<

kk

co kk u( )g kk− 1+⋅∑, 0,⎡
⎢
⎣

⎤
⎥
⎦

⌠
⎮
⎮
⌡

d:=

,    (16)

 

and it’s graphic is shown in figure 5 
wFtrunc4is Ftrunc4 xvis( ):=  

1 1.33 1.67 2 2.33 2.67 3
0

0.25

0.5

0.75

1

1.25

1.5

wFtrunc4

xv  
Figure 5. The repartition function for repression polynomial of 4th degree 

The characteristic function has the expression 

ex t( )

1−

6

xei t⋅ x⋅ if xm tvar1− x< xM tvar2+<

kk

co kk x( )g kk− 1+⋅∑, 0,⎡
⎢
⎣

⎤
⎥
⎦

⎡
⎢
⎣

⎤
⎥
⎦

⋅
⌠
⎮
⎮
⌡

d:=

     (17) 
and it’s graphic is shown in figure 6 

5 1.25 2.5 6.25 10

1

0.5

0.5

1

Im ex t( )( )

Re ex t( )( )

t

 

Figure 6. The real and imaginary part of the characteristic function  
for probability density of 4th  degree 

 

ISIRR 2009 © copyright FACULTY of ENGINEERING - HUNEDOARA, ROMANIA 



 

ISIRR 2009 – 10th INTERNATIONAL SYMPOSIUM “INTERDISCIPLINARY REGIONAL RESEARCH” – 
ROMANIA – HUNGARY – SERBIA, 23‐24 April, 2009, Hunedoara 

 

In case that we do a regression of 5th degree (g=5), it results de regression polynomial of 
the following form 
             (18) 3988x9962x9912x4911x1212x156.119y 2345 +⋅−⋅+⋅−⋅+⋅−=
which in the nodes has the values 

SuT 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 0.335 0.27 0.289 0.337 0.358 0.359 0.35 0.331 0.259 0.247 0.239 0.238 0.237 0.237 0.244
=

 
 

For polynomial regression of 5th degree we will obtain the following values for the 
correlation coefficient and respectively for the deviation from the regression curve 

r5 1 i

yi Sui−( )2∑

i

yi ym−( )2∑
−:=

  

,       (19) r5 0.7462=

St5
1
n

i

yi Sui−( )2∑⎡⎢
⎣

⎤
⎥
⎦

⋅:=

 
.       (20) St5 0.043=

Because 

Int

xm

xM

x
kk

co kk x( )g kk− 1+⋅∑⌠
⎮
⎮
⌡

d:=

,  

,      (21)

 

Int 0.167=

we will determine the limits of the definition domain for the regression density of 5th degree. 
The program used is likewise with the previous one, and we will obtain 

tvar
0.277

0.126
⎛
⎜
⎝

⎞
⎟
⎠

=
  

   tvar1 0.277= tvar2 0.126=

resulting 

xm tvar1−

xM tvar2+

x
kk

co kk x( )g kk− 1+⋅∑
⌠
⎮
⎮
⌡

d 1=

      (22)

 

where xm , . tvar1− 1.386= xM tvar2+ 2.364=

The expression of probability density of 5th degree is 

f5 x( ) if xm tvar1− x< xM tvar2+<

kk

co kk x( )g kk− 1+⋅∑, 0,⎡
⎢
⎣

⎤
⎥
⎦

:=

,     (23) 
and the graphic is shown in figure 7 

nrnod 1000:=    is 1 nrnod..:=

xvis xm tvar( )1− .7−
is 1−

nrnod 1−
xM tvar2+ .7+ xm tvar1− .7−( )−⎡⎣ ⎤⎦⋅+:=  

0.5 0.8 1.1 1.4 1.7 2 2.3 2.6 2.9 3.2 3.5
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3.33

5

6.67

8.33

10

f5 xvis( )

y

xvis x,  
Figure 7. Probability density of 5th  degree and repartition of the experimental points 
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The expression of the repartition function is 

Ftrunc5 x( )

0

x

uif xm tvar1− u< xM tvar2+<

kk

co kk u( )g kk− 1+⋅∑, 0,⎡
⎢
⎣

⎤
⎥
⎦

⌠
⎮
⎮
⌡

d:=

   (24)

 

and it’s grafic is shown in figiure 8   
wFtrunc5is Ftrunc5 xvis( ):=  

0 0.67 1.33 2 2.67 3.33 4
0

0.25

0.5

0.75

1

1.25

1.5

wFtrunc5

xv  
Figure 8. Repartition function for the regression polynomial of 5th degree 

The characteristic function has the expression 

ex t( )

1−

6

xei t⋅ x⋅ if xm tvar1− x< xM tvar2+<

kk

co kk x( )g kk− 1+⋅∑, 0,⎡
⎢
⎣

⎤
⎥
⎦

⎡
⎢
⎣

⎤
⎥
⎦

⋅
⌠
⎮
⎮
⌡

d:=

     (25) 
and it’s graphics is shown in figure 9 
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Figure 9. The real and imaginary part of the characteristic function 
for probability density of 5th degree 

 
2. OBSERVATIONS  
 

For the regression polynomial of 2nd degree we will obtain the regression parable of the 
following form 

323.2x874.2x778.0y 2 −⋅+⋅−= .      (26) 
In this case we will obtain the following values for the correlation coefficient and 

respectively for the deviation from the regression curve  

r2 1 i

yi Sui−( )2∑

i

yi ym−( )2∑
−:=

  

      (27) r2 0.6131=

ISIRR 2009 © copyright FACULTY of ENGINEERING - HUNEDOARA, ROMANIA 



 

ISIRR 2009 – 10th INTERNATIONAL SYMPOSIUM “INTERDISCIPLINARY REGIONAL RESEARCH” – 
ROMANIA – HUNGARY – SERBIA, 23‐24 April, 2009, Hunedoara 

 

St2
1
n

i

yi Sui−( )2∑⎡⎢
⎣

⎤
⎥
⎦

⋅:=

  
.     (28) St2 0.051=

Analyzing the form of the parable, shown in figure 10, it’s obvious that, on the domain 
in which the function is positive, the condition cannot be satisfied that integral from it to be 
equal with the unit.   
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2

1

1

2

Gr vr( )

vr

 

Figure 10. Regression parable 
 

Results that this set of dates, which is obvious a modeling of 2nd degree, it does not 
accept an appropriate probability density. From the same reason does not accept also 
probability density of 6th degree. 

 

3. CONCLUSIONS 
 

The advantage of polynomial modeling is the fact that from passing from an inferior 
grade to a superior grade appears every time new coefficients, and by determines this 
coefficient the regression curve moulds better and better the experimental figures. By 
increasing the polynomial grade it will be more accurate the modeling, so it’s increasing the 
value of correlation coefficient. 

We specify also the fact that the condition that the integral from probability density 
must be equals with the unit admission, in possible cases, for a fast grade, much more 
solutions regarding of the pair of the integrating limits (from which one can be predefine). All 
the obtained densities mould the experimental domain dates identically. Although, in any 
form of the function of chosen density, the probability that the random variable to take a 
value into a range, is the same. In generally we are not interested in modeling on relative big 
ranges, so the modeling is useful, for example, on a range centered in mean value of a 
independent variable and the length until the 3rd time deviation from the square mean. 
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Abstract 

The investigations concerned the values of parameters for which the vortex become unstable 
may imply a large amount of measurement, thus one must resort to numerical techniques. 
We developed in this paper a spatial stability analysis of a Q type vortex subject to 
infinitesimal perturbations. 
First, the eigenvalue problem governing the linear stability analysis of the non axi-symmetric 
Q vortex (one of the few known exact solutions to the full Navier-Stokes equations) against 
normal mode perturbations is investigated for the case of high Reynolds numbers using a 
spectral collocation technique. 
The accuracy of the method is assessed underlying the necessity for the construction of a 
certain class of interpolant functions satisfying the boundary conditions. 
Graphical representations of the spatial eigenfunctions amplitudes are given offering a 
visualization of the differences between perturbed velocity fields developed for the first 
unstable axial wavenumber and the least stable one. 
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Abstract:  

The main goal of this paper is to develop a methodology for analyzing the non-axisymmetrical swirling 
flows with helical vortex breakdown by means of linear stability analysis. For the case of high Reynolds 
numbers the eigenvalue problem governing the linear stability analysis of the Batchelor vortex is 
investigated using a boundary adapted spectral collocation technique. A symmmetrization is 
performed eliminating all geometric singularities on the left-hand sides of the governing equations set. 
The method provides a fairly accurate approximation of the spectrum without any scale resolution 
restriction. 

Keywords:  
swirling flow, Batchelor vortex, spectral collocation 

 
 
 

1   Introduction 
 
Most of the vortex stability analyses concerned axisymmetrical vortices with axial flow 

[1] in order to explain the vortex breakdown phenomenon observed experimentally for the 
first time on delta wings [2], in pipes [3] and in cylinders with rotating ends [4]. Obviously, 
the axial symmetry hypothesis is a major simplification having the main benefit of 
dramatically reducing the computational cost [5]. On the other hand, it introduces 
important limitations as far as the three-dimensionality and unsteadiness of the flow are 
concerned. 

The present paper focused on developing an analytical and numerical technique for 
analyzing the eigenvalue problem governing the linear stability of an inviscid swirling fluid 
flow under small perturbations. This problem is characterized by a system of ordinary 
differential equations with variable coefficients.  

In most cases, the spatially or temporal stability (classified for open flows as in [6]) 
under infinitesimal perturbations is reduced to the study of an algebraic eigenvalue problem 
of this type. The study leads to a dispersion relation connecting in fact the growth rate ω  
and the axial wavenumber  as a consequence of the condition that nontrivial eigenvalues to 
exist. Most of the  investigations [1], [7] concerned the values of these nondimenional 
parameters for which the vortex become unstable in the case of either a spatial stability or 
temporal stability investigation. Since the investigation of this aspect may imply a large 
amount of measurement, one must resort also to numerical techniques. Although a spatial 
stability analysis implies the investigation of a nonlinear eigenvalue problem this type of 
analysis directly provides the frequency ranges of the most unstable modes. In this paper we 
consider a more general mathematical model for swirling flow stability analysis, starting 
with the unsteady Euler equations in cylindrical coordinates. In doing so, we can examine 
both unsteady and circumferentially variable perturbations. 

k

The paper is organized as follows. The eigenvalue problem governing the linear stability 
analysis for inviscid swirling flows against normal mode perturbations is defined in Section 2. 
The third section a new radial spectral approximation is proposed and in Section 4 the 
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method is applied for the Batchelor vortex case and the actual numerical procedure is 
presented. The main advantages of the proposed methods are pointed out in Section 5. 

 

2. PROBLEM FORMULATION 
 

The governing equations in the case of incompressible and inviscid flow are the Euler 
equations 

      ,V 0=⋅∇ pV)V(
t
V

∇
ρ

−=∇⋅+
∂
∂ 1                                                              (1) 

The following flow fields decomposition are used: velocity vV + , pressure π+p  

where ( pV , )  is the base flow, and ( )π,v  is the perturbation considered small.  
Since the base flow obey the Euler equations (1) the evolution of such small 

perturbations of the basic flow is governed by the linearized Euler equations  

,v 0=⋅∇ π∇
ρ

−=∇⋅+∇⋅+
∂
∂ 1V)v(v)V(
t
v                                                    (2) 

In the linearization process the second order terms in the small perturbations were 
neglected. Assuming a steady columnar flow the velocity profile is written 

( ) ( ) ( )[ ]rW,,rUrV 0=                                                                      (3) 

where  represents the axial velocity component W  the azimuthal component of the 
velocity both depending only on radius. Next, we consider the following factorization of the 
small perturbations 

U

( ) ( )[ ] [ ] ( )[ ]tmkziexp)r(P),r(H),r(iG),r(F,r,z,t,,r,z,tv ω−θ+=θπθ           (4) 
Introducing the factorization form (4) into the linearized Euler equations (2) we obtain 

the following system of first order differential equations 
0=+′++ HmGrGFrk                                                                              (5a) 

02
=′−++ω− P

r
WH

r
mWGGkUG                                                                  (5b) 

( ) 0=′++++ω− WrGWGPHWmrHrHkU                                                                (5c) 

0=+′++− kPGU
r

FmWFFkU ω                                                                      (5d) 

where prime denotes differentiation with respect to the radius. This homogenous first order 
differential system is completed with the following boundary conditions at axis and the far 
field 

( )
( )

( )
⎪
⎪
⎩

⎪
⎪
⎨

⎧

∞→→

>====

±====±
===

)r(,P,H,G,F
,m,)(P)(H)(G)(F

,m,)(P)(F,)(G)(H
,m,finite)(P),(F,)(H)(G

0
100000

1000000
000000

                                                           (6) 

Equations (5) and (6) represent an eigenvalue problem. 
 

3. BOUNDARY ADAPTED RADIAL SPECTRAL APPROXIMATION 
 

The pseudospectral - collocation method is one of the most used technique for the 
numerical investigations in hydrodynamic stability problems. Many researchers have 
demonstrated the applicability of this method with high degree of accuracy to eigenvalue 
problems governing the linear stability of  swirling flows [9-11]. 

The difference between the classical method and the modified version proposed here is 
given by the selected spaces involved in the discretization process motivated by the need to 
adapt the grid points to the singularities of the underlying solution.  

In fact the boundary conditions (6) at infinity are applied at a truncated radius 
distance  selected large enough such that the numerical results do not depend on this 

truncated distance. 
maxr
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Following [9] we define the boundary-adapted functions { } N...,k,k 1=φ  of modal type, 

i. e. each function provides one particular pattern of oscillation 

( ) ( )rTr
r

rr *
k

max
k ⋅⋅⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−=φ 1 , { } N...,k,k 1=φ                                                  (7) 

with  the shifted Chebyshev polynomials on . These type of polynomials defined 

on the physical space are used in order to optimize the interpolative procedure. The choice is 
based on the condition that the values of the grid points are given by the same elementary 
analytic expression for all values of N and they did not have to be computed numerically for 
every N. 

*
kT ],0[ maxr

The linear transformation that mapps the standard interval [ ]1,1−∈ξ  into the physical 

range of our problem  and preserves the clustering rate of collocation nodes is 

defined by the linear transformation 

[ max,0 rr∈ ]

( )
22

maxmax rrr +ξ=ξ                                                                                          (8) 

while the inverse transformation is defined 

( ) 12 −=ξ
maxr
rr                                                                                               (9) 

The proposed method allowed us to discard the first and last collocation nodes, 
expansion functions satisfying the boundary conditions from the construction of our modal 
boundary-adapted basis. In this way the critical singularities which occurred in evaluating 
terms like 1/r for the numerical treatment of the eigenvalue problem were eliminated. Then 
the solution is approximated with respect to this expansion set of functions,   

( ) ( ) rpw,v,uP,H,G,F k

N

k
kkkk φ= ∑

=1
( )                                                               (10) 

A modified Chebyshev Gauss grid ( )
10 −≤≤

=
NjjξΞ  in [ ]11,−  was constructed 

⎟
⎠
⎞

⎜
⎝
⎛

−
π

+π=ξ
22

2
N

jcosj , [ ]11,j −∈ξ , 10 −= N..j                                                         (11) 

In our case the collocation nodes clustered near the boundaries diminishing the 
negative effects of the Runge phenomenon. Another aspect is that the convergence of the 
interpolant on the clustered grid towards unknown function is extremely fast. 

Each of the basis functions from (7) meet the relations 
                          ( ) ( ) 00 max1 ==== rrr Nkk φφ ,   

( ) 0≠jk rφ , , Nj ..1= 1..2 −= Nk                                                               (12) 

which implies that each functions  satisfy the boundary conditions (6).   PHGF ,,,
With (10) the mathematical model takes the form 

( ) ( ) ( ) 0
111

=Φ+′+Φ+Φ ∑∑∑
===

N

k
kk

N

k
kk

N

k
kk rwmGrrvrukr                                          (13a) 

( ) ( ) 02

11
=′−Φ+Φ⎟

⎠
⎞

⎜
⎝
⎛ +ω− ∑∑

=

θ

=

θ Prw
r
urv

r
muku

N

k
kk

N

k
kkz                                             (13b) 

 (             (13c) ) ( ) ( ) ( ) ( ) ( ) 0
1111

=Φ++⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
Φ+Φ+Φω− ∑∑∑∑

=
θθ

==
θ

=

N

k
kk

N

k
kk

N

k
kk

N

k
kkz rv'ruurprwumrwrrku

( ) ( ) ( ) 0
111

=Φ+Φ+Φ⎟
⎠
⎞

⎜
⎝
⎛ +ω− ∑∑∑

===

θ
N

k
kk

N

k
kkz

N

k
kkz rpkrv'uru

r
muku                         (13d) 
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Let us denote by ,  given by (8), )(][ irdiagr = ir 10 −= N,...,i , [ ]
Nj
,Niij )(

≤≤
≤≤φ=φ

1
1 , )( ijij rφφ = , 

, [ ] ))r(U(diagU i= [ ] ))r(W(diagW i= , Ni ≤≤1 . The system (13) can be written 

( ) 00 =++ω+ ω sMmMMkM mk  with ( )Tphgfs = and the matrices , , 

and  having the following explicit forms 
kM ωM

mM 0M
[ ][ ]

[ ][ ]
[ ][ ]

[ ][ ] [ ]⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

φφ
φ

φ
φ

=

00
000
000
000

U
rU

U
r

Mk
      (14);                   (15) [ ]

[ ][ ]
[ ] ⎟⎟

⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

φ−
φ−

φ−
=ω

000
000
000
0000

r
M

[ ]
[ ]

[ ] [ ] [ ]
[ ] ⎟⎟

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

φ⎥⎦
⎤

⎢⎣
⎡

φφ

φ⎥⎦
⎤

⎢⎣
⎡

φ

=

000

00

000

000

r
W

W
r

W

Mm
   (16); 

[ ] [ ]
[ ]

[ ][ ] [ ][ ]
[ ][ ] ⎟⎟

⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜
⎜

⎝

⎛

φ
φ+φ

−φ⎥⎦
⎤

⎢⎣
⎡

+φ

=

000
000

200

000

0

'
'

U
rWW

D
r

W
Dr

M (17) 

By differentiating (10) results 

( ) ( )∑
= ⎭

⎬
⎫

⎩
⎨
⎧ ′

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−=′ N

k

*
kk

max

*
kk

max
rTru

r
rrTu

r
r)r(F

1
121                              (18) 

For k = 1 we have  and rewriting (18) we have  ( ) 0*
1 =
′

rT

                 ( ) ( ) ( )∑
= ⎭

⎬
⎫

⎩
⎨
⎧ ′

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−=′ N

k

*
kk

max

*
kk

max

*

max
rTru

r
rrTu

r
rrTu

r
r)r(F

2
11 12121    (19) 

The shifted Chebyshev polynomials meet the recurrence relation 

( ) ( )
( ) ( ) ( )[ ]rTrT

rrr
nrrT nnn

*
1

*
1

max

max* 1
4 +− −

−
−

=
′

    ,                                         (20) 2≥n

thus 
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⎫
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⎨
⎧
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k

*
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rTrT

rrr
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r
rrT
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1111

1
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12121   (21) 

The interpolant derivative matrix D from (17) was evaluated by 

( )

( )

( ) ⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
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⎜
⎜
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⎝
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⎠

⎞
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⎝

⎛
−

=

)r(E...)r(E)r(ErT
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NNNNN
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*

max

N
*
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321

2232221
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1131211
1
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                               (22) 

where 

( ) ( ) ( )[ ] 2,
4

121)( *
1

*
1

*

max
≥−

−
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−= +− krTrTkrT

r
rrE kkkk                             (23) 

This algorithm allows us to obtain the eigenvalue, the eigenvector, the index of the 
most unstable mode, the maximum amplitude of the most unstable mode and the critical 
distance where the perturbation is the most amplified. 

The main advantages of the proposed method consist in reducing the computational 

time by reducing the matrices order to ( )284 −N  and for a certain spectral parameter N we 
obtain an exponential decreasing error. 
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4 NUMERICAL RESULTS FOR BATCHELOR VORTEX 
 

The above presented method was tested on a particular benchmark model: the 
Batchelor or q-vortex [7].  

The flow field is characterized by the velocity field ( ) ( ) ( )[ ]rWrUrV ,0,=  [4], 

( ) 2rearU −+= , )e(
r
q)r(W r 2

1 −−=                                                  (24) 

where  represents the swirl number defined as the angular momentum flux divided by the 
axial momentum flux times the equivalent nozzle radius and  provides a measure of free-
stream axial velocity. 

q
a

In [7] the numerical investigation of the two-point boundary value problem was based 
on a shooting method. The properties of the Batchelor vortex are pointed out by considering 
them as functions of the swirl ratio  and the external flow parameter . q a

The computed spectrum of the eigenvalue problem is depicted in Figure 1. Graphical 
representations of the spatial eigenfunction amplitudes of the most unstable mode are given 
in the Figure 2. For a stabilization of the Gibbs phenomenon a Lanczos type σ  factor [10] 
was used, 

N
k
N

ksin
k π

π

=σ 2

2

, Nk ≤≤1                                                             (25) 

        
Figure 1. Spectra of the hydrodinamic 

eigenvalue problem computed at ω = 0.01, m=-3, 
a = 0, q = 0.1, N = 150. 

 

Figure 2. Values of eigenfunction amplitudes of the 
most unstable mode ω = 0.01, m = -3,  a = 0, q = 0.1, N 

= 150,          k = 0.50842-0.14243i.

Table 1. Convergence behaviour of the critical distance for the most unstable mode with ω = 
0.01, a = 0, q = 0.1 and m = -3. 

N Axial wavenumber k Critical distance rc

100 0.64887-3.7433i 0.00302 
150 0.50842-0.14243i 0.90051 
180 0.50847-0.14232i 0.92294 
250 0.50854-0.14216i 0.95451 
300 0.50857-0.14209i 0.93874 

 
5. CONCLUSION 
 

In this paper we developed a spectral numerical procedure to investigate the spatial 
stability of a swirling flow subject to infinitesimal perturbations. Using a spectral collocation 
technique our numerical procedures directly provided relevant information on perturbation 
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amplitude for stable or unstable induced modes, the maximum amplitude of the most 
unstable mode and the critical distance where the perturbation is the most amplified.     

The accuracy of the methods is assessed underlying the necessity for the construction 
of a certain class of orthogonal expansions functions satisfying the boundary conditions. The 
key issue was the choice of the grid and the choice of the modal trial basis, the scheme based 
on shifted Chebyshev polynomials provided good results.  
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